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Chapter 6
r

SUBTRACTION OF RATIOPAL NUMBERS

PURPOSE OF THE UNIT

.

The puPposes of the unit are these:

1. To increase understandThg of the meaning of rational

numbqrs and their use as measures of regiOns, segments, °and,'

subsets of a set.

2. TO develop understanding of fraction and decimal ,

notation for rational numbers: to develop facility in 'renaming

rational numb0s,by,fr4ction and detimal numerals: to make use

of complete factorizations of counting numbers for this purpose.

3. To develop,understanding of. the operations of addition

and subtraction of rational'numbers and of their properties.
. .

4 , 4. TO compute .sums a addends using fraion and decimal

numerals: to solve # ms requiring the use of the operations

of addition and suhtraOtion.

5.9 To encourage pupils,to discover relationS and

procedures for themSelves,
a .
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Introd

MATHEMATICAL BACKGROUND

. In the study of mathematics in the elementary school, a

child learns to use several sets of numbers. Th4 first of these

is the set of counting numbers,. 1, 2, 3, 4, . The sepond

\: is the set'of'Whole numoers, 0, 1, 2, 3, 4, . The child

also may have learned certain properles of whole numbers.

During the primary and middle grades the,ided of "number"

is'enlarged, so that by the end of the sixth grade the child

recognizes each of the following as a name for a number:

1 1 8 0' 2 6
7, 7, 3.6, 2f .01

'In traditional language,,we might say 'that when the child/10i

completedhe first six years Of school Mathematics he knows

about "the whole numbers, fractions, decimals, and mixed numbers."

This language is'primarily numeral language. It obscures the .

fact that a single number can have names of many kinds: "Frac-

tions, decimals, and mixed numbers" are kinds of number names

rather than different kinds of numbers. Whether We make a piece

of ribbon 1 in. long, or 1.5 long, or inl long makes
9

to difference--our ribbon is .the same whatever our choice Or
3numeral. That is, 17, 1.5, 7 are all names for the same'

number. This number is a member of a set of numbers sometimes

called the non-negative numbers or the rational numbers of

arithmetic. For,our purposes here, we shall call them the

rabkonalanumbers, realizing ,that they are only a subset of the
. .

set of all rational numbers: It also should be realized that

within the set of rational numbers is a set which corresponds to

the set of whole nuMperi. For example, -0, 3, 7 are all

rational number's that.are also whole numbers. .-, and .2

are rafjonalfluobers that are not whole numbers.

2456
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First Ideas About Rational Numbers

Children develop early ideas about rational numbers by

working with regions--rectangular regions, circular regions,

triangular regions, etc, In Figures A, B, and -C, rectangular

regions have been used: 'For any type of region we must first

identify the unit region:, In Figures A, B,°and C, the' unit

region is,a square 'region.

In Figures A and B, we see that:

(1) The unit region has been separated into a nuber

of cbngruemt regions.

(2) Some of the regions have been shaded.

(a) Using regions. Let us see how children use regions to

d4Velop.tneir first ideas of rational numbers. The child learns
1

in simple cases to associate a-number like -g or with a

*shaded portion of the figure. (Rational nanbers can also be

asSpciated with the unshaded portions.) ° . -

Using two Or more congruent regions (Fig..- 0, he can sepa-
o.

rate each into the same number of congruent parts and shade some

of the parts. Again, ne can associate a number with the resulting '

shaded region.

Fig.
A i` Fig.

B
Fig.

The 4n1t squire The unit square .) Each unit square

ln separated into .1s separated into is separated into

2 Icopgruant re- 3 congruent re--
2 congruent re-

gions. 1 is gions. '2 are gions. 3 are

shaded. shaded. shaded. ire have
3 of'a unit square.

At this point, the ohild is only at the beginning of h1/3

concept of rationalnumbers._ How ver, let us note What we are
2

dbing when we, introduce, for ex -Te . We separdte th .(Unit)

region into 3 congruent parts: Then we shade '2 of tlese -4

A
4

4
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parts. Sim.l.larlY,-in 2,, we separate each (unit) region intd 2

con eht regions, and shade 3 parts. In using regions to
3represent a number like 7, we must emphasize the fact that we

3are thinking of 7 of a unit region, as in Fig. C.

(b) Using the number line. The'steps used with regions can

be carried-out on the number line. It is easy to see that this

is a very practical 'Wing to do. IT we have a ruler marked only

in inches, we cannot make certain &es of useful measurements.

We:need to have points between the unit intervals, and we would

like,to have numbers associated with these points,

The way we locate new points on the ruler 'parallels the

procedure we followed with regions. We mark off each unit seg-

ment into congruent

order to locate the

the unit segMent in

of them. (Fig. D)

part.s. . We count off these parts. Thus, in

point corresponding' o 7, we must mark off

3 congruent parts. We then count off 2

If we have separated each unit interval in

2' congruent partp and counted off 3 ,or them, we have located

the point which we would associate with ;. (Fi. E)

2 Parts g

3 Ports

Fig. D

2 0 2

> 4-- 4>

.1

Fig. E

t

3.

2

Once, we have this construction in mind, we see that all
2 1 4 11such numbers as ., 74, , /T can be associated with

particultir points on the number line...To locate 31.31, for

example, we mark the unit ents into 8 dongruent'ibegments.

(Pic. F)

.); II Segments
2

Y
8 Ports

c.
F

8 Parts

458
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(c) Numerals for pairs of numbers. Suppose tht we con-

hider pair of counting numbers such'as 11 and 8 where 11

ie'the'first,numbj and 8 is the second number. We can make a

symbol, writing the.name of the first number of the pair above,

theline and that'of the second below. Thus for the pair of
11

numbers; 11 and, -8, our Trsymbol would be . If we had thought
-

of 8 as the first number of the pair and 11 as the second,

we would have said the pair --.and '11, and the symbol Would
8

helve been,
11

For the numbers .3 and 4, the symbol would be
3 For the numbe 4 and 3, tne symbol would be T

With the symbol escr:bed in the prspeding paragraph, we

can: 'associate a point on the number line. The second number

-tells intd how many congruent segments to separate each unit

segment., The first number tells how many segments to count off.

We also can associate each of our symbols with a shaded .

region as in Fig. A, B, and The second number tells us into

how many congruent parts we must separate each unit region. The

first number tells us how many of these parts iv shade.

For young children, regions are easier to see and'to work

with than segments. However, the number lirie has one strong

advantage. For example, we associate a number as'
3

,with

4exactly one point on the number Line. The number line also gives 4

3
an unambiguous picture for numbers like. 7 and '4. A region

3
corresponding to 7 is less'precisely defined in that regions

with the same measure need not be identical or even congruent.

In Fig. G, we can see that each shaded region is -7

3
,7- of a

unit square. Recognizing that both shaded regions have sq.

units is indeed one part of the area concept.'

Ur* square

f

N..

Figtre G

'159



When we match'numbers with points on the number line, we

Work with segments that begin at 0. For this reason, though the

number line is less intuitive at early stages, it is well to use

it as soon as possible.

Meaning of Ratipnal Number.

The diagrams Fig. H, (a), (b), (c), show a number line on
1 A

which we have located points corrLsponding to 7, 7, , etc.

and a number line on rich we have located points :orresponding
1 2 3 1 2to -7., -, etC. Also shown, is a,numb'er line witn

etc. As we look at these lines, 4e see that it seers 7,11"":'

natural to think of as cei-g associated-witn -e 0 point:
- <4

We are really, so to speak, counting cff C segments. Simi-

larly, it seems natural to locate 2 and dsindtcated.

<
I 7 .

3 4
2

> (b)
2. 3 4 7

4 T s T T T I

al 1 I 3 4 3 4 i i 11 10 11 12 13 14 s»4414444I4441144444
0

2 2

2 3 5

4 4 4 4

0 1' -2 ,3 4 5 47 I 10 11 -se /Timms

>

(d)

Fic=e

Now let us put our diagrams (a), (t), (c) together. 'In

other words, let us carry out on a single line (d) the process

for locating all the points.

When we dolthis, we see that
1 2
t, 7, and 7 are all

6uassociated with the same. point. In the same way, 7 and
are associated with the same point.

1-0



.
Now we are ready'to explain more precisely what we mean by

fraction and by rational number. Let us agree to call the

symbols we-have been using fractions. A fraction, then, is a

.'symbol associated, With a pair of numbers. The 'first number of

the pair is called the numerator `and the second. number is called'

'the denominator. So far, we have used only those fractions in

which the numerator 9f t4 number pair is a whole number

(0, 1, 2, ), and the denominator is a counting number

).

Each fraction can be used to locate a 'point on the number

line. To each point located by a fraction there corresponds a

rational number. Thus, a fraction names the rational number.
3

For example, if we are told thefraction Tio, we can locate a

point that corresponds to it on the number line. is the

name of the rational number associated with this point. This

point, however; can also be located by means of other fractions,

6 6
such as n and 4),. Thus, - and A also are names for the

3
rational ITtional number named by since they are associated with the

same point. Rational numbers, then, are named by fractions of

the type Ne have been discussing. To each point on the n} tuber

line that can be located by a fraction, there corresponds a non-

negative rational number.

A very unusual child might wonder whether every point on

the number line can be located by a fraction of the kind we-have

described. We must answer "No". There are numbers - -T being

one of them and sif being another- -that have no fraction names

of the sort we have described. Introducing such irrational

number is deferred until the seventh and eighth grades.

The Whole Numbers At Rational Numbers

Our pattern for matching frictions with points on the number

line can be used with these fractions:
0 3 etc.-

T T 7 1. ITYYY2 3 4 5 5

t 3 a a
a I 3 3

Fig. I

461
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On the number line we see (Fig. I) that we matched 1

1

2

3
7 with the same point. We note that this-point is also matched .

with the counting'number 1. Thus, to the same point

(1) the counting number 1

(2) the rational number named by 1

It seems that it would be a convenience to use the symbol 1 as

still another name' 1 2or the rational number named by T, 7, etc.

This would allow us to write 1 = 7, for example. In the same

way, we would think of 5 as another name for the number named

4, etc. .

We 'need at this-point to be a little careful in ol0 thinking.

There is nothing illogical about using any symbol we like as a,

numeral. A problem does arise, however, when a single symbol

has two meanings, becaude then we are in obvious danger that

\ inconsistencies may result. For example, when we think of 2,

3, and 6 as counting numbers we are accustomed to writing
s,

2 x 3 = 6, We will eventually define the product of two rational

numbers, and we would be in serious trouble if the product of the

rational numbers.named by 2 and 3 were anything but the

-rational number named by ,6.

naever, using 0, 1, 2, 3, etc., as names for rational

numbers never lead. s us into any inconsistency. For all the,

purposes of arAhmetio--that is, for finding sums, products,

et:c., and, for comparing sizes, we get names for whole numbers or

, names for rational numberL In more sophisticated mathematical

terms, we can say that the. set of rational numbers contains a
1 2,subset- -those named by 0
T, y, etc.--isomorphic to the set

0 1of whole numbers, that is T, y, etc. behave Just like whole

numbers, 0, 1, etc.

It would be overambitious to attempt to formulate the idea

of isomorphism precisely in our teaching. It is sufficient for

..our purposes to regard 0, 1, 2, etc., as names for rational

numbers. It is appropriate to note, however, in connection with

operations on rationals, that where the operationi are applie'i
1 2

T.to Tnumbers like , they lead to results already known from

experience with whole numbers.

LL62
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.Identifying Fraction's That. Name The Same Rational Number'

1 3 a
When /we write .7 . ., we are saying

' and -. are:nama

'or the same number,"

(a) Using /physical 411odels.- The truth ofj:the sentence

; 3 oftn be discovered by concrete experiende. In Fig. J, for
4 u

-.example, we have first separated our unit region into two eon

gruent'regions. We have then separated each of .these parts

further into 3 congruent regions as shown' in the second drawing.

The second unit square is thus separated into 2 x 3, or 6

parts. Shading 1 part in the first.drawing is equivalent to

shading 1 x'3, ors 1 parts in-,the.seCond. We thus recognize

1,,z 1 x 3
that 7 - 77-7. , ,

1 3
Shading' 7 and /of a region.

Fig. J

Again, our analySis of regions follows a pattern that can

be applied on the number line. Let us consider .2 and 14.

0 .
4
11,

Fig. K

In locating 7 on the number line, (Fig. K) we separate the

unit interval into 2 congruent segments. In locating
4

ge

separate it into 8 congrnt segments. We can do this by

first separating into 2 Parts and then separating each of

these 2 segments into 4' segments. This process yields

(2 x 4) congruent segments, Taking 1 of 2 congruent parts

thus leads 'to the same point as taking 4 of 8' congruent

parts:

463



In other words, when we multiply the numerator and denomi-'
nator of by the same counting number, we can visualize the
result using the number line. We have subdivided our inter-
vale into a number of congruent parts,.

After many such experiences, children should be able to
make a picture to explain this type of relatiopship. For example,

x 2region and number line pictures for
4

3

x 2 are shown
Fig.t L.

<
2

3

4 ,

0
.01,. ft,

Fig. L

2
)

Each .

11. part (region or interval) is subdivided into 2 con-
gruent parts; hence <))<

(b) Using numerators and denominatbrs. In a discussion
about two tractions naming the same*number, it may appear
startling to emphasize multiplying numerator and denominator
by the same counting number. We usually thi*k abdut finding

4the simplest fraction name if we can. We think, then, Er =
But, of course "." means "names the same number)," Seing

IT, we can think, 4
Ei =

1
apd this will be particularly easy

if the "names the same number" idea has been,emphasized
adequately.

Another familiar idea also is contained in what has been
said.' We often think about dividiag numerator and denominator
by the saMe counting number. For example, we think:.

6 6 2 3
8 = :8-77

This is eai5Y to translate into a multiplicative statement, since
multipliqation and divisidn are inverse operations: 6 i-2 = 3
means 3 x 2.= 6.

7
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fá), Using factoring. The ,idea that multiplying the numera-
.

tor,and; denominator of a fraction by a counting number gives a
0

new, fraction that names the same number as the original fractiOn

. is an idea very well suited to the diacussion in the unit on
12

factoring.6To find a 'simpler name for T5, we write:

12 2 x 2 x 3 2 x 2 4

15 5 x 3,

. ,

_Slapposewe are thinking about two fractions. How will we

decide whether or 4ot they name the same number? There, are two

possibilities.

Rule (1). It may.be'that for such fractions as and

one feaction is obtained by multiplying the numerator and derAi-

natorof the other by a counting number. In ol1her words, it may

be that we can picture the fractions aswas just done. 'Since
2 . 2 x 2 1

x'12'
4.- and 7 belong to the same set--thus name the

same number.

Rule (2). It may be that, we cannot use Rule 1 directly.

.062-. example, -. and S cannot be Compared directly by Rule 1.

However, we can use ,Rule 1 to see that -W. = and = andand

in this,way, we see that and .t name the same number.

Notice that in comparing and S, we might have used

Rule 1 and 2 in a dirfprent way. We might have recognized

that:

2 2 x 3 6
>77 12

or we might have said:

and

2 2 x 6 *12 3 3x 4 12

''47- 4 x 27
and T-7-7

3 3 x 2 6
6 x 2 12'

In the latter example, we have renamed and S, using frac-

tions with:denominator 4 x 6. Of course, we recognize that .

4 x 6.= 6 x 4. .(COffimutqtive PropertY)
)

In our example, we' sde that ?4
2 3

for -- and .6, though it is not the least common denominator.

Nevertheless, one common denNainator for two fractions is, always

the product of the two denominators.'

is a common denominator

465
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(d A special test. Let us now consider a special test

for two fractions thatname.the same rational number. In our

last example used 6 x 4 as the common denominator, for ,

and
S3 Thus we had

,

2. 2 x 6 3 3x.4
. 4,x 6 and 6 x

2 3EWe could say: It is trite that 7 = , because the two resulting

numerators- -2 x 6 .and 3 x 4--are equal, and the denominators-

are equal.
2 3In otherivords, to test whether 7 = it is only

necessary--once yo__,'have understood the reasoning--to test

Whether' 2 x 6 = 3 x 4. Al1d this last number sentence is true'!
9 24In the-same way, we can test-whether = 77:5 'by testing

whether 9 x 40= 8 x 15. They do! When we do this, we are.

hinking:
,

_9._. _ _2.2L12 24' 24,X 15and''.15 15 x 40 776 40rx 15

. . This is an example of what is sometimes called "cross'

rdduct rule." It is very useful in solving proportions. (Some-
times it is 'stated: The produCt of the means equals the product

of the extremes.)

The rule `states: To test whether two fractions . and

name the wipe number, we need only test whether a x,,44 =/b x c.

That is,
9

av c

0

This rule,is important for later applicat s in mathematics

such as. similar triangles. In advanced texts on algebn4, it is

-sometimes used as a way of defining rational numbers. That is,

an advanced text Mig4t. say: "A tional number is a set of
1 2 3 4 4 a csymbols like (17, E, 1-3-. . .). Two symbols and

beilong to the same set if ax,d=bxc."

'1.( What we have done amounts to the sAme tIOnfry but is
_.--

, developed more intuitively. For teachinvuepo es, the "multiply

numerator and denominator by the same .counting n per' idea

conveyed by _Rule 1 can'be.visualized more easily than can the"

''crass product' rule.

C
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It would certainly notnot be our intention to insist that
. _

'children learn'Rules 1 and 2 formally. Alowever, these rules,

summarize an experience that is ;TprOpriate for children., We

can form a chain of fractions that name the same number
I'

' 1 2 4 8= 7 = = = .
t?

Each'fraction is formed by multiplying the numerator and

' denominator of the preceding one by , 2. We can visualize this

as subdividing repeatedly a segment or a region. (Rule 1).

We-
1 3can form a second chain beginning with 7 = E =

.We,can then understand that it is possible to pick out any

numeral from one chain and' equate it with any-nuMZ* from the

other Which is just what Rule 2 says.

Meaning of Rational Numb - SeUmmary

Let,u's summarize how far we have progressed in dur devel-

opment of therrational numbe7.

(1) We regard a symbol like one of the followingsymbol as

naming a rational number:'

3 o 4 6
. 5, 6, 7, 7, 1,

o (2) We know 'haw, to.associate each suc? symbol with a

point on the, number line., *-

(3) We know that the same rational number mad have ma*
6 3 kb;. 6 t

names that are fractions. Thus., IT and 7 ar,e fPaction names

for the same number. /

(4) We know that when we have a rational numbex/named by

a fraction, we can multiply the numerator and denominator of

(the fraction by the same counting number to obtain a'neWfrae-

tion name for the same rational number.

(5) We knOw that in comparing two rational numb4 s it is

useful to use fraction names that have the same-denorAnators.

We Ivw, too, that for any two rational numbers, we can always

find fradtion names of thi-s sort.

Thus far we have not -stressed what is often called, in
6traditional'language, "reducing fractions." to "reduce" ,
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for example, is simply to name it with the name using the

smallest possible numbers for the numerator and the denominator.

Since 2 is a factor both of 6.and 8, we see that

6 3 x 2 '3

1 4 X 2'

We have ap514ed our general idea that "multiplying numerator and

denominatdr by the same counting number" ives a new name for

the same ?limber. We can call
37 the simplest name for the

4

rational number it'pames.

'We would say that we have found, in the simplest name

ft; the rational number named by This is more predise than
6

saying we have "reduced" 8-, since we hgve not made the rational .

. 6number named by E any smaller. We have used another pair of

numbersto'rename it.
2

(.6) We know, also, that 2 and y name the same number.

We thus regard the set_of whole numbers as a subset of the set

of rational numbers. Any number in this subset has a fraction
0 1

name with"denominato2r 1. (-37-, etc. belong' to this

subset.) 2 15 a name

number. 2 is not a

'number has fraction n

At this point, i

rational numbers where'.

for ayational number which is a whole

raction name for this-,numbar, but the
2 4

es .p etc.

seems reasonable to' use "number" for

the meaning is clear. We may ask (o.

measure of a stick, or the number ofthe number oflinches o

hours in a school day. ...;

t=7Y We can agree t

wordiness of "number ham
2number 7 is greater th

easily on the number line)

that Nlefraction

we do nc?rlian that.one nam

(8).)Ue-streuld,not say

number 2 because the Sage

with different denominators

the fraction
2
7.

1

speak of the number to avoid the

d by 4.n Thus, we might say that the

the number 1 (as we can verify

This, would be preferable to saying
,

eater than the fraction 2," because

is greater than another.

a-Tat 3 is the denominator of the,

number-MS
4

-other names (like E)

. 3' is rather the denominator of
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(9) We have seen that the idea of'rational number` s

reAVant both to regions and line segments.' We,will see srp

hoseit relates to certain problems involving sets.

Now we might iptroducy some

for example, is another name for

a numeral like 13.7- more easily

idea,of adding rational numbers.

decimals. The numeral, .1,

1

10'
However, we can explain

vrtlei we have developed the

Operations on Rational Number's-

H Now let us consider the operations of arithmetic for

rational numbers. For each, our treatment Will .be'based'on

three considerations:
/.

(1) The idea of rational numb'er grows out of ideas about

regions and the number line. Similarly; each ope4tion on

tional numbers can be "vpualized" in terms of regions or the

number line.. Indeed, this is how people originally formed the

ideasof sum, product, etc. of rational numbers., Each operation
110-

waallimproduced to fit a useful physical eituation and not as a

way of supplying problems-foi- arithmetic textbooks.

(2) We recall that some rational numbers are whole numbers.

So,we want our rubs operation to be consistent with what we

already know about whole numbers.

(3) We must remember that the same rational number has many

names. We will Qmt to be sure that the result of an operation

dnitwe,n\umbers'does not depend on the special names,we choose for
1 1

17them. For example, we want the sum of 7 and , to be the same
2number as the sum of and T. .

..../ These three ideas will guide us in defining the operations

''of addition, subtractiot, multipliCation, and division of

rational numbers.

Addition and Subtraction

As. an illustration of addition, we might think of a road

by Ilich stand a house, a school and a store. as shown in Fig. M.

'If:it is 7 mile from the house to the school, and4 mile

1
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--<.. . .

from the school t2thestore, then.we can

see that the .distance from the house to house school eon',

the store is'I2 mile.
1<---- l'

-- -->i<- 4 ---)1

FrOm'such examples we can see the ; s
. Fig-..

----\ utility of defining addition of rational numbers by_usfng the
. 2 4

number line. To find the sum of -6-.and-' we would p ?oceed as
5 4 e

in Figure N.
,

. .
(

2 4,-

IA ,

0 I I
,k_

6
.

Fig. N

Using a ruler,we can locate the point on the number line
. -

corresponding to the sum of any two rational numbers. For_

example, with appropriate rulers, a-child can locate the point,
4 3\that corresponds to.the.sum or
5

and u. But a child would

also Iiketo know that the point for the sum located with a'
,

ruler' one for which'he can find a fraction name--a fraction

that names a raetonal number. Of course, one name for the sum
4 3 5 3uof and s is + , but what the singfe'i'raction that

names this number? =Also, he is interested in knowing whether

or not the set of rational numbers is closed under additn,

since,he knows that this is true for the whole numbers.
' 2

Using the number line, it is evident that. the sum of -4-

3 is-a ,pd This suggests a way to fiid the sum of two °

.

rational numbers that are named by fractions with the same

denomihator. For such fracti:Ons,...,me simply add the numerators:
3

Thus, +
4
= --s--
'3 4. 4'

-
;

bi- . This definition matches the idea of

*Joining two line segments.

But we are not finished! For suppose ttlat we want po add
1T7 and T. We know that there are many other nameafor the num-

ber named by Some are:

4 6 8
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1
Likewise, there are many4names for the number named by -T. They

'include:

2 4

TE*

In"%orderto find to sum:of those two rational numbers- we simply

look for a pair of names with the same denominator--that is,

'with a common denOMinator. Having found hem, we apply our

simple4fprocess of.adding numerators.
7

// Thus we can write a fraction name for the sum of-tw&
et

,rationaPnumbers if we can'write fraction names with the same

,denmninatorsfor the numbers. This we can always do, fbr to

find the common denominator of.two fractions, we need only to

find the product of their denominators.

This provides's. pod argument as to why,

2 1 11
+

8 3 11 1
.It is clear that 17 4- TY =

If the idea that the same

number has many names makes any sense at all, it must be true

that

2 1 8 3

T.7 +

Suppose .that in our example we had used a different-common

denominator, as 24. Would we get a different result'? We see

that we would not for:

2 2 x 8 16.
='3 x 6 77

1 1 x 6 ,6
' 4-x 6- 74"

2 2 . 22
71 r .

22 11and
IT'

L14le needs be said here abut subtraction. Using"the

number ling we can visualiz 4_ 3 as in Figure 0.

3
0 1

i 4
T 3i II 4-7"

, -

Fig. 0

471

2u

>



O

3 2
- Thus we can define 7 - 7 as the number n such that

, 2 73 '-,4
'

.

1+ n = . Again, skillfully dhosen hames'lead at once to the.,
e, solution: .

8
17 t n 7

n =
1

Properties of Addition for Rational Numbers

Our rule for adding rational numbers has some by-products

worth noting. -

We can see, for one thing, that addition of rational num-

bers is commutative. Our number line diagram illustrates this.
1 2 1In Fig. P we see the diagram for 5+ 3 and for -5 -u 5%

0

T
2I I 2

o 1

>

I +I

Fig. P

The commutative ppoperfty also can be explained in another

way.

We know that* 1

general, to add rationalqumberS named by fraCtions with the same
,

denominator we simply add numerators. Adding numerators involves

adding whole numbers. We know that addition of whole numbers is

commutative. This leads us to conclude that addition of rational

numbers is,also commutative.

We can use this type of discussion or the number line

diagram to see thqt addition of rational numbers is also'asso-
-

ciAve.
Here_is another interesting property of addition of rational

0 0
numbers. We recall that 57 3, etc. are all names for O.

3 0 3 0 + 3 3
Thus 0 + 7i. + Inigeneral we See that the sum

of 0 and any rational number is the'number.

1 .2

+ 5

+ 2 = 2

1 2 1 2 + 1

2
= 4

1-
5.

=

In+ 1,

and 5 + 5

so 'we see that '

31+

1112



2 3ySimilarly we recall, for example, that y and are .

fraction names for 2 and 3 respectively. -,Thus

2z +3= 2 3 2 3 2
1.".' 1 r 1

as we would expect (and hope).

Addition or rational numbers is not difficult to understand,'

once the- idea that the Same rational number has many different

fraction names has been Well established. The technique of

computing sums of rational numbers written with faction names

is In essence a matter of finding common denominators. This is

essentially the problem of the least common multiple and.thuS

is-a problem aboull, whole numbers.

Addition of Rational Numbers Using Other Numerals

Often it is convenient to use numerals other than fraction)
to find the sum of two rational numbers. ThOse commonly.used

are mixed forms ands decimals

-The first kind of numeral can be easily understood once

addition has'been explained_ We can see with line segments that

2 + 7

is a rational number, and it is also easy to see that ;- is

another, name for this same number. Similarly, 1, = Indeed,

these ideas can be introduced before any formal mechanism for

gdding two rational numbers named by fractions has been developed,

because the idea that 2 1:- - goes back to the number line=

idea of sum. To adOpt the convention of writing 24 as an

abbreviation for 2 + is then easy, and we may use a numeral
1

like 27 as a name for a 'rational number.. It .is these we call

a numeralin mixed form.

The use of decimals is still another convention 'tor naming
4

rational numbers. For example, 3:2 names a rational number;

other names for this number are

2 2 1 16 32: 320
IT 31T 35' Torr
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Of these, 77, and --- are fraction names while100

1and a-
5

are mixed forms.

The methods for computing witn decimals are direct outcomes

of their meaning. For example, to compute 3. - 1.7, we may

proceed as follows:

3.4 = 3 7
1.-7 = 1 -

11 1

10 ' 10.

Hence 3.- - 1.- 5.1.

We want the child to develop a more efficient short-cut

procedure for finding such a sum. However, tne understanding

of the procedure can be carried back, as snow., to the knowledge

he already has about adding numbers with names in fractiqn or

mixed form.

in a similar way, tne procedures for subtracting, multi-.

plying and dividing numbers named by decimals can be undeistood

in terms of the same operations applied to numbers named by

fractions.
\

Multiplication,

By the time the child is ready to find the product of two

rationed numbers such as and 4, ne has already had a number

of experiences in understanding and computing products Of whole

numbers.'

He seen 3 x 2 in terms of a

rectangular array. ' He can recognize the
3 0 3x2arrangement in Fig. (1 as showing 3

groups of objects with 2 objects in
2

'each group.
144

Also, he has,seen 3 x 2
.Q

in terms of line segments.

R) that is, as a union

of 3 two-unit segMents.'
1

3 3x2
Furthermore, he has interpreted

2

Fig!R



Figure R in terms of travel along a line.- For example, if he

rows a boat miles an hour across a lake, then in 3 hours

he rows 6 miles.

Finally,3 x 2 can be related, to

areas as in Figure S. Thus, a child

has seen that the operation of multi-

4/ plicatiOn can be applied to many

physical models. He has related

several physical situations to a single

number operation.

The "Rectangular Region" Model

2 1
May we remind you that the idea of multiplying 7 and 5

was not invented f-dr the purpose of writing arithmetic books.

Inptead, people found some applications in whiCh the numbers

7
15and, appeared-and also 7.5 appeared. For instance, in

Fig. T we,see a'unit square separated

into 15 congruent rectangles: The

measure of'the shaded region is 2

square units. On the other hand, we
IL
3 . have already used the operation of

multiplication to compute areas of

3

Units

2 units

Fig. S

3x2
unit squares

5
Fig.T

rectangles having dimensions that are

whole numbers. Hence it is natural 'to
27 2

say! Let us call the product ol , 7 and 51 and write
2 1 2
7x 5.17.

2.
Logically, 7 x 5 is a meaningless symbol until we define

2
it. It could mean anything we choose. Our choice of 7 fbr

a meaning seems, however, a useful one, and indeed it is.

Yet, children need many more examples before they can see

Ehe general rule that in multiplying rational numbers named by

fractions we multiply the numerators and multiply the denomi-

natorm

We should recognize that although the formal introduction
2 1--

of 1-x 5 is deferred until the sixth grade the develOpmentis

anticipated, by many earlier experiences. Among them are: the
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identification of a fraction wiith a region and the various steps

in finding the measure ofl a region.

The '=Number Line" Model

The product of two whole n bers also can be visualized on

the number line. A few natural generalizations t products of

rational numbers can be made from ,these kinds of xPeriences.

r 'example, if we can think of 3 x 2 as illustrated by

Fig U, (a), then it is.natural to ideritify 3 x with the

si uation pictured in Figure U, (b).

(a) < -
I 2

2

(b) 0 qx I

3 x 2

Fig.0

In the same way we can identify, Ar example, 3 x f with

2 2 2 6
7+ 7 +7=7*

Again, if a man walks. 4 miles each hour, then (2 x 4)

miles is the distance he walks in 2 hours. (Fig. V) Once

more itis also natural to relate x 4 with a distance he

travels--this time with his distance in hour.,

Suppose

In 2 hours

product x

. . . . >

x4 4 3
T x4 2x,4

Fig. V

, "now, that a turtle travels
1r mile in an hour.

,lit travels 2 x --k, or g. miles. We identify the

5 with the'distance it travels in 4 of an hour.
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Fig. W diagrays the turtle's travels.

15W

0 ('ixiXi 6) 2 x 3I - I3 x

ihr ihr I hr 3hr ahr

Fig.'W

2 1 1
We logate 7 of 5 on the number line by,locating 5,,

1 'cuttingthe 5 segment into 3 'congruent segments, and counting

_off two of them, as in Figure X.

3 of
0 5

3 corgruerd
segments

2
E

Fig. X

More, specifically, we first cut the unit segment into 5 con-

gruent segments. Then each of these is cut into 3 congruent

segments. We thus have 3\X 5 segments. We counted 2 x 1. of
2 1

them. We see that 7 of 5 is associated with the point
2 x 1. ,

7775. 4
- 2'

and
2

We had two numbers: 7 and 5. When we talk abc$ut 7ut of
1 we are explaining a situation in which we have a pair of

1
numbers (7 and 3) associated with a thirdk2 7). We have,

.. in short; an operation; it is natural to see vither it,ois an

operation we know. We fid that it is.
,

a
We alre'dy had agreed, using the rectangle model, that

2 1 2,x 1 27 x 5 = 3x5 = 15.

'Hence, we now see that we can identify 4 of withwith x k
Moreover, we notice that if weuse the idea of ravel on

the number line (i)1g. W) it is again natural to id fyedill.

1 with
27 of .517sx 5 .

2477 .\
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The "Sets of Objects" Model

We speak, .in everyday usage, of 7 of a dozen of eggs. We
4

visualize this as the result of separating a finite set of

"Po jects into 3 subsets each with the same number of object& and

hen uniting 2 of the subsets. 'The relation between this con-

cept and that involving a 12-inch segment can be seen .from

Figure Y. '

0 4 8 12

3- of 123
Fig. Y

We sometimes use such examples with very young children to

emphasize the idea of et- this is a little misleading; for

we should note that
27 of 12 is again a situation involving

2 2
two numbers, 7 and 12. Again we can verify that .7 of 12

is computed by finding x 12.

cno600000000
I of 12
3

4

Summary

Fromthe standpoint of defining the operation of multipli-

cation for rational numbers, it would be entirely sufficient tb

use one1Lnterpretation. However, because' products Of rational

numbers are used in many typies of problem situations the child

ought to recognize that the definition does fit the needs of

each:
.

2 1x 7 can be visualized as:

:(1) the area in square inches of a rectangle with
2

length 7 in. mid width in.

(2) the length of a lin segment formed by taking 2

of a lr, inch segment.

Out of the number line model come many problem Atuations.
1

For example, if a car travels 7 mile per minute, it travels
2 21

x miles in minute.
3,

Moreover, 7 x 12 can be interpreted in the ways noted and

also can be related 4o Finite sets. We use x 12 where we,
2

want to find the number of eggs in 7 of a dozen.
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Mathematics ispowarful
1

(like
2
7 x 10 often has many

understand 1a product like ;-

experiences with several appl

ma.

becaUse a single mathematical idea

applicati.ls. Children can fully

x only when-they have,had

We should observe, that our deTinition of the product of two

rational numbers is consistent with what we already know about

whole numbers. We know that 2 x 3, for example, is another ,

2 3name for 6. All is well, for the product of y and I., as
6 6computed by our definition, is r, and names the same number

as 6. We note, too, that our definition leads us to
1 1 33 x . I x = 7, as was anticipated earlier.

We should notice, ;too, that although our.method for findiAg

the product is expressed in terms of specific names for the

factors, the product is not changed if we change the names. For
1 3 3 1 37example, x 1. g. Renaming and we have

3 6 18
x =

qg18

3is another name for Fs.

Properties of Multiplication of Rational Numbers

Again our definition has, convenient by-product's. For, we

observe that the associatilp and commutative properties hold

multiplication of rational numbers. They hold here as a direct

result of the same properties for multiplication of whole num-

bers.

The following example shows how we may explain the

-Commutative property of multiplication.

Our rule for multiplication tells us that x
X )/-1-

OUr rule tells us also that # x 11.1 3. We know, however,,

that ,1 x 2 = 2 x 1 and 3 x 4= x 3. These facts are

instances of the commutative property of multiplication of whole
2

4
1numbers. Hence we see: 7 x = 7 x

JO also can visualize this property using rectangular

regions as'in Figure Z.

Figure Z

2
3

4
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The associative property of multiplication holds,'in

essence, because it holds for whole numbers. FroM the associa -'
-. 1

tive property, we can compute 4 x 5) as either/ 7 x (4 x 5).
2

or (1 x 4) x 5--a fact which is sometimes 'helpful 'in uting the .

formula for the area a triangle.
6

We observe, too, an interesting multiplication property of

O. Our rule for multiplying two-l!ational numbers named by frac-

tions leads directly to the conclusion that the product of 0

and any rational number is 0: .

2 0 2 0 x 2 0 A.ux..=Tx7=3
1

57( .= 7= 0.

,Of interest, too, is the multiplication property of 1. It

is easy to see that the prodtict of 1, and any number is the

, number:

'9 2 1 2 1 x 2 2
1 x = T x =

1 X 3- 3.
Again this is a direct result of the same property of4 whole

numbers. Now 1, of course, has many names. One of them,.for

exampls,'iS4 When we multiply 5 by 1 we can write

4 3 4 3 x 4 12 4
1 x = x

5 7 5 - 3 x T5 3%

Ohis result shows that multiplying the numerator and denominator

of a fraction by the same counticig number is equivalent to

multiplying 1 by the number named by the fraction.
-,s.

..,

Finally, the distributive property for rational numbers is

an outcome of our definition. The distributive, property tells '

us that, forlexample, 1(5 + ;) = (3. x 4).+ (4 x ...).' Our area

picture helps us to understand this

easily (Fig. AA) The smaller rec- I
2 1 _, 2 2 ' Fig. AAtangles have areas 7 x5- and 7.,, 5. /

The area of their union is 7(3. .4, 5).
i

2 .3 V
or 7 x 5%

.
.

. ,

The distributive property is useful in computing a product

like .5 x 32. We can say:

4

5x
4 = (5 x 3) + (5 x f) . 15 + i .= 17n.

11,
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We can also recognize that we have essentially- ,applied the

distributive property in writing

= 3 x4= (1 + 1 + 1) -x -34% *It +

Before leaving the topic of ILtiplication of rational'

numbers, we ought to notice that the product of certain pairs of

Altional numbers is 1. For, example, the prodlict of
2

and

is 1. The number is called the reciproccgi of :7, and 7
is the reciprocal of The reciprocal of a number is the num-

bertit must be multiplied by to give 1 as a product. Every

rational number except 0 Alas exactly one reciprocal. When the

number is named by a fraction, we can easily find the reciprocal

by "turning the fraction upside down". Thus the reciprocal of
3 8
S.

i3

In particular, the reciprocal of the whole number 2 is
1 1Which can be verified ,easily since 2' x = 1. ,

0 has no reciprocal. For we know that the produc of 0

and every rational number is 0. Hence there is no num er we

can multiply by 0 to give 1.

Division

In the rational number system, as in the counting numbers,

we want to upe division to answer questions of "whatmusewe

multiply?". In a division situation we are given one factor and

a product. Thus is the. number such that: o-

0. 3x = 4. In order tb compute ;H 7r T.,:e must solve:

3 m 5
x 7

where m and n are counting numberO.

To acquire an understanding of the

dren need many concrete-experiences in its use. These experi-
.
ences parallel those with multiplication, oinde division problems

.

can be interpreted as problems in finding anAappropriate multi- "

plier. Thus typiCal problem situations include: l).finding the

width of a rectangle when the length-and.area are knowth

division prOcess, chi],

13r
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2) finding what Tractional part one set is of another;

3) finding the number of segments of given length that can be

made by cutting a given segment.

The Idea of Reciprocal and Division

We already have seen that the product ol'any number and'-

its reciprbcal is 1. For example,
t '

;xi= >>((i-1.

2 2
We also know that 1 + 5 = n means 5 x n = 1. Thus, the

2
.reciprocal of 5 (which is ;) is the number by which one can

2
multiply 5 to obtain the product' 1:

Now suppose we want to find-the number m such that

2
.ks 5 x m = 3.

Since 1 x 3 = '3, we can write: g_ x m = (1 x 3). But since

3-x f = 1, we also can write: -6 x m = k-s- x i) x 3. Using the2 5
.. 2 ,2

5

2

5

2
3.)associative property, we,can write again: -xm.= -x (ix3

We w s :t m = i x -3. ,'

We can use the same reasoning to compute 4 .4. ii. We must

solve:

x 4.

3',
We know that 7. x 1 and that the product-O a number and

one is the number itself, So,

(4 x.4) x .

and

x x ) _4.

m = 134 x 3-x5. 20
Therefore,

3We note: To divide- 4y 4., we multiply .3. by the reciprocal

rof
3

We have seen a way in- which we can derive the general rule:

To divide by a non-zero rational number, multiply by'its recip-

rocal.
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,

Wp.see that for whole numbers our rule gives the results we

would expect. For example, ,.

i

6 2 6 1 6is 6 + 2 . r T Y. x 7 ='7 3:
de

In,particular, the reciprocal of 1 is 1, since 1 x 1 = 1.

Thus when we divide a rational number by 1 we multiply it by 1

and obtain the original number:gs we would expect.

_Clurcrule fbr division identifies dividing by a number with

multiplying by its reciprocal. Thus when we wish to find 3-j-

of 18 we'may uSe either multiplication bey or division 3.

We now see that: = 3 5<- -tr = 3 4. One important inter-

pretation of as the result
.

of dividing 3 .by\',4 can be

visualized using line segments., 3
T I

(Fig. BB) °

can be seen, too as the
.answer to the question "How
4 congruent segments

many Os in 3 ?" More pre- Fig. BB
3cisely, ,r is the number by which we must' multiply 4 t9 get

3. '

ti

Some texts for later grades define rational numbers by

using the idea of division. That is, is defined from the

outset as the numbe x satisfying Itx = 3.'

The set of counting numbers is not closed under division--
.

4--that is, with only counting number. at our disposal, we can not

solve an equation like 4 x n T 3. But having introduced the

set 7 rational numbers, we can always solve an equation o

this type. We can divide ariy'rational number by any numb. dif-

ferent from 0. Here the set, made up of all the rational num-

. bers except 0, is closed under division. We can interpret the

extension of bur-idea.of number from the counting numbers to the

rational numbers as a successful effort to obtain a system of

numbersVat is closed under divisign."

It is an interesting paradoxkthat now, having defined

division by a rational number as M'tiplication.by the reciprocal0*

of the number,'we could really ge.t arkmg without division en-
,

tirely, since to divide by a number we can always multiply by

83
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its reciprocal. Later, we introduce the negative numbers to

make a syste 'closed .under subtraction. Once we have done go,

.subtraibting number can'be replaced by addrng the opposite

.
Fractions--A Symbolfor'a Pair'af Rational Numbers

Thus far, we hate restricted our use of fraction to that of

being a symbol naming a pair of whole numbers. Let us now give
3,

meaning to symbols like --E-. 1. etc. in which the pairs of

numbers are rational numbers instead of
1

whole numbers.
. 3

We call that we already know -- and 3 .4 4. are two names
1 3

for the same number. That is, for 4x n .= 3, n . -4- x i. = 7.,

3

.ff

This suggests that we might say that the symbol 6 will mean
'-,.._

.

1
6 and the symbol ;will mean 1.5 .4 5. . '

,

A Definition. 3

3When we say, let 7 . 6 = E, we are defining the meaning

of those symbolLwhich hitherto have had,no meaning for us'.

There is nothing illogical with defining a, new symbol in any way

We like. However, simply assigning to i 4- 6. the sYmb61

does not permit us to treat this new symbol immediately as if it

were a fraction of the kind with which we are familiar. For
3 2 x

diam 7ple, although we know that cannot b7, certain

3

6
3

that `
7,- 2 x 1 1 2

= 2 x 6 Too, just beCause we know 7 7, we

cannot conclude (without argument) that 1.4- 2:
.1 a .r

In practice, children in the elemdiltary school are unlikely

to add or to multiply many numbers named by these new fractions.

Yet, examples as 1'? will be familiar when using decimal names .

in division'of rational numbers. In later*Years, they can find-

solutions to such examples as 14% of 120 ,by solving

12.5 n
100 1715'
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Thus, it seems necessary t3-" knew" if it is possible to bui-ftply

the numerator and denominator of by.. 10 to obtain apother 4
'name for the same number.

Again, let us make some observations about divfision. Dos.
,multiplying le dividend and divisor by the same number cliange

the result?. We observe

÷ 2 = 3

(6 x 2) + (2 x 2) = ..or' 12 ÷ 4 = 3

, (6 x (2 x = 3 or ;' = 3 + 1 =
2 2

We also need to. be sure that when we,multiply the numerator and

denominator of a fraction, as, --, by the same umber, we

. -

'obtain a new fraction equal to the original one.

Doe 35 2 . - ?
o

3 .3 - 4 5 20We know that 4 4 7 . 7 x n = 4 and. n . 7 x T=
/--

Let ug noW multiply both numerator and denominator of the frac=

4 --N
tion -.-7 - by the same number 7.

4 x 4 ; x3
3
-17- x

47 3 x 4
4 X 3

But
3 x 4 12 x 4 20,

, 4 x 3= 12 1 and
3 x 3 -7.4-

20 4

-.the .same as
20

Is
-D ..

)

- if it is, then ..V.--, 1
77%

We do know that this is true since the product of 1 and a

rational number is that-same rational number.

ThUts , a . 22 and 4 U. i 2 3
9

- s, = 7.
7

ro
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MATERIALS

It is Ifportant that extensive use be made of materials iii

e - developing understanding of the ratibrial numbers and of-the

opertions of addition and subtraction of rational numbers.

Some materials which have been found useful are'suggested on

the next few pages. These may be supplemented by other

available materials.

Teachers will find copies of these cards made on foot

square cardboard useful throughout the. chapter. Colored

acetate may'be.used to indicate shaded areas.

c

1
I I

I I

I I

I I
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J Models of circular regions can be copied on cardboard or

undecorated paper plates.
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O 0 0
O 0 0 0
O 0 0 0
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[ I I0000
o o o

I I

SET A
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0 0 0

0

00

oloIoloFol
010 10 101 0

Fololo'oro+++-010101o4-t°

SET C

These arrays may be used to develop the concept of '

1
u, etc. of a set of objects. Colored acetate may be

' 3
used with them to indicate

2 etc. of a set of objects.
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A sheet of numbei lines similar to thlsfcan be dittoed for

children to use throughout unit.
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TEACHING THE UNIT

MEANING OF RATIONAL NUMBERS

Objective: To review

a. the meaning of rational numbers.

b. correct use of the terms symbol, fraction.

c. meaning of numerator and denominator.,

d.' the use of a rational number to describe

the measure of a region, a segment, or

a subset of a setof objects.

Materials: Flannel board with models of circular and square

regioA separated into congrue, parts.

Number lines.

, Arrays or sets of objects.

Vocabulary: Rational number; fraction, numerator, denominator,

whole number, separate, measure, congruent,

'circular, unit region, region, line segment)

unit segment, represent, union, set.

e Suggested Teaching Procedure

Have children read together and
"Meaning of Rational Numbers" in their books.

)

Before having childfen do Exercise Set 1, teacher
shows work with concrete materials such as a
flannelboard and models of congruent regions,
numbeF lines, and sets of objects or arrays.

Models of congruent regions and sets shown
'under "Materials" can be used throlIghout this
development.' Colored acetate is very useful to
indicate shaded regions. .

,

1 '1 17Begin by shading
"

7, , etc. of model

regions and'arrays. Ask questions like the
following:

493
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'4

.- -.(a) Into how many congruent regions'is
the unit region separated?

c

N- How many regions are shaded?
What rational number best describes

its measure? Record this measure. .

e

MWhat does the denominator tell you?
What does the numerator tell you?

Ask similar questions about the unshaded-
regiohs.

2 3 4
Cbntinue with models shading 7, Ty 1;:, etc.

and asking similar questions.

It is important to emphasize that::
measure is a comparison with the unit.

b regions whose measures are rational
numbers have meaning only when the unit region
is specified.

S
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Chapter 6

`ADDITION AND SUBTRACTION OF RATIONAL NUMBERS_

9

MEA'NINV° OF RATIONAI NUMBERS

4

Because of his way of life, early man'needed only whole

numbers. Wecan think of reasons why he came to need other
1

numbers as time went by. For example, he might have wanted 4

to trade more than 2 but less than 3- hides for a weapon.

He might have wished to tell someone that there was*some food

but not, enough for a meal. He could not have handled these

situations with whole numbers alone,

-
Today you would have great difficulty in makinfi yourself

understood iryou could use only whole numbers. Suppose you

knew only whole numbers. Could you describe .any of these with

4
a whole number?

(a) A trio, ghat less 'Wlan,one day
. %

.*(b) The' amoUikt of candy you get when yoti-''ehare a candy

tar 1,:th' t friends, I' .

t
,

v

(c' The nUfril bdOkS you7read this suMmer, if you
,el

.-. read more th dto!and.11es]h;4.? -

. "
,1 ,-,----- -4 i. 777 4, 6

.Youtwould have even more difficulty:in' mathemativ.. If.,

v .....

ou could use only whole numbers, *ere
-

woula be eestitt Inar
,-,

. - .

4. , ,,

such operations .as 2 .1. 5 or 8 4- 3. Ano4ler s onnumbe

helps you find answers to such operations. Th et Of numbers

,.`
is called, the set of rational numbers.

Rational numbers are often used to de cribe the measure of

a region, segment, or set of objects,

495
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B C

Exploration

One-half of the circular region is shaded?

The numeral for one -half is

D

Points B

into 3

If the measure df AD is 1, the measure

and C separaq AU

congruent segments.

of AC is two-thirds.

The numeral f r two-thirds is

S t A = (Tom, Jane, Bill, Ann, Sally)

Three -f fths is the number that best describes what part

3of Set A th- three girls are. 'The numeral or three-fifths is 5.

One kind of symbol used to namea rational number is called

a fraction. A fraction is written with two names for whole

3,numbera separated a bar.
2

.5 and -g are fractions.

numeral
numerai

. /
The number named below the bar is called the denominator

the fraction and shoes into how many parts of equal measure

the unit region, ,unit segment, or set is separated. The number

named above the bar, or numerator, counts .the number of these

__ parts that are being usd.

1. LOok at the circular region above.

a. Into hod many congruent regions is it separated? (2.)

.blw Will this number be represented by a numeral written
,

. above or below the bar of a fraction? (----'8.--e-emo-z-td-).

.

c. What is this numeral called?
c

'96
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t.-* a. How many cdnE4ruent parts of the region are shaded? 0)

b.' Where will you write the numeral that shows thisl(f_24=,)
aa*

, . c. What is it called?6)

3; LOOk at.the picture of Te. The measure of AC is.

-1 written
2
7. 6

.
..

a. 'What does the denominator tell you?6:1Zt)-:412-44.44tIre49
,-,

b. Wh'at does the numerator tell you? ,4C-ff.t.R.A74.4,622-,-21-741-41;4-4-)-1, 2
3

4.
5

ofthe members of Set A are girls. What is the relation

of the 3 gnd 5 of'the fraction to. Set A?

Summary
ro's" 41151

1. A rational number is sometimes used to describethe

measure'of a region, line segment, or et of objects.

2. Fractions are one of the symbols used to name rational

numbers. .

3. Fractions are written with 2 names for. wholenumbers

separated by a bar. (The denominator can not be 0.) .

4 numerator
5 denominator

4. The denominator is the number which tells thenumber

of congruent parts_into which the unit segment, unit region,

or set has been sepa'rated.

5. The numerator is the number which counts the number *.

of these congruent parts th t are being used.

6: The set of rational numbers includes numbers renamed

4 17by numerals like these:
2

-1-, 0, 7.2 and .

A

,
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1.

Exercise Set 1.

The circular region A has been separated 'nto (1),

congruent regions. region is shaded. The'shaded

region is (ir) of the circular region.

'A C D E F GB,.
0 1

The measure of AB is 1. Poi:tits C,, D, E, F, and

G separate AB into (6) congruent segments. AG is

rnthe

union of (5) of these congruent segients. The

easure of AG is 4) .

.

3. Set A= fOAAAAAAA
There are (0) members in Set A. (7) members

are triangtos. What rational number describes what part

Cam)of the members of Sgt A are.triangles?
4

14.

A B C c D .

Each unit region above is\separated into a number of smaller

congruent regions. What ritioAal number best describes the

measure df the shaded area of eadh? The,unshaded area?
(A c

1 4") 49a D

( 53 r-

1
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5. Which figures below are n t separated into thirds? Expl in

you answers.
0 1

Ir.-

A B

Set A =on 0
/zz

_ .

6. Trace the figures below. Then shade a part described by

D }.

7
the,fraction written below each of the figures.

3 1a., -5b. c.

oc../ (5reot,t! C 9C.4-tc), (=I .3),...04Alta.),

7. Draw simple figures and shade parts to show:
a

0 0 0
000

1/ A
//1

,
r/,/1-/

//y,(1, A./1
^

3 4

5
d. e.

d 2
. ? '6'

b.. ./ c.
2

10
1

6,..-/ ..,......--c.ef...., e;---,--/-v--,_-) a

8. Complete:
lit

Fractio5s maft;be used to na)neCtet.gi2.644L62numbers. t-

-Fractions are written with (.) numerals separated

by a bar.
. ,

Tile numeral (1.e,..,) the bar names theeauzeZa...6.2,b.nd tells

into how many parts of the same.aize the unit is
0

. , /-

. , separated. <
,

1 .

..._

The numeral(_ c.4-1.^e!) the bar names the(n",..,,a4a.tand

counts the number of parts of the same size

being used.

4

o I.
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9. Match each rational number named Di Column A with its

symbol in Column B
%.,

Column A Column B
.,..y.

a. two - fifths
( '-'))

g.
7

7
, .

f.) 4b. seven=ninths (

C. four-sevenths ( i ) i. 32, .... -

d. five-halves (-4.) j. 2
7

, )

e. nine-sevenths L.4./ k.
5

0 .

2

l'. seven-fourths (.-4) 1. --..7

4

)

10. Set A . (set of ,rational numbers)

Write names for five members of Set A.(42.1-4..64u.--,(-4--i/z-.---7---et)

Co2plete(

Set A =-1 (00'00 )

SetB= (000)

-Set C = (0 0 )

Set D = (C5 ) . A

°

If tile measure of Set D is 1 the measure of'-St A' is

(41-) The measure of Set B is (3) The measureof

Set C is (). .

12. Use Sets A, IS, C, and D in exercise 11to.complete the

following: -

If th measure of /Set A is 1: .the'measUre of Set B.

&,,s . The measure of Set C .(f). The measure

of Set D T-)
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RATIONAL -NUMBERS ON THE NUMBER LINE

Objectives : 'TO review,

a. the use of'rational-numbers as measures

of segments on the number line.

b. the idea that some rational numbers are

! whole numbers. --- r r

of,

c. order of rational numbers on the numiqpr-

line. r
d. . comparison of rational °numbers

Materials:: Number lines, ruler, yardstLek '
. .0 . .

NrocabUlary: Laber, pointm unit segment, simplest name,simplest
I

S

of.

order, compare, generalization

Suggested Teaching Procedure

Have children work -through Exploration
(first two pages). Then working together
teacher and pupil should 1Puild nur4er lines
scaled in foullns and eighths, halves,-thirds,
and sixths, etc. :

Have children finish Exploration together.
Befora. havinechildren do the Exercibe Set 2,
the teacher may:

. (a) have children count by ratiOnal-nam-
bers using number lines, ruler, or yardstick;

(b) examine the order of rationaa nurpers
on the number rine and their relation to

l'whole numbers;
(c.) compare. rational numbers:

All this can be done on number lines on boarTIV9
enlarged on paper, or'dittoed for children.

ti

t)L
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RATIONAL NUMBERS ON THE NUMBER LINE

4 Exploration

Draw a number lire, on your paper. Choose A point and label.

it-- O. Label other points equally spaced in order, 1, 2, 3,

and -. Your nu7ber-:inc> sn^u1'4 look ilk,.1his.

0 I 2 3 4

2 Separate ea to -hit sezert'Irtc..,:twc conzrtert sezments.

1,=bel these po'nts in ord=r
2, c'

1 * 7
..zA .._

2' -n-- 2'

Does you r.:2,ter line look :ike the one bel&w''.
,

.
, 6 . ,

0 1 4.

2
3 5'
2 2

7
2

0 2 , - 6
'3. Whic?'' points can. now be labe:ed ,, , and

_§

2' :-'' 2 2' 2

-.

,

. ° .

acel ., ..ese poits. , -'7, : 2, 3, ---,1-1----- ---

0 . 1- , 2 .. 3

0 1 2 3 4.- 5 6 7
.. 2 c, 2 2 . 2f' 2 2 2

),

8

, ..-- 1
'our number 15.4;4. now shows a set of segments, each 7

,

. the length of t'he original ',;nit 'segment. The endpoints

I.
are labeled with fractibns.

, . Look at the frao icir, labels. What "does each denominator,

tell you 'e;rna f, does eac1-7;,:iie...-V=.1 you? of 2

The'points you'labeled
0
7,

2 4f,
04

.7, and
8

were

already 14beled with whole numbers1

502
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2j. What other narns fO.r points labeled 7, 7, 2' 7' and
cc,

8 are showri tne rb e" I r.c.'"A. Car. a point tne .number

line have more tnan one nall<fe_e....., ow°

6. Wha t poir.t.s also te labele#. 2-7-, and 31 '4,"2' c 2

(Those numerals are r==d, "1 and I half, 2 and nalf"

,etc . )

z,A

for one sane

D'^ e and

Surgrz

nahe one ,nun bar

number line .a:- ...01:' :acre tnan one set of division

poir.ts
f

2. r se enc tne _`_re hay be separaty

into an:; r.u.-rt;,er

a r.-atIcnel

ma=s.....ra of ;ac-, conzr-..ent Segment. is

Ai

Some points or one r...,--ber line can be hare,'

numerals ?or 01:".'la -unbars- and also by fractions .
cg$

Numerals l rka 2t,, ,and- , 32 are read-, 'l and, 1

,

,

.

half," "2 and half," and "3 and 1 .n
..,

.116. Numer-als like .7i= 'e--:- and 3=- can be used as names.2' 2" 2 .
for certain points 'or. tne nunbel" line.

5C.3

ti ,.).
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Exploration
r

B '
2

0
2 2

3
2

4
2

C°
0

2 3 4 5 , 6
3. 3 3 3 3 . 3

E F

4424
0 2

0 I 2 3 4 5 6 7 8
4 4 4 4 4 ,4 .4 4 4 O

.

Use the number

a,

b.

lines above to answer ,,he foll9wing.

-A
of AB ? Why?That is the

What is the

c. What, is the

measure

ea sure

xea sure

d. Which of the three

e,

e f

.3

of CD ? Why?

(+2'4*(44'
of EF Why?

rational numbers

Which of the three rational numbers

Prange 'he measures of 'AB, CD and

4-4,42 14 V

is,the greatest? 60

is the least? e-+)
,

EF in orde72

from Ereat,.est to least.' ip,in'

What generalization can you Make about the order of

numbers named by fractions whose burner ors are ,1?

V

5 P

_X:icaaJr A

112



P266

2.
6

1 # 2 II-- 12

. 2 2 2

Use the number line above to answer the fol owing questions:
4. A

3
a. Which ration"' number is greater, -f or (f)

b. How can you tell which rational number is greater?
(2.4)-(.. eAr,4;41.?
-t4 . V. .E..,-2.v- .)

3: Which of the rationarnumbers in each pair is greater?

a. 7
2

or 2- 4),
.6 8 ,(-5)7 or w

e

e
7,- .cT 4. 1.(17.7'

4 What are othei; names for
0°) 4 '6 ()and 2 ? What' are

numerals that name:
.

a. 1 one and 1 half? , (ti) (i)

7.'

.

b. 3 ones and' 1 half? (3i-) (F)

c. 5. ones and 1 hail( ?

N

Summary:,

1. To compare rational numbers named by fractions whose

numerators are 1 , look at the denominators. The greater the

number represented by the denominator the smaller the" rational

number.

2.* On the number line; any fraction to the right of'.

anotIler naves the greater rational number. Any fraction to

the left of another represents the smaller rational number.
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3. The order ofsrational numbers on the number line is

the same as the order of whole numbers. As you move to the

right along the number line, the rational numbers become greater.

As you move to the left, they become smaller.

Exercise Set 2

1. Label the points A-K shown on the number lines 'below

with fractions for rational numbers.
.

O q 2
4

..

v.

O I

2 2
A (1)

8 (:; )
2

O I 2

3 3
C( z

E(3
3

f 0 j 2
.4 ,

O I 5
F/
4-)

p G(
(

f 3 H/ 4 "Zt
,

( 7-) 70

o

2. domplete each mathematical sentence below. Use K , > ,

and = . The number'lines tn exercise 1 will help you.

a. 2. (<) 3

7
e.

/
V C <) -

3
1.

3

b.
4 r
7,

3

'

f. 7
2 C>) -24.

c.
6 ( 4 a 1

7
>)

7 . . 7 ( < ) -;--

d. LL 7( = )
6 h.

6
( = ) i

2

.506
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3. Which is greater*? How Can you tell?

or (1)1 2

4. or 14 oi-)

11 or 2 (2 )
3

or 1 (f: )

a.- 4 or 1 (4) e:

b.. or 2' (qCT f.
2 /

14 or 1 (±..,21..) "g.

d. 0 or 2 (2) h.

2 dr"-L-

)
4. Arrange in order from least to -greatest:

, 0, 12, and -14- 69,
3

1. 77 /5. Write the whole numbers that are between 7 and . k 1, 2, 3)

6. and 1 one and 1 half are all names for the

same point on the number line. Write 2 other names for:

a. 1 one and 1 fourth ( 5)
4 /

b.

7. Write the rational numbers 3,n each set in order of- size'

from least to..greatest.

1 1 1- Set A = §c-21-)' Set C = -5.17)

Set.B = (4, 3,' 4)(1,14) Set D = (.101'

8. Count by fourths.'from 0 to 3. Write your answers' in a

set. If you need help the number line will help you. The

1 / 3 4. 4-
Set has been started for you A =

0
, 7 , cti Vtolp .1 8

507
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PICTURING RATIONAL NUMBERS- ON THE NUMBER LINE

Objective: To help pupils u e /ctilonal numbers'to name

;different points on the number line.

Vocabulary: Lay off
4

*Materials: Number line on board

Suggested Teaching PeOcedUre

unit segment

2 3 *
.

0
-. .

.

1

0 - 1 2
. 0.-

3
T , T

1 T

0 I 2 3 4 5 6
2 2 2 2 _- 2 2 2

.

Let us think about the_number line pictured above.

Compared to the unit segment, 4tat number tells the measure

of the segment with end points 0 and. 7 ? What do the 1

1
and 2 in 7 tell us? (The 2 tells us we are to think

of the unit segment as separated into two congruent segments.

The 1 tells us that if we start at 0 and lay off one of

these congruent segments toward_the right, the other endpoint
'

.

is at
1
7-,.) Compared to the unit segment what number tells
5

the measure of the segment with-endpointst, 0 and 37 ? (3 7)

3What do the 3 and -2 in 7 tell us? (The 2 tells Up we .

are to think of the, unit segment as separated into two congruent

segments. The 3 tells us that if we start at 0 and lay off

three of these congruent segments end to end toward the right,
3the other endpoint is at 7.)

To emphasize these ideas by repetition,
7discuss the fractions 2

, 7-, and ao on, using
similar questions.

o8

6 tr



What do the 1 and 3 in the fraction iPtell us?

(The S tells us that we are to think of the segment of measure

1. The 3 tells that' if we start at 0 and, lay ,off this

segment 3 times, end-to-end to the right,the endpoint-of

the last segment will be On the point 3T.)
4

Next, separating the unit segment int& 4 (instead of 1

or 2) congruent segments, we locate additional points as before..

We label the (old and new) points A- , , and SO

as shown below.

0

.)

1 2

0 st I
2

1 1 .I

0 1 2 Z 3 4 5

i 2 2 i 2
.

2

0 1 2 3 4 5 6 7 8 9, 10

.4 4 4 4 4 4 4 4, 4 4 4

c.-

(Continue, separatinivunit into 8
congruent segments. The procedure may be
continued on other number, lines with the
unit se ents,separated into 3, 6, and
12, and1, 2, ,5, and 10 congruent
segments.

A

3

3

1

6

2

U 121

4 4\

509
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PICTURING RATIONAL NUMBERS ON THE NUMBER LINE

1.

Exercise Set 3

PO

0 I . 2 3 4 6
2 2 2 2 2 2

0. t '2 4 5 6 7 8 9 10 11_

4 4 4 4 4 4 4 4 4 _4 4 4

In picturing 7 on the number line, i to how many congruent
(4

segments,do you separate a segment of ength 1? Starting

at 0, hOw many times do you lay off to the right a segment

of this length to arrfve'at the point ? (.,5)

3
2. In picturing 7 on the number fine,' into how many aegmehts

of the same length do you separate a segment of length 1?(4)

Starting at 0, how many times do you lay off to the right

/
a segment of this length to arrive at the point 7 ? .13/

3. In picturing 3 on theNyiumber line, into how many congruent

segments do you separate a segment of length 1 OStarting

at 0, how many times do you lay off to the rig4 a segment

of this length to arrive at thepoilit 3? (.)

4.
11

In picturing orilthe number line, Into how many congruent

segments do you separate a segment of length 1?
(

tarting

at zero, 'how many times do you lay off to the right a segment

of this length to arrive at the point Ail ? (V)

*

510
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5. In picturing 7 on the number Tine, into how many congruent
6

segments do you separate a segment of length 1' 2/ '

at 0, how many times do'you lay off to the'riiht a segment

6 6 9(10) 1\of this length.to arrive at the point 7

6. How many names are shown cry the number liriein exercise 1

for

a.

b.

0 Co, s_;

1

c. 3 (3, 1-.)

(
C

7-1

7. Label with fractions points A, and C on the

number lines below.

0
-4

A

(i0

0 B I

ill Bo-,
-... (i)

472-----------:-=.--..-
(iJ

4s

BRAINTWISTER #

y

Label with rational nUffibers the points Ar, B, and C

the number lines below.

0 (i) , 2

0 g -3

0t C (2) 6

11.

511
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PICTURING RATIONAL NUMBERS WIIIT REGIONS

Objective: To usereo4n lar or,tircular regions to help

. .9

pupils lea how to write different names for the

same rational number8.
.
4

Materials: Number lines, flannel board, and model regions,

listed under "Materials.)'

bulary: Rectang'e, rectangular region, trace

I

.

Suggested Teaching Procedure\

Work through'ExploYation with class.
Before having children do Exercise Set 4,
teacher will want to.work with concrete -

.materials such as models of rectangular
regions, models of sLrcular regions, number
lines,, flannel board"; etc., to reinforce
learning. She might also wish tobegin a'
chart on .which to record and display the
many different names for rational number8 like

1 2' 1 3
tcT e

A

4 o
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PICTURING RATIONAL NUMBERS WITH REGIONS

Ekploration

1. Figure A represents a unit .region.

It is'separated into 3 smaller

coneuent regions and 2 of these_

regiorA are shaded.

a. What is the Measure,of the sh

b. How are the g and the 3

JYf )1

11

/ A .

A

t (2)'nded region3/,

n the fraction

related to yle unit region?
e.

,02'26b

2. Figure B iegresents the same unit.pegion. It is separt4;:i

into 6 smaller congruent regions and 4 of these regions
(,)

Are shaded.

.-

/1a. What is the measure' of the
// 4: "/1 I

shaded region? -7)
W1.1

--
/41/

7 f77
b. How ale the 4 and 6 in 10///1

/41 /

the fraction 6 related to

---thekunit regiOn?Cr; --e.(2.)
-.004-:-

3.- tWace a rectangle congruent to' figure A. Draw broken lines

t to separate-the r9gion into 9 congruent regions&arid shade

, 6; of these regions as shoWn,in figure C.

a. klhat is the measure pf the

shaded region? l944

b. How are th 6

of the fraction

and the 9

67 related Ti,777-727-24

4.

(

to the unit region?

it-c-) 6 "IL-te-1 )

513
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.FaT2
1/44

-
11. a. Is .theUnit region the same size in figt.tres1 A, ,B,

. .

it
.

, , and C ? -'f'--?) y'
A b

b.4 Are the-shaded regions of, A, B, and C congruent?(r))

' 4 6
c. Are the rational, 2,mbers 7 , w,and 7 the .

J

measures

d. . Are
2.

number ?, .

of these congrUent shadediegions?
6

, and 7 names

lf,412,)

for the same rational

g

5. . Draw 3f congruent rectangular regions: Label`. them A, B,

6.

band C.

a.. -S4arate- A into 3 smaller - congruent regions.

Shasie 1 ftgion./ What is the measure of the shaded

/4
region? k

b. Separate B into 6 smaller congruent regions and

shade 2 of them. What is the measure of the shaded

region? (!)

c. Separate C into 9 congruent regions. ,Shade 3

1 "2
of these regions. Are 7 , , and 7 names for

the same rational number?/0Why?( */1-4-1=,-1.4.../Zfuz,/

The measure of the circular region at the

right is 1. The measure' off' the shaded

4
part is /T. What is thg.relation of the

the4 and 8 of the fraction to the unit region?
8

7. Trace the circul r region abo e. Separate it into 2

congruent regions. &rade 1 ,part.

//
a. What is the measure of the shaded region? LTI

I

4 1
b. Are /3- and 7 , names for the same number since they

name the measures Of congruent regions?
/

514
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8. Draw a circular region

Separate'At'into

the,parts. Is

A rational number

cohgruent.to the on in exercise 6.
.

4 congruent rel,ions and shade 2 of

2 1
another name for .f

72441...t,t:he.4

may have many different

1

2

2

3

2_,7
2 4

7,7

(?2,1)

Why ,) ( _Li,.,

names. Aro
er"

Exercise Set 4

1. Answer these questions for each figure below.

a.

b.

c.

Into how many. congruent regions is the unit region

separated?

How,many congruent

What fraction name

the shaded region')

regions are shaded'

best describes the measure of

Figure et
\c

(=, 8\

Figure 3 "' Figure
g)

515

.74. /2
Figure 7 h 9

c

t

4 14.\
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2. Do;the fractions in exercise c 'for figures 1 through' 4

name the same rationalma.pe
C

What rational number do they

name? (2)

3. Do the fractions in exercise c for figures 5 through 8

- name thesame rational number? What rational number do they

name? (1:\'
1.

Write three other names for''' 7'

5 . Write tnree other names fcr

, z' ;L"'

8

3-

2.
, 2

2' /5.
;

,
e

, , _s_c)

2

C
to 12

12 12 '12 12, 12 }12 12 12 12 12 12 12 12

7. Look at the number,lines A; B, and C .above. Three

Ai*
congruent segments, each,having the measure of 1, have

been,separatento smaller congruent segments. Answer

the folloing questions about each numbei" line.

a. Irito how many congruent segments has the unit segment
2

been separated ?; If /;:_ '

b. What fraction best names the'meaSure of each smaller

congruent segment? (a. )

71

4
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,8. Make true statements by writing a different fraction in

each space.

a. =

(

= d. = =

b. 4 = (i). A () e.
3

= (8) = CA-)= (4)

2 ( 4 (2 (.5) (4L
c. f. 1. = = = t/

0

517
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RATIONAL NUMBERS WITH SETS OF OBJECTS

.Objectives: To ilevelop the idea that a rational number shows

the relation of a subset to a le set.

I

Materials:

To use sets of. objects to help children discover

different names for rational numbers.

Sets of objects, arrays,

Vocabulary: Set, subset
9

Suggested Teaching Procedure

Work through Exploration together. Follow
up with pictures of arrays or sets as shown ini
section "Materials", or better yet, concrete
Qbjects. Use sets of 12 objects, and have .

.the pupils show fourths-of the set, thirds of
the set, sixths of the set, etc. Also, have.
them tell what rational number tells what,
part'a certain subset is of the Whole set;,
Sets, or pictures of sets, with 16' objects
(or some other number) may be used in a similar
manner.

518

7:3
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-RATIONAL NUMBERS WITH SETS OF OBJECTS'

Exploration

LAAAA
Q/ \!

A

OA A4/\
V\A AAA

B

1. Figure A shows a picture of a set of 10 objects:

What ration5:1 number best describes what part of the
/

set each object is? (,o

4 2. Figui.e B shows the same set separated into subosets each

having the same numbe'r of objects.

a. Into how'many subsets has the set shown inn A been

separated in B ? (2)

b. How many objects are in each'subset? (C.)

c. What part of the set is

d. 'Do jf and -PO- name the same ratfbnal number?

3.

5-
in each subset? ci 77-0)

Trade figure A. Separate. the objects into
"1/4.

5 subsets,

each subset having the same number of objects.

Replace n by a number which makes each sentence true.,

LN o0 00

1 n .3, n (
a.

r(7, (2) c T.45 ( 6)

(4.) = (8)

519
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Exercise Set 2

-f

1 ft

I 1,

1 I

I I

I I

-t-

I VI'

A B C

A, B, C, and *D are ,congruent rectangular regions.

D

The measure

of 'each is 1., Use them to he u answer the following

exercises.

1. There are 4 ' quarts in a, gallon. 3

.

amount as

a . (3) fourths of le gallon.

b. (6) eighths of a gallon.

' (f) sixteenths of, a gallon.

quarts is the same

2. There are )16 Ounces in a pound. 8 'ounces istthe
0

same

amount

. a. 1( ) of a pound.

b. (04$4,0i4of a pound.

c . 404/..,adof a pound.

(.4.2:$Attz.:,r114-40
d. o of a pound.

1
3 . .

How many- quarts are there 'in 2 gallon? (Z)

4. flow many ounces are there in ,-4. pound? 9
A4...

520

'



P278

0 1

2 3

3 3 3 3

0

0 1 2 3 4 5 6
6 6 6 6 6 6 6

.. - . . . -
0 1 2 3 4 5 6 7 8 9 10 11

..1'
12 12 12 ' 12 kL2 12 12 12 12 r2 1"

Use the number lines above to answer the'follOwing exercises.

5. 8' inches may be written

a. (8) twelfths of a foot.

b. ,(4) sixths of a foot.

cdrIF (2) thirds of a foot.

6. Ten months cotld be written as

10 of a year.

C ))-P-A.-At44b.' 5. of a year.

- .

7. What part of a dozen cookies' are

a, 6 cookies?
(-i-

',0-,z,

b. .4 cookies?
(A"

c. 8 cookles? ( .0.-4.;

-d. 10 cookies?
(j-2'/2

-0-Li

/
44,

-8-; What-part of a yard'is

,a. 1 foot? (+)

b. 2 feet? C3,

What part of a year is

a. 4 ,months?

b. months?'

/2/
)

Zl
3

C62.

521



1How many inches are there in
3

of a foo t? (4)

11. How many eggs are there in of a dozen? ( 2)

000000000o
0000000000
0000000000
cib00000000
aQ00000000
00000c000-0
000000000C
0000000000
0000000000
opo00o0000

'Aboves a picture set of 100 pennies. ilse it to

answer the following questions._ Writes the fraction with

the smallest aehozningtor for each rational nuAber used in .

yo-ur.ar,idwers.

OS.

What part of one- doll
_ .

a. _50 pennies?

11Q. . pennies? (-i15)

25 pennies?

5 pennie.)'

2d Oennies?I (3-1) .

522



THE SIMPLEST FRACTION NAME FOR A RATIONAL NUMBER

Objectives: To review

6aY many names for one rational number.

(b) meaning of numerator and denominator.

To .generalize

(a)' any.rational number may be renamed by

multiplying numerator and denominator

of a fraction name by the same counting

numlv,r, greater than 1.

(b) although there are more names for a

rational number than can be counted,,the

simplest name for a rational number is

that fraction in which numerator and

denominator have no common factors ex pt

1.

(c) to find the simplest:name, remove' greatest

'Pk common factof" of nuMerator,and denominator,

Vocabulary Simplest name, *ime number, common factor; greatest

common factors digit, odd; prime factor, complete

factorization, s.bmiposite

Suggested Teaching. Procedure

Brief review of Chapter 2, Grade 5."Factors
and Primes" recommended ii teacher feels it is

'needed.

Have class read and discuss Exploration on
"Simplest Name for a Rational Number":. It is
hoped. children will discover intuitively how
to find many names for any rational number.
You will have to judge whether or not your
pupils.are ready to express the generalization:
to find another name for a rational number,
multiply the numerator and denominator by the
same counting number.. When this has been done,
proceed with rest of Exploration and Exercise
sets 6 and 7.

J.

-.3

523



40.

P280

THE SIMPLEST FRACTION NAME FOR A RATIONAL NUMBER

Exploration

We have found that many fractions name one ratiral

number. For example, we know that

1 2 a 4= = =

1. ' 6Find three more fractions that beslong on this

. 2. Do these fractions belong on thb list? (cu.../.9

50 100 111
100 ' 200 ',222

3. Find. n , and p so that each fraction names

1 n(7) 1 8 1 La(ig5)
T.T ' 7 m 2 250

We have also found several names for 2
3

'2 4 6 8= -37

2
4. Do thesefractions belong on t 7this list of names of ?

1

2

20 2 x 4 14 50 2 x 876 2 x 2 x 5 x 7 ,
76'' 3 x 4 ' ' 75 ''3 x 87 ' 2 x 3 x 5 x 7

A

5. Suppose that m an n are counting numbers.- Give three

other names for

)

r 2-id x

(-n, x Z
(--yry x 31
7z X 5

524
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Now try to imagine the set Of all fraobjons Which name

'one rational number:

2
,

4

3 4
, ,

6 8
, TT

5_
10

1
,

r2

.)
db.

Each such set contains a fraction with a denominator

smaller than tho. rest. We will call this-fraction the simplest

fraCtion name for the rational number. It is a name we often

use.

Any other.fradtion-in each set can be foLnd from the

simpleenction'name% Do you know the rule for finding

the other fractions?

,rZwf,i1.4-

718

4`..2 )

4.

E

525 .

,t

n.

o
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FINDING THE SIMPLEST FRACTION NAME'

Exploration

..--4/

How-can yqu tell whether a' fraction is the simples ame
)

for a rational number9,Which Ones of these-are simplest fraction

OE 9 3 x 5x.$ x :)
names.? z )4a x ii

31 8 6 x x x x
12 ' 10 ' 11 ' 14 ' 7' 3

2
x
x
5
2
x
x
5 7 2 5 7
11 ' 3 x 5 x 13

11

Is
x 8765 a simplest fraction name?

2 x 3341

Perhaps you remember-that 13 is a prime number. Is

7 Lot.)

a simplest fraction name? -ti-A-46$9?-5,
<g_./ 9 7 )

Is 1- always a simplest fraction name if n < 13?

13 \

These examples should suggest two things to you:.

First, a simplest fraction name is one in which the numerator
o

and denominator have no rAmmon factors except 1

Second, you can find the- simplest fraction name from any

fraction in the set by finding theegreatest common factor of

its numerator. and denominator.

Here are several examples showing how you can find (
simplest ftaction names.

,

_
(*)30 3

1) Find the simplest fraction nam for .7. First factor

I 0 r
n,

numerator_and denominatdr completely.

90 _ 2,x 3 x 5
jr--,\

3 x 3 x 5

Next remove 'the common primelefactors shown (3 'ind

' 1.

304 2 x 3 x 2
47 7 x x 5 71.

526
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.

3 2.
2) 'Find the simplest fraction name for .

Here different method'. First test 2 as a

factor of both numerator .and denom -tor. 1ou find

that 2 is not a fS-Ctor of 375 because. the units

digit is odd. This means that 2 cannot be a Common

factor of 96 and 375.

Now test 3 as a factor of numerator And denominator,

You find:

96 3 x 32
375 x 125'.

Now remove the common factor.

96 3 x 32 32
375 3 x, 125' T.Z. ..4

4

W

Next test 3 again as a factor of 2 and,°1

'Since 3 is not a factor of 3 , is not a common

factor. Continue and try 5 . as a common 'factor.,

Notice, however that 2 is the only prime factor

-of 32 'and that 5 is the only prime rector ,of 125.

If you see this, it will save irou time bepuse you

know right away that ,32 and 125 have greatest-
.

,common factor 1._ This means that -7 is thp

96 74,

simplest 'fraction -Name for .

3) Now try the method used in example 1. to find the ,

sim lest fraction name for g (gF)

.4) Nex try the method used in example 2 to find the

simplest fraction name for
100'.
108 ?22.5)

527 .
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If you

the work in

know many multiplication facts you can often shorten,

finding simplest fraction names. For example, in
)

finding the simplest fraction name for you might remember

that 8 >Z: 7 ; 56 and 8 x 11 = 88. Then you can write

8 x 7. 7
8 x 11 11

5) How can you use the fact:
a

12 x 12 = 144 in finding

the Simplest fraction name for

Of cour you can

in the examples, .

1. Write three other

numbers..

a . ,

b.

c.

2
5

8 /4
/0, Ye' 4c,'

(4.) /5, 20

2. Copy the fractio

a.

b.

d.

6
12-' 374 '

2 11
, 3

2

7 8

O

always use

60 ,

T77
X /2 S ,\

/ 2 / 2 7' 2.)

one of the methods shown

Exercise Set 6

frac ions,naming each of the following

d.

e.

f.

3 /6 _
g.

/ 2 /6

k
3 09 1_ .A.t.i)7 6

2 (i,
9 t2 ) h. 7

5 /° 5"1-43,

s which are simplest fraction names.

Li/)

/6/ '1775

528_

(2

(7

It 5
3

'7' 7; 7
/

7
75 / /2-

8
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3. Complete by supplying th missing numerator br denominator,
4

a.

b.

c.

3 (i.2)
74.

3 12
15 (6o)

(5" x 7)
12 5 x 12

d.

,f.

, 7

(/08)

6 7 x 6
24 (7 x244)

25,- 150

4. Use complete factbrilatiort to finZi simplest fraction names

for:

a.
72

(2 x Z ,2 3.31, e)b .
3 x3 x 3x3 I,/

D
) ,

(2x7x7x84 9,46 1:
2,

,V(3 x 2 I 2 x 7_ stic 1.961zx2.,o77 -/ .10) .3x5x7 g/

. s .5.

Find the simpleSt fraction names for the following You

should be able to do this using multiplication facts onliy.

6
;5 -3-41I q j o.

10
a . . 7 () h. 25. (5)&

10 .11 11
b. ifi) i. P.

15 140 070 20 (.;4)

c : 8 '(*) J`. q.. 12
(5-915

i (2 77d. It . r.
, i.4 (i) 12 2.) UF (;)-'

12e. 78-

f . _.....
. 15
12

g. ,, ,76-

a
16

(1) i
I..., -1.8w

(Z) s.
12 (;)

(3-)

(-) n. u. 21
2-11 (3) , 20 ( f ). .

4

6. Find the'simplek fraction name for each number. Then

use < ,.> , or '.,- n each blank to make a'true statement._
b

as

b.

P.

20
15 25

8 » -Q-
15

ti

12 ) 36

d.
12 ( >) 10
?2

V

529
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(o
1. Make true statements by filling in the 'blanks .

. Exercise Set ,7

2 08) 2 :
-5.= 7 e ( 5)

3"
f .

1
4 (2g.; i 2 -.
4 4' x 16 ": 20

..7 (44 x 7) ...-! g 40
,, ,,'- '22
7

1
72 n.

.. , (75)

4.

63

35

0 x 72-)
t (

2 x n
.,

27
(54) 4

. .)
-; /

2 p... The mee'sure of
2
5,- o,f'a foot in inches is _ ( 8J .\ ,

-9
e measure of .... 71 yard in inches is 08) .I9

The measure of .,4,
3

hotirs in minutes is (1-) .

.411, d. Twenty minutes is 7(0 01 an hour.

e . I 71 :weeks is of a year.
13

51

3 . Write "prise" if' the number is prime. Name at least one

prime 'factor if the number is composite.

I

R.

Example: 73 'prime-.

Neither' 2, nor 3, nor 5 is a factor. (Do You. remember

how to tell?) By division we find that 7 is not -a

factor. This is enough to show that 73 is a prime.* (Why?)

a. 58 (2 04-29 , e. 705 (3., 5", rP

b 97 (.7.4,.....rtzi) S. 91 ( 04- 13),

c . 51 (3 /7') k 500
d. 365. '(5-,,e,.2. 75.) h. 143 (floti3)

\,./

4
530

S;)
6

:01

t
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4. Use complete, factorization.to find the simplest fraction

name.

a..

b.

C.

18/ 3 x 3 x
0 t2x2xJx3x5 -`

?3.26 (2x 3? 3 x7 21)e.
71:7) 2x2x3x5 10/
97 (/ x97_ ?7 f.
365 x 7.3

105 13 S x 7 _ /Cs
17-3- // x /3 it,Yi

90f- (22 x 3 x 3 r'S_ 1.1
300 >, 2 x3 x5 x lo;
10 9 x 11 2 x 3 x .3 x
6 >t'- 21 X 11 ,Zx3 x3x7x

5. By finding the simplpst fraction name

ni.lbers, tell which is greater.
e

40;44o, 16
a. 72- or b. 77 or

qs.x(4'5
99 \

fir each of these

al 72 ,
c .

117 10
'.

7)

6.( In Jefferspn school there were .325 pupils in all and "1,75

girls. 'Ih Washington school there were 312 pupils in all

and 144 girls,. in which school do,girls form therger

1
part? In which school or schools are more than T of the .

pupils girls?' I

7. .Find the simplest'fraction'name for!

a. the,,Aeasure iri feet of 16 inches.

b: the measure in days of :33 hours.

c., the measure in miles of 440 yards.

thtmeasure in pounds of 20

,the measure 3n hours of ,454

8. Is this '
+ 3'

Why'?+-

(

r
ounces.. (7471,

minute& (4)
%72:0

--4--(-1-,--.-4--) ----frz---/----,---z-e-4-..-0BRAINIVISTER .

=74. "
384/3 (9"4"21)

10
9.' . Is a simplest 4'raction name?A You do not need to

.

..
f

make any long computation to ffhd,the ansWer.(i-e--z-e---)/--22")
r--Se-g-t-<0,-,-E..-L-t...1 cl-,,-`4- '2 '-'"---frt-S---"" 5'

.2 ---41-51-t./ Ae___.;2_-/ --,-, 74.,..z..., ) _.;..)--/L 3-8.43.)

531 ,

4
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COMMON DENOMINATOR

COMMON MULTIPLE .

LEAST COMMON MULTIPLE

Objvtives: To show a need for renaming rational numbers by

sl fractions with the same denominator.

To show that the set of possible common denominators

for two fractions is the same as the set of common

multipleS of their denominators.

To develop a method for finding the:least common 2
multiple or.two numbers by using their complete

factorizatiorv.

Vocabulary: ommon denominator,, multiple, common multIpler .

set of multiples,'intersection, (fl), compare

Suggested Teaching"Procedure

The pupils knot; that any rational number
has many fraction names. In the prelyious lesson,
they werey'concerned, with finding simplest --"."

fraction names. However, the simple* fraction
name is quently not the name most'useful fo'r

ianswerin ertain lUestions, e,g., deciding
which oft 0 fractions names the Larger number.

\ It is therefore useful to develop a method for ,

finding common denominators for any two fractions. .

In the next three sections, the problem'of finding..
common denominators is related to the problem:Of
finding common multiplesfor the denominatirs of
.the fractions. ,,,

In the sections, "Common Denomil,latOr",
"Common Multiple", and "Least Commoy MtAtiple",.
use is.made of the 'ideas and techniques developed
in the unit, "Factors ,and Primes."' Some review
of this unit may be needed. , -

Teachpr and pupils should work through each
Exproratfon together. Opportunity should be given'
for use of the new vocabulary The diagram.pro-
posed in the section Least'C mon Multipleftior,
recording the'prime actorizations of the twillk
numbers, for which t _.leapt common multiple is to ,

:be%tound will be particularly helpful tepine pupils.

,

-4
532,

A

>,

0

.
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COMMON DENOMINATOR

Sometimes the simplest fragton name is not the name you

need to solve a problem. Suppose that you want to know'which is

7larger, 2 .of a mile or -i-o- of a mile. Would you prefer to

have ilk 3 equal stacks,of pennies.or to..separate the same

set of penniesIrito-....N10 equal stacki-and take 7?

In either case you want to know:

2 7 9,
7)

Which is greater, or . 07,

Both names are simplest, but we cannot answer the question with

them. Here is another, example that may help you to find the

answer.

7 ?'Which is greater, or --
10

You know that = 10. You know that -10 -qa you can say.,
1 10. Nr

1 / 7 .

,T.0

2' 2Which is greater or 2
? (s)

Which is greater or A_

Which Is greaten 17
77- or 2? (2:-77)

2
4

The trick is' to find far each numbat names with .ehe same

. . k.-

denomidator. Think. again ;about a and ild, What othfr
,

deti0MihatOs,do fractions naming' --1-- have? What other
10.... .

denominators do friction's naming a have? -.WhaikiS the .

.: - N,* . 3 '

,
,

smallest number,Whikel' is?in both lists dr denominators? :\
.

.

. _, -- . ,, , ,
- , 1> ,

answersThe answers toese questions h*1P you to see that: ,

\_
c--

,The
---- . - * ,.

er -.!

..,('' 2 2G r,., .1_1' ,,21

'IIP. 7 30 a-- 110` 30.

.... /IL \ 2. tie

ifoU 1<nolV rthen Mat
10- / 7

. ..; IP . ' ', -, , ,,,,
. . . f.3
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You could answer your question about t -3- and -
Z
10 as soon

as you knew that 30 was 'a denominator :both for 3(To) and

The set of denominators for is (3,A6, '9, 12, . . .) = K
0

41 The set of denominators' for 10
is (10, 20, 30, . . .) = L '

Set K is called the set of of 3.

Set L is called the set of mt%tiples ,of 10.

The numbers common to both sets are called the common

multiples of 3 and 10.

The numbers both ses have in common are also the numbers

2
., ypu can use as denominator r,f both ]Eand )55,. They are

*
called common denominators fo 7and

10
Before you study

-3 ,

fractions any further, you should find out more about common

m
)11

ltiples.

4

s

* 534

4
1,1
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) COMMON MULTIPLE

r

I

, We use the word "multiple" as another way to talk about
.

factors. Instead of saying

A

4 is a factor of 12 /

we may .say

12 is a multiple of 4.,

This idea is not strange. Instead of saying

we might say

Instead of saying

John is younger than Bruce

we might say

3 is less than, 5

5 is greater'than

Bruce is older than John.
--0

'56

What is the other way of saying these?

I am taller than you.
I

'day is warmer than yesterday.

The Pelation between factor and multiple is another

example of the same idea. Put these statements into- thes
4

a
language of multiples:

ti

1

I

"fl is a factor of 21 7.)

3 -is not a fac,tor of 31
3)

12- is a fakstor, of 12. 62.,v).---alt-p.1.)39/2)

535

*,J
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Put. thtte into the language of factors:

-
. .4 is a multiple

.

0

'7 (7 --,t a. 1-e-'s4i/4).
,.. -:- ..--...

12 is .a inultiple of 12. (tz ......ai Azdf.E..ct-6.-;f-d-Arz)

18 is.almultipl.J0 of both 9 and...,a,Or, -.,,,,a,,- ....;:e4=,4-1.-4,i

..
,:741:"----?-----.1 ':;'/'"-*/ e

..-

Becau6e.;'18 is 'a .multiple of both 9 and 2\ 1$' is-..ca 11"qd-

.
a common in u it;..p 1 e of 9 and 2. -.Because 12 = 3J 5K 41 :iiiia

12 = 2 x46, 12 is 4 common multiple:-of 4 --ap0 6, Is 12

4 Of . 2 and -Z 4 t3f 4 and
( )

a ,common multiple of- 3 and

124-
...

... .
*J5..goosl. way to think about common, multiples is

.
use..

4 .-"--

the,language of sets. - .

Let R be the t ofl all .multiples-

be the set of all multiples pf.773.

R =.t4; 16, 20, 24,

.S.!. (.3, 6, -9, 12, 15, 18, 2 , 4, .2.7,i
-

:

-

::-;:?k

fi2 ...).
. ,

The 'set bf,common multiples of 37;7irnd

- ,

- .
V`

w '
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Exercise Set 8

1. Below are pairs GT numbers, Show the set of multiples .of

each number. Thetn show the set of common multiples.

Example,: 3, 5 a

A = set of multiples of 3 = (3, 6, 9, 12, 15, 18'...)

B set.of'multiples of 5 = (5, 10, 15, 20 ...)

fl B = set of common multiples of 3 and 5 = (15, 30

a . . 6 (4,S,12,1C,16,21-, )6,, /2, 18,2.4,40'2, 24, 48, )it

b . 6 , 8 (6, , 18,24, .. ) (8, /6, zlz, 32, . , ) (24, 48, 72,...)

c. 15 , 10 Cs, 30,t4'5,.-.) (lo, 2o, 3o, ...) (30, 6o, 9o, ...)

d. 9 , 6 (9, /8, 27,-) (6,- / 2, /e; - ) (/8961 541-,--)
. - ,

e. 4 10, 20 (10, 20, 3o, 47.o,...) (2o, 40, 60`,...) 00., $0,4/ 20, ..

, ,
2. In the-. exam;Ile in exercise 1, is 45 a'common multiple of

(r-.) (tA)
3 and 5- ??A Psi 60 ?A If

)

n is a counting number, is
. 1 ..

n.x 15 always a common multiple of 3 and 5? -(: )
".

3 The of two numbers is always a multiple common to
. .

bPdi numbers. Is it ever the smallest of /1 common multi es?A

gir (12.) Cx4x-es-,-62.0-4,
Is it always the smallest? Give examples. 2 c'-"*.4-' 3 ,--) -zx

X 6 -4....v. ...pr-a-Z ..0-0.,...a,
.

m .
-i-k.4.,0-r-rix.)1_/4t .a.......e..., 6.)

4. I am thihking7,of two numbers. They have 18 as a common

1

a. Is 36 a common multiple- of the two numbers?

b. If n is acbunting number, is 18 x na always a common

multiple of the two numbers? (

c Could 9 be a common multiple of the two numbel's?(`r-40,)

Give an eXample if there is one. Q, ?)

537
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LEAST COMMON MULTIPLE

.r

\ There are two things which seem to be true about the set

of all the common multiples of any two numbers,

1) Every.multiple of the smallest common multiple'is

also a common multiple.

2) No other numbers are common multiples. For example,

tne set' of .common multiples oA 2 and begins
/ .

(6, 12, 18, 24, ...)
T.

It seems to consist of only the multiples of 6. 6 is thel

smallest common multiple ,of 2 and 3.

Because, 1) and 2) are always true, we only have to

know the smallest common, multip

31

e, then we Can find all common .

rst

multiples. The smallest common multit)leis usually called ,

the least common multiple. .

.4
E)lercise Set 2

.
The least common Imiltlple of two numbers is 10. What ye

the other common multiples? (20,

.

2.. Find two different pair'S..of h rs witli least common
:: .,

.
. ,,..

multiple 18. (2 ,a..14,4,::1,.. ..:2:4-2.4., 9 ; 6 ,C,...-..,..S.-1 /8; JZ.-t.,Cl. ) .

'w. CA

-;'..',"
3% Express this idea in factcitt:' nguage:

.

.:
.

The.least common multiple f 3-and
i

,4 is 12.
.

5 7
4. If you want to compare .6 .... 7 what Is he smallest

denominator you could use

.11
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5.

k , ,

I t
Find stveral members' dr,--the set of multiples for each number

.-0
below. Underline-the lea St common militisple for each pair.,,,

(T /8, 27, .3t, 0.1. .),
6 9 .2"p,15, 4 4,141,6).c ''. 6 ls., ,/s, 2., 25, 4,e, - )

, 4.
-4 (4,2_, 181, ire, )

b. (,),./, 2;28,35,42,49, .1.9,,..)(1 7 ,.r 2 21 3 3 , 4.4k; 56,_64, 22! ...).,7 ' . ' (8,/4,24, 3z 4.0 qs 5 ), , ,7.1,,t.. . 4 t. ' 7) i 4, 213, ,..35', 442, sf?, 36,63,247, 7 7, ,... ))
....-

..
6 : ,2. i , ' '---s

..6 ..-- Find the lelist common murtivp)e Of' h air: _Then sno-W ,

, r
- , ,,

, three of the set of all common multiple,

I a . 12 , 13 056, 3/2, 4.413, ) C. 23. , 12 ).
,

b. '5 , 8 (40, ao, 120,.') (1. .17 5 .035, rio, ...)

'
Exploration

Until now we havO'-ro3.2hel, he east common multiple
.

1..m.1

of two numbers by listin 1 of each num k., Bu this

may be a long process even, 1 the numbers are small. For ,
'.. # t

examfae, to J.nd 1 .c.m. f 8 a d 9 :14;1;ml: ,-------------'
4

/. .

4%41114 Set of multiples of 8 = (8, 16, 4, 32, 40,V48, 56, 64., 72 ..
4 Set of multiples of 9 = (9,, 1.8,;27 36, 45,, 54,`,63, 72, ....).

It
k
would be even harder to test.pur bell.ef ,..-t-Kle he set:.?f:

common multiples of 8 'and, 9 is °.
D

(72, 104, 216, 288 ...
There is a much" easier way to do bd h

L;'/ , ---,,,,.7----------,,,
0 .

A.
.:

Firt we factor the numbers comple tely:
. m. ,

8= 2 x 2 x 2.
9 = 3 x 3.

.0"

59

9 4

es-



0,_11ppose that =n is any common multiple of 8 and 9.

Think abouthe.eXPression for n as a,product of prime.

Since, n/ Ys a multiple of 8, 2 x 2 x 2 'must be a piece of

this expression,.
.

2 X 2 x 2 x (any other prime factors).

Sihqe, n : is a multiple of- 9, 3 x 3 must also b,,e a pi4ce of

this expression.

n..= 3 x 3 >41(any other prime factors):

We= know then that
t' .

2x2x2x3x3°X (any other prime factors).

TY>is the least common multiple then

n = 2 x 2 x_2 x 3 x 3= 8Lx 9. 72.,

other common multiple can be expressed as

, 8 x 9 x (other factors) ..,

This shows-the ery other common multiple of 8 and .is

.a multiple of
-

J5. here is another example: Find the 1.c.m. of 60 and 270.

60 = ix 2 x x 5.
4

270 = 2 x 3 x 3 x'3 x 5,

The 1.c.m. must Eive at least two 2ts, three Sts, and one

in its factorization. So

1.c.m. of 60 and 270 = 2,x 2

51;0

li1 x 3 x 3 x 5

We can 5hnk of the .1.c.m. in this way .

270

4o
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We have put in all the pri& factors we need to `get a multiPlej .

of., 270 and a multiple of '60. We get the , 1.c .m. if we.

inclVde no- m (

4k

C. Here is one more example: Find the "1.c.m. 84 snd

84 . 4x 2 x ,3 x7
90 . x 3 x 5'

Perhapa it will help. to think of the probleril this way:
1

factors do I havecto include beside

/ 2 x 3 .x 3.x 5
4 4 4 4,

0,

90 i\.,

. so...that the expression will nape'a

.

millt4le of 84 ?
, .

First we mark th4e niplerals in the 'cbmplete factorizAtiOn

What

df 84 that are already written in expressing 90.

,
2'rx 3 x x 5
4 4 4 4

.90

Olt

'Then we add the remaining piece of the oothplete factorization

of 84.
84

t

1
xi xi lx2 x7. 1260 9clx 14 84, X 15

90

If we show the factors order we get,

4

90

Imagine doing this problem the

Use what we. found in this examp

1

long way!

= 1260

and

-

541

0

7
90

to compare

844 T77.S
;55 s/

;0 ;,14

:

/ 260 a

6'

41.



P297

Exercise Set 10

1. Find the least.commonmultiple of each pair of number.

Then show the set of all common multiples.

, P Example: 14 and 35
A.

14 = 2 x 7

35 = 5 7

35

1.c.m. = 2 x 7'x 5 ..70
14

Set of common multiples = T70, 140, 210

10 and 21 (2/0, 42o, 6 3 0, ..)

b. 24 and 9 (72, i44, 2/6, )
C. 20 and ,36 .(i80, 36o, sio,,-)

-,,,,, . .-

d. -30--and lo Co, '18O, 720,...)
.

1

f ..

2. 'Dive ah example of eacli ( 0...44..44__-z.,..:Z.),......,---,2,& ru-c:L.,?-...e--)
:v.

a pair ofAlumbers whose 1.c..m. is their product
.4t-trx

b. , A pair of numbers whose 1.c.m. is one of the numbers( ::f

c. A 'pair.of numbers for which neither a nor b is true.
2/ ! 2.)

s A. traffic lightat one corner changes every 30 seconds,

. The traffic light at-the'next corner changes every 3,6

o

seconds:" At a certain time they both change together.':

Aow long will it De until they change together again?( .

30
. , "Z.

x 2 x 3' ).< 3 x3
t t -1. t

36 Z%

542

9
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STETS

/

4. A "Discoverer" satellite goes directly over\the,north and

./
south poles/each time it cirples the earth. It makes one

circle in /96 minutes. It is dir.ectly over the north
/

When 1041 it next be over the north pole
re'', \ . . t* 6o

t. 4 . 4 4.
exactly. on the hour?47-06e. 4go =

2 X 2 x 3 X 5 .
x 2 x,2

6
5 a./ Find two numbers greater than 1 whose l.c.m. is-

.

_96. (Hint: use the complete factoriiation of 96.),
(3 a -«-d. 32.

The number 283 is not'the l.c.m. of an pair of,

numbers except 1 and 283. What does this show

about the factors of 283 ?('79- 2.4,24, 2e3.)
I ,

c. Here is what we drew'to help us find the 1.c.m. of

84 and 90f.

84
$ t

2 x 3 x, 3 x 5 x 2 x7
. 4 4 4

90

Form the product expression which uses the numerals

with two arrows'pointing to them: Can you find a

meaning for such an expression? (2 x 3

1-c1L-e-ta:-:7) sz 90)

543 0
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LEAST COMMA DENOMINATOR

1

Objective.: Toyerame fractions with least common denominators.

Vocabulary: COmmon denothinator, least common denominator
at

Suggested Teaching Procedure

4

I

Teacher and pupils should work through
" material on "Least Common Denominatbr" to-

gether. Then pupils should work.Exercise
Sets 11 and 12 independently.

/'

1
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LEAST COMMON DENOMINATOR

r
, ;Do you remember why weJentedsto find common multiples?

Let us use what wq have learned to think again' about how to
t.. .

2 7compare .5 and --
10-

7JWe need to fin() a name for
2 man a name for° 7E-7 witti the

same denominator. We say tat we want to find a common denominator

2for
2

ands
10'

'know that the common denoMinators for 7
3

7and are the common multiples of 3 and 10,10
/,

The least common.multiple of 3 and 10 is the least17 _.
common denomin'ator of

2
and

10
2 7We can- find the least `common denominator for 7 and

10

in this way: 1

1.c.M. of:10 and

10 = 2 x 5

3 is prime

3

2, x15 x 3 30.

10,

To rename the fractions with the least common denominator:we
=.

must also find ri in n x.3 = 30. Our diagram shows that

4.6

Now we know

3 x 10'. 30.

10x3= 30. .

2 2 x 10 -.20
7= 3 5710. pand

7 7 x 3 21
]c) x 3 7.6

Notice that 60, 4i0, 120 :.. "are also common densominators.
.

Dp

5)1 5

z
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We didn't really need our method with the small numbers

3 pnd 10. ,Here is an example with greeter numbers. Which is

37 13 -

grea ter pr .

First, we find the least common denominator.

84 = 2 x 2 x 3 x 7

1 '30 =- x 3 x 5

84

i f i t
1.c.m. =,2 x 2 x 3 x 7 x 5

4 4 f
30

Now we want to express 84 and 3'0 es factort of the .1.c.m.

'By looking at theprrovis, we see that

4,0J

N-\

Now'we can write:

We find, then, that

l.c.m. = 84 x 5 = 30 x 14.

4)

37
1337

185

13 13 x 14 182
30 =30x1+ -420757<17 420

\' 13
TO- ,

546

.4 101.

4
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Exercise let 11

c

1. Rename each pair of numbers so the fractions have the least

commdfl denbminator Hint: ,Rename in simplest Form before' '

finding a least common denbmfilator.

a. 7 and (iltdiA) d,. , and Pzi.(4? i).

b.
3 II 2 /

4
3
-5- and Tr

s. Z 0 e: F and 12- 3
. )

20 6

/

mff.

c . 6 and IN and -]:91.7.tgo

: (-For each of the following pairs of- fractions, find-t.ivd other
,

fractions which name the same two numbers and'Which have the

. least common denominator.

a . 7: and (71 4-.',4 e. and 17-ec,!r ann42

and C2 41.'"44 f. - and (g4 Q'r."4

C ., and 424),g. and z-1 *Ctl0 3o

1

3

/

6'd .6
3 and tit.) h.

I -
1. and it) yi

. ' 'Which fraction names the greatest rational number?

g
or )

e. or

.g
or 5 5/

b3 (3) .. 1,::'

4 b.
3

ts
I J c . 3

.- or, 3. . -.0

or )

14 (4)
3 /29

g. 3 or 7 3.

1:- 2* (23 )
. or 7

4. Arrange .in :order from least to greatest

a

4,

V

3 '' 4 and s' 1-76

r -L

0 ' k . ' . sr, -

547ri

da

*a;
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I.

Ak

Exercise Set 12

ea'
1. Find which number is greater:*

- a. 48- or ( gi75. 070-
61 111

16 13 . ///b. or ,

.

2. a ..t\Which is longer,

r
b.` Which is longer,

-
(Hint: First find

3
- of a year dr 121 days?

200b ft. or .3 of a mille?
(Awe"... )

simplest fraction names.)

3. Which is greater?*

a. or 7--. 140
10 28/

+3' or
,

200
(L7A
Li4(;)c,

.b.

.

4. 14.st these in order of:sYze

a. 4.1 43

.30 23
.3 -T T

Hoy is Making a hammer toy

wooden pegs in

-*board he has two aril's:

.

-)*

from least to greatest.

II 43\/6

-9/

for his little sister. He has

in diameter. To make holes in the

One makes a hole 5
. in. in

11'diameter. Theother makes-a hole in. in diameter.'lo

'Will.' the peis,fit through both size0 of,holes?,4 Which

( 5
f3

Ly l. c-drill should he use? c

1

548'
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fr
6 On a numb5r'line, you wanted to show both fourths and

sixths you would mark the line in twelfths:. How would

you mark the line to show both of these?

a. Tenths and ,sixths?

b. Sixteenths and thirds?

c. Twelfths and ninths? 7;?,

7. Supp6se that there will be either. 4 people or 6 people.

at your partyrcounting ya4pself. Suppose also that you

.want to Cut A cake before the party and want to divide
t

the whole cake fairly among; the people at the party.

How would you cut it? (th-t-ii

I

549

I 0



SCALES' ON NUMBER LINES

<

ifo develop ideas needed for picturing addition and

subtraction of rational numbers on the number line.

4. Objective;

Materials: Number lines scaled in ones, fourths, eighths,

tenths, twelfths.

'1
Vocabulary: Segment, measure of a segment, congruent segments,

scale, scaled in halves, scaled in thirds, etc,

Suggested Teabhing Procedur

In preparation for the following seven
sections, the teacher Should be thoroughly
familiar with the development of addition
and subtraction oC whole numbers as presented,
in "Techniques of Addition and Subtraction",
Grade 4, Chapters 3 and 6.

Work through the Exploration with the class.
,

Draw a number line scaled in fourths on the
board:

A B D E F G H I

'2

.Whatti%

AH4(

One

What is

One

What is

.

/1'%the measure of these segments: AB kv); Au

); and so on. ,

endpoint of a segment that"has' measure 1 is at

the other endpoint? (.4

.Ask similar questions about points
and t.

endpoint of a segment that has measure 1 is at
2the other endpoint?' (There are two answers:

/3kv;

1 .

II

6
v.

10arid. )

Ask similar questions about other points.

Draw number line6 scaled 1n sixths, eighths,
tenths, and so on, as needed to help pupils-
understand the meaning of, "scale" and re4ew the
meaning of "the4measure of a segment.

0:70
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.SCALES ON NUMBER LINE
.1

'
A
0

Exploration

2

p.

3 4 5 6

Op this number line, the marked points are equally °

spaced. Each point is labeled with a whole numl4r. Some

points are also named with letters.

The segment with endpoints at CI and 1 is the unit

segment .

1. Look at AB. .The number at point A. is O. The number

at B is 1 AB 'is the union of how many segments,

each congruent to the unit segment?

2. What is the measure of .70 ? (5)
. a .

3. What is the measure oT AD T

(2)

4.: What is an easy way to tell .the measure of any segment if

5.

,on6 endpoint is at 0

Look at $C. B is the point labeled

/ labeled (5). Is is the union of

What

4.

1.

...1..t4E,07/z_.2._a_.d-4-,-t_v_i,

(2),. C is _the pant

(3)
'of* BC ?

1.....11A".1)

(3) segment6,.eachm

congruept to the unit segment.

Name a segment whose measure is

Name a segment whose measure is

is the measure

( Bp)

(CD}
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E

0.. I 2 3 4 5 '6 7 8 9 10 II

8. On the numberline.above name with
A144-7"2"

are

a. Thi.ee Segmvits, measure of each is 3. (ET, FT, GI-1)

IS. Two segments, measure df each is

,c. One segment whose measure is 6.

d, Two segments, measure of each is

5. (JP, )

8. (Fr-i, n-) .

As you know, we may separate a number line into congruent

segments

0

smaller than unit,segments. Here are twO examplesi010

I 2 3 4

0 )..1 - '2 3 4 5 6 7 8

i 2 , 2 2 2 2 2 -2 2.

The first line above uses a scale of halves. It is scaled

in halves. The second line alObve uses a scale of thirds. It

'is staled an thirds.

Generally we will show,the scale we are using by the

denominator of the fraction we use in marking the scale. If

.we are marking a scale in sixths, we will label a point.
3
6.

1
rather than

6 7, 'or .- , or , .If we Are marking a scale

in fifths we will use the ,label
2.rather

than

8
or -6 ,

552
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A B

0

0
g 6, 6 6 6

C

I.

a. This number line is' scaled in

Find the measures of -4,hese .segments.

113

c.

d.

e.

h.

Exercise Set 13

D

2

E

10
6

II
6

12

6
13

6
14

6
15
76-

(1-)

J. .CE (!)

k. 15r (3)

1. a Look at this number 'ine. Inte'how many congruent

segments Is the unit 'segmerit- separated? (5)

C

b.. What is the

Write the set af fradtidns yot would use

scale? )

the points from O. 'to 2. 072; /8

to label

71
What number of your scale matches point

(T)

e. Wbat is the

,A?(9)B.P4-) c.;01-.)

v

,

(1) L4 -) )

measure of AB?' AC? AD? EZ? r BD? n'?
(.

53

-5
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2.

'4

On the number line 1:,low are pictured

A

0 I 2

AB, Ubc EF and GH.

E F

.

G H C D

4
a.' The points'shown with dots could be labeled in a

b. What numbers-match the points named

c. What is the measure of each segment?
3; eon ;

3
3. Do the three se&mqnts described -in exercise a have the

A".

B. 1 F 1
with letters? c.

1 Pl.
3

same measure? Answer the same question for exercises

and, c.

6 9 4 6 2
a. Endpoints -gand 7 , ..

and 13- and

11 3 6 i
b. Endpoints and r,, f and 7 and

c. 4 10
Endpoints --f-ff and uF, and 4. a nd

4. Rename each of these numbers with a fraction that could be

used to label a point of a scale of twenty-fourths.-

Example:
1 121

a. 1
2 t2 2 p

. 4 b. -4-(1.-4) c. Zi(&) 4' WO) e. (Ii3)

.5. Which of these numbers cannot be renamed, by a fraction

which could be,used to mark a scale in elghteenths?c,g5,6)

1 2 2
d. f..

b.

16

e.
3 g. 1

10

4
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ADDITION OF RATIONAL NUMBERS ON THE NUMBER LINE 4.

Objtctives: To develop the meaning ofsaddition of rational

numberg by considering the measures of begments

on the number line, and:the measure of-:their union**

Vocabulary:

Materials:

when the segments are plabed "end-to-end".

To develop a procedure for compUting the sum of

two rational numbers whOsemeasures are in the
. .

same scale -..that is; when the measures are named

by fractions which have the same denominator.

To show that addit,on of rational numbers named by

'fractions with the Oame denominator reduces to

addition of whole numbers.

Sum, addend, addition

"'Number lines, dittoed number lines for children.

(See "Materials")

Suggested Teaching Procedure

11

Write this problem thethe board:

The towns of Justin, Karver' and Lind are on a straight

road. Karver is between Justin/and Lind. It d.s mi.- from

Justin to Karver and -I-- mi. from Karver to Lind. .How far ig
10 /

it froM Justin to Lind?,

Do you know the answer to this prOblem? Can you think Of

any way to Picture it? (Wit a number line) 'How do we scale

the number line? (In tenths Why? (The measures of the sections
-

of the road are expressed i tenths.)

Here is number line diagram. Imagine itas a picture of

the situation.
2

.N11 K .

:.$

o
0
to To

I

10

10 To 10

, 555
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I
What does jr represent? (The section of the road between

Justin and Karver.) What does KL represent? (The section of

the road,between Karver and Lind.) 'What does. JL represent?

(The section 6f the road between Justin and LindA How would

you ordinirily express the distance from Justin to Lind? 4-)
Here are some number line diigrams. They show how to put

copies of segments together "end-to-end", so their union is a

segment. For each diagram tell the measures of both segments

and the measure of their union.-

2
7 7

2
3

0 I 0 I

411

0
-

I, 2. 3 4 5 6 7 8
I.-

0 .0 1. 2;3-
7 7 7 7 7 7 7 7 7 7. 3 3 3 3

3 5 4
4 4 5

.

0 1 g 0 I

-

0 1 2 , 3 4 5 6 7 8 :9 10

.4,

0 1 2 .3 4 5
4 4 4 4 4 .4 4.- 4 ,4 4 4 '5 5 5 5 5 '5

4
3

2

4 5 6 7 8
3 3 3 3 3

-

2
_ , -,

6 7 8 9'10 n
.5 5,5 5 5 3

The method we have used for building a new line segment out
. .

of two others is 15 way we used earlier of°picturing addition of

whole numbers. Because the.same method also pictures an operation

pn rational numbers, we'simply agree to call this operation

addition. In this language we can express a relation between

measures of length by using the usual symbol (+) to indicate ,

addition. In our examples the relations we have found are:

2 4 6 4 6 10'74'=7 5 +5 5

2 /
(4.How is theinuMber line scaled to show: IF+ ? n

2 " 4 6.

sevenths); -47 + -7? (in fourths); + (in thirds);,
r

(in( fifths):

556



3
We really don't need diagrams to compute *sums like 7 +

+ ;4., or ;+ ;. For .1. we can count by fourths from 4.
We think 3- fourths, 4 rourths, 5 fourths. For .-+ , how.

do we count? (We count by eighths from. We think, "5 'eighths

6 eighths, 7 eighths, 8 eighths, 9 eighths.")

This counting really amounts to addition of two whole numbers.

We think

3 2 3 el- 2 5 4

+ E E 8

Is there any.Way to get the results for these additions

without using the number' line or counting? (Yes. The numerator

of the result seems to be the sum of the numerators of the

addends. The denominator of .the result seems to be the common

denominator of the addends.)

Are these mathematical sentences true? Use number lines to

decide.
1 1 1 + 1 1 . 1 + 1 '

a. 7 + = --2 c. 7
3 2 3 + 2 1 3' 1 + a

b. E7+ - d. + -

1 /2%
What is the simplest fraction name for I+ -1 ?- . k.7) for

1 1

3
(4) for li-!? (i) for 2-14,?

In computing, the following form illusra-
3 4

trating + should be used: + = 4-- -

In this and succeeding sections, answers to

exercises, are often rational numbers. It is,

suggested that an appropriate name for that
number be accepted unless there are directions

specifying a partimilar kind of name. Thus
4

8 and later IT would all be accepted. Of

course, ypu may wish to point out advantages of
particular kinds of names in particular circum-,
stances, and state that, in the absence of any
special considerations, the fraction with the

smallest possible denominator is the customarily
preferred name.

557
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ADDITION OF RATIONAL NUMBERS ON THE NUMBER LINE

Exploration

i.

Building a new 1-in? segment out of two others is a way of ,

picturing addition'of whole numbers. Because the same method

also pictures an operation on rational numbers, we agree to call

this operation addition. We express a relation between measures

of length using the usual syhabol "+" to indicate additibn.

3 4
The addition, 7 + 7 may be shown on a number line scaled

in halvw.
3

X . 2 Y

I

5

2 3 4 5 6 7 8 9 10 II

2 2 2 2, 2 Z 2 2 2 2

XY is the union of three congruent segments, eac with

measures 2, so the measure of XY is 7 .
YZ is the union of four congruent segments, each with

1measure -0 so the measure of YZ is

,

XZ is the' union of (3 + 4), or 7 congruent segments,

1
each with 7.measure . The measure of X2 is -7ff .

We write

3 4 3+ 4 7

4
We can think of 7 3

as another name fOr ÷ f

558
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6 3 #

The addition + may be shown on number line scaledn'

in fifths.

R
-

' 6 3
S 5

1. RS is the union of (6.) congruent segments, each with

measure (4) . The measure of RS is .

2. ST is the union of (3) congruent segments, each With

) ( 3 1
measure ( := The measure of 7711 .

3 RT is the union of (gY congruent segments, each rlth

measure (5) . The; measure of ,RT is
{6

3) or (P.

We write

. 6 3_ + 3_ 9
+ 5 5' 5

We can -think of 2 as anothel4 name .for
5

** .

559
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Exercise Set 14'

1. Use number line,diagrams to show each o4rthese sums.

5 4 2 7 3 > 4
a. 5 + 5. b . .7 +.7 c. 7 + 7

G _4 f. _ ; a ) 6: 2. 7- 3

1 4- ' I i ir "z 2* i ; 'b 4 11 li.
) A A L 2 7 4 er 4 77 2. 7 I z..a. 1 I

2. Write a mathematical sentence' for each of the following diagrams:

3 5
3

(I- ÷ 3 = I- ),
0a. 3

v.-
0

b.

c.

3

5
4

7 (E4
4

7
6

0

5
6

2

0
6

4- 26 6 6 /

-t*
3 Copy and find a fraction name for, each of these sums.

Exercise /!t is done for you.

3- 5 3 5 8a. V 7r --7-- r
b.

C.

1: 15060

d. ?3

+ (4)
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4. Find a'fraction name 'for n, if:

a,
,

4

n:' 7-7

85 +
75 ..(1..5..)

3 c. n = 7 + 73`'.

:,b. n =,i +,/3, Ci.f d. n = ; +

.

Copy each ofthe following and represent the sum in simplest

4

form. Exer,cise a is done for you

1 1 *1 44.4p1 2 1
a. ir +. ir =

b.- 4- g (75.7)

1 3c (2)C. + 7 3

."
d. '171-01 + 116- (t)

6. ''BRAINTWPSTERS

3
(-Z)e. E

f s4;at )

g. 6)

5a. 7 is the result,of adding ti:zo rational numbers. The

fraction name for ear* addend has a denominator .6.

What' are two possible addends? ((i÷ --t- -ft)
b. is they result off` adding two rational numbers. Each

fraction name has a denominator 12.. What are two

possible addends? G12 ÷ z ii ÷ /2) -t-t--1)

c. ; is the result of addiartwo rational numbers. One

fraction has a denominator oft 4 and the other

fraction has a denominator 12. What are two possible'
I

ddends? (.1 7L. ;1z.;
.L4= ...e.te9/.2) .

,

d. 7
, .

17. is the result of adding two rational numbers. One

fraqioneg a denominator of...3 and the other has,a
...,

denominator of 4. What are two possible addends?

561
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RACTION OF RATIONAL NUMBERS.

Ob ectives: To.show that subtraction of rational numbers, like

subtraction of whole numbers, is'a procesSof finding

one addend when the other addend and sum are known.'
, . \,-

Tc 'picture subtraction of rabionaa numbersith-
. .---,.

:.
.

segments on
-
the,number line. . A-7,

To:show that subtraction of rational numbers named

by,. fractions with the same denominator reduces tp

subtraction of whole numbers.

Vocabulary: Sum, addend,, unknownladdend.

. Materials: Number lines, dittoed number lines for Ihildren.

Suggested Teaching Procedure .

, If ,rlour pupils are not Accustomed to thinkih
of.subtraction of whole'numbers as finding an:
,gddend, you may wish to proCeed as follows:

2 1
In the 11)athematical.sentence + 5 = n, what are the

2 1\-a
addends? (.7- and s..)- What is the sum? (n) In the mathematical

6 2 f6Nsentence p = mha.t is: the sum? vtr) What are the addends?
%

p and To : 17

It:may be necessary't6 write mathematical.; ft
sentences -with whole numbers _to help pupils
learn this vocabulary.

Draw a number line, as shown, on the board.

2

X 7: Y

'I.
0

7

5
T Ti" 717

7 8
7r -7r

Does the number line shOw T T 9t
+ = T res) What scale

5 7

2 T5 ?is used in -the diagram? (Fourths) What do we c 11 ir and .

. .

(Addends) What do we call 7
? (sum)

562
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. , Does the number line show 7 5-- 2 9

7' 5 2
7,-c7 Tr

7 - 77 7, what are the addends? (W- ..,pan

7
Does the sentence. 77,-N-4. = tr express th

(Yes In

What is the sum? (77T)° ,

e.relationship awing

5 7
7, ., and as does - 4 4'# ? (Yes)4- 1r

1 7 8
Write the mathematical sentence ?5. + 73. - 7, using the sign

.8 1 7 D 7" 1"
for subtraction. k7- - n = 7 or

-f. =r) p
c ,.

Use other examples

5
Ia .7 + = n, n is the

d d5
and fi -

4
5 states the same

LoolCat the number line.

What Mathematical sentence Is s

as needed by your class -

sum. m the sentences n

relationship? (Yes)

What scale-is used? (Fourths)
2 8 21

hown? (n + $, or = n)

2
T-

. o

0 1

0'- 1, .2

. Ir.

3
7

4

7

2

5 6 7 8 9 10
. L 7 7J

4

5

.

What is .one adgend? What is the other addend? and- n) What

is the sum? (70 Look. at the Qumben line. What.numner,is. n?

6%
0

(7) How 'could we. find a name for n 'without using the'numbe;, '

8
(n = - 7.; therefore,

8 - 6'
n

Emphasize the relatlonship between g.t!tditIOn

and subtraction and the fp.ct that there is simi-

larity in the form for obtaining results. .

Furnish more examples like the one above,...)

and ask similar questiops.
There are no new techniques needed for com-

puting addends that are rational numbers. If it

the sum and one addend are named by Tractionsin
the same scale, the suBtraation is reduced to
subtraction of whole numbers.

In computing, the following form,

0 4
-illustrated

1
\for -s- - should be used.

10 4 10 - 4 6
8--

563
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'SUBTRACTION OF RATIONAL' NUMBERS

Addition and subtraction are operations on two numbers.

The result of each operation is a sinlle number.'

.

The result of adding and is 5. We-ave.added. We
2 7

2 7Call 5 and' - addends. We call 7 the sum.-
".)

4 . Addition of rational

numbers illay be expressed

with fractidri numerals as

&holm on the rightr.',In

addition, two addends are.

known. 1.1- wish to find
4

the sum:

a

2 5 7
3 5

7

3

.addend

addend

sum

WhOl we think about
3

'

and 2 and get a result of, we
7

3
hau subtracted. We call, and 25 addends. We call i the

3

sum.

,Subtraction of rational

numbers-may be expressed with
, 4

fraction numerals'-as ,shown at

the.right. In subtraction,

the sum and one addend and

known. We wish to find the

other addend.

The mathematical sentences

7 5_2
3 5 5

7 sum ----

addend

2
addend

" 4. .3. 47-7.-and =

express the same relAtionship. among i 2 -and 113,

O

4

4



'P313

;
o

Look atothe diagram below. Use the measures of -T E, BC

and AC to write three mathematical sentenced which express the

same relatf)inshp.

A C

+ 3 = Le_

q J

io 7 1_

J-f *r4.7 4

(L'21i 37

40,

O

565'
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Exercise Set 15

1. Use_number lirie'diagrams to picture'these relationships.

What number does n represent?' ,

r. .f

a,
'71.. ,)- = n

(+0.7 2 , t. . J.
5

i 4 1 I
..._( -...v

3 12 -c--,-*

)
.3 i _.:.___L,

c
2.4

_{
,
n

/
:

-;-

.,
I. `11.0 'I, 18

i:. 4
.

2. What mathematical sentences 'are ,pictured in the diagrams

below?

a.

a.

c.

n

I.

ti

4

0 3

566

1 2
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;3:` -. copy each sentence andfind traction name for n.

Exercise a is done, for you.

a.

e

b. = n

c. 8 Alb
n )

e n -15 8.5.

8 5_
f. - 7 - n

G
11 =1

= n

40.

4. Qopy each -sentence and find the other addend. Nave each

answer in simplest fraction form.

a.

b.

:,

-

7.8. -

-

5
13.

=
'
n

= n

= n

-

567 -

d.

e.

f.

8 it 4 2
I n (-3 )

9 5
r6. n ()

s- n

e".



PICTURING ADDITION AND SUBTRACTION WITH REGIONS,

ObjectfVe: To shovi that addition and subtraction of rational

numbers can belpictured with regions, as well as

segMents-:'

Vocabulary :r Unit region.

jiterials: Models of ectangular regions and circular

regions

Suggested'Teaching Procedure

Work through the Exploration with the class.
Use additional models as needed. Emphasize that
a relationship betwepn two addends and a sum may
be stated by different mathematical sentences.

56et

1 2 3
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PICTURING AD' TION AND SUBTRACTION WITH REGIONS

Exploration

"You h ve seen how number lines can be used to picture

addition d subtraction of rational numbers. Regions can be

used also

.',,- , -,, ,,,--
.

,1,

s,`..,\N\ ft

\- \\
.\\\

..

\,\\.\,\, .

A

_71

Figure A represents a unit region. Each of the small

regions is (i) of the unit region.

2. The dotted regiOn, is (i) of the unit region.

The shaded region iS (11 of the unit region.

4. The unshaded region is \if/ of the unit region.C 3 1

* .

Which regions picture the mathematical sentence

/
.

3 2 5
13 + 8 8 ?

.ecct-eu
(zia-)

569
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5. Write two other mathematical sentences which express the

5
U.

same relationship among $mr, 2
and 8 8 8

- _3_ _ 2
8 8 r

7 Write a mathematical-sentence pictured by the dotted and

unshaded regions.
(1 + 8

,8. Write three mathematical sentences suggested by the unit
-Iv A. 2-

region-and the dotted regions. ( 8 8

- = 2
a

9 The unit region. and the unshaded region suggest that

e (.5- T 8
8g 4- cii = . Write two other mathematical sentences for

relationship. ( 8 -
8

6,8 8

B

,10. Trace figure B shown above. Shade some parts and write
---

three mathematical sentences for your picture.

126

570
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Exercise Set 16

Write a mathematical sentence for each problem. .Use a number

line if you need help in writing the mathematical sentence or

-finding the answer. Use simplest names for rational numbers

used in your answers.

1. Susan needs g, yp.rd ribbon to wrap one present and

yard of ribbon for another. How much does she need?

71 7 -4-2'

2. Below is }a map of a lake. Three friends live at the points

marked and Z. X and Y tare, 45 miles apart. Y

and Z are 7-. miles apart. How long a boat trip is it

from X to Z by way of Y ? 4- -

P

3. There were 12 chapters in Maryts book., One day she read

2 chapters. The following day she read 1 chapter. What

rational number best describes the part of the book she

read on the two days? A. 4, h )121.2.11t-44m-4144-241-A1

th.el ,d-zty4.1

571



,SCALES FOR PICTURING ADDITION

Objectives: To show that to picture addition of rational numbers

. named by fractions with different denominators, it

is necessary to find a suitable scale.

To show that a suitable scale is 'one in which the

number of congruent segments in each unit segment Vc

is a common multiple of the denominators of14the

original fraction names.

To review' renaming two rational numbers by fractions

Using the lowest common denominator.

Materials: ,Number lines, dittoed number lines for childrena

34gested Teaching Procedure

,Addition of rational numbers has been
related to finding a measure for the union of
two segments place 4, "end-to-end" on the number
line. In that case, the ntlobers were named by
fractions with the same denominator, so the
selection of a suitable scale presented no
Problem. The discussion in this section deals

)n

with the question o findihg a suitable scale
for picturing the s of'two numbers named by
fractions with different 'denominators. It
thus provides a geometric picture of the
process of finding a common denominator and
of renaming the numbers to be added.

It would be well to build up the first
diagram in the text in stages, using the, chalk
board. Show first the scale for halves, then
introduce the scale for thirds on the same
line, and aek the to think of a scale
which will provide fraction labels for the
points of both scales.

Work through the vest of the section with
the pupils.
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SCALES FOR PICTURING ADDITION

1
To picture + 5 on a number line, we need a suitable scale.

A scale of sixths can show segments measuring

measuring 1
5.

I I

,

71,

and segments

0
.011

0 1 2 '''
2 2 2

0 1 2- 3
3 3 3 3

0 1 2 3 4 5. '6

6 6 6 6 6 6, 6

1 1This diagram suggests that 7 + 5 can be written as

Now .6
3 2 5r+ +

.

To show - on a number line we may use a scale of

0
twelfths.

3 n

O 4, ,

)
..

O 1

3 i

o I 4r
...

4 4

O 1 2 3 4 5

Ti?. Fi Ti 12 12 12

2
4

6
fi

. 7

Ea

-2

3

8

'12

3, 4

9

11

i..

10

12

3

4
71

H 12

12 12

... V

3-
We think, n =- 7r - 5; so n + _ .. The number Ale shows

1that n This suggests that - 5 can be written as

T9 T9 4 9 - 4

573
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Can we always find a suitable scale to picture the sum of

3 1
rational numbert? Consider u + F. 4,

To find a suitable scale we must find a scale such that Bach
.

1
.6.S segment and each seginent is separated into a whole number

of smaller segments. For eighths, we can separat%each
1

segment into

2 congruent segments.

each unit segment,.

Then there w -ill be 2 x 8 parts in

3 congruent segments.

each unit segment.

Then there will be 3 x 8 parts in

4 congruent segments.

each unit segment.

Then there will be 4 x 8 peVts in

Subdividing ,each segment in hese ways suggests scales-J.)1
t --I

which the denominators of the fractions are the set of multiples

of 8. (8, 16, 24, 32, Ito, ...) Subdividing sixths suggests

the set of multiple6 of 6 (6, 12, 18, 24, 30, 36, ...) A .

scale which can be used to picture addition of eighths and sixths

will be one in which the denominator of the fraction is a common

multiple of 8 and 6. The easiest scale': to use is the one in

which the 1.c.m.- of 8 and ,6 is used, that is, the least

5common denominator for ; and E.

$
5uYou know how to find the 1.0p.d. of4' B. and
..

It is the

1.c.m. of 8 and 6.

8 = 2 x 2 x 2
8

6 = 2 x 3

l.c.d. = 2x2x2x3 = 2x2x2x3 =24
6

To subdivide the eighths and sixths segments, note that

24 = 8 x 3'

a-

. 6 x '

574
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So each segment of measure one-eighth is subdivided into

3 .congruent segments, and each segment of measure one-sixth

ie subdivided into 4 congruent segm6nts.

A. 0

3
6

3 4 6 8 9 12 15 16 18 2C 21 24
24 24 24 24 24 24 24 24 24 24 24 24

On number line A the eighths and sixths scales are

24

labeled. On B, points on the number line are marked for a

scale of twenty-fourths. The points corresponding to eighths

and sixths are labeled in twenty- fourths,

We write:

O

-1

9 4 9 4. 4
'ET

1

24

575
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Exercise Set 17,
)

1. Find the scale with the smallest number of divisions you

could use to picture these.ums.

A. + 1-;

b. .-+ 14: d.

c.

A Use numbein line diagrams to picture:
4

1. 3
a. 7 + 5

3

GC't-tr

.-1-

1 3
b. s+
6

3

P.5. 7 71 7 fl ;1). Pi

For each pair of fractions, write:

(1) the complete factorization of each denominator.

(2) the complete factorization of the least commoh denominator.

(3) fraction names using the l.c.d.

b.

op,

c

a
4, 4. 1.
t x 2 x2 x5 = 4.o

20

4-

2;12. x 7 .28r

3 x 5t
15

/Z.

\\

2 x 2 x 3 x 3

t___ T

/

/8

c. 2 it

3' 77

d. , 1.7g

_ /5 7 - )4)6 5 77

Iy

1 . 3
28 14 ZB

. 43,

- 36

576
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COMPUTING SUMS-AND UNKNOWN ADDENDS

Olijectives: To develop computational procedures for adding

and subtracting rational numbers named by fractio4s

with different denominators.

To show thatsuchprocedures re '1uce o (a)

renaming the numbers by fractions Orth a common

denominator and (0 adding or subtracting whole

numbers.

Suggested Teaching Procedures

Work through the Exploration with the class,
and work out with them the form 1,1-1 which written
work is to be arranged.

Exercise Set 18 contains a list of exercises
which pupils should'now be able to do without .

using paper and pencil. Similar lists should be
used frequently. Pupils really enjoy making up,
such lists for use by the class.

A

577
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. COMPUTING SUMS AND UNKNOWN ADDENDS \

at on

!lb 14,

You have seen filet suitable scales can be found for picturing,

addition' of rational numbers on the number

-Rational numbers also can be added without using\diagrams.

Conside,r the sum

1 '3
+ Tr.

VAR

you know how to add rational numbers when the

fractions with the same denominator.

e named by

1. What is the 1.c.d. .for r and ?

1
2. Using' the what are .,the fracy,on- names for 7

3
. -

--and 7r ?

3 What is the sum of and 15c ?

can arrange your work like this:

n = +

2 3 _.2 + 3 5
Tr

.1

,4. Explain each step of the work[

5. Can you find a common denominator for am two fractions?( )

2

T
1.c.d. 2 = 4

4

1 2
='"

.6. Can you add aa two rational numbers if you have fraction

names for them? -k

578
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Exercise Set 18

1. Find the sum of each pair of numbers. Write the simplest

fraortion name for the sum.
, .

a. , ; (4-) d.
It (i) g.

i' 153 cd)

b.
1

3 14 (g-)P (.) e. 3, i (4'9 h.
.4" '.

c. g 177(4) f?....._,_;... 11 /792. ) i 3 A

V'
g (fri,)

2. Find the simplest fractionpame fOr each sum. (

...

a. 2 + 5 (1 l

1 ,,, / \

d' 5 +
(,:7 )

Tr L 20 )

8 7
g' : i + 4" (g)

.

b. 3'

+ 5 7-3-

4 (23
1 e.

8 2 5 s

7 8 + 5 (3) h. b. + i (g)

3 6 (35)
7 + 7 (77) f. (f4) i. (c . ,%)

3. Use number lines to,picture thesesmathematical sentences.
Ti

4-.? > 1 4 , 4.)

2
...t. g

= ill !lit 1: i5 f U nt ( 11) I
6Jb.

4 5

6 a 7.- wa.
2 .2 -,-,.

1.1- .2 .3 ,,L

c. + n= 3 ---d < ;
3 Ailii2, 4- 6 . 1

,E
d. 1 4- - = n 1 kitiiiii-li"'-ri* 4-

,-4. g
"Au )

O i
r V I , -i- ....-- . I 1

Lt 7F3

-..n..., ..._ A
,i + 1 z ...g.

4. , a
7t tit fLfitiii-- if

Rename each pair of numbers by fractions with a common
/.,

denominator. Then f0.r1d a fraction name for the number n.

7 11 \ 6 I
d. F,-5-n(i) i i-Jt=nC1i)4. a.

i 2 ,.... (I) 5 i

2 5 1.- 4 1b. - E = n (23) e. 7 n C:7- )5/ h. 5- 2- = n (4)

I-7 13 Tr

5 1
.6 -4 . 15

n 6i) n (f)

579
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r

Find the sum for-each pair of numbers and write

fraction) name.

5. a.

b

1

3
7r,

2

5

d.

e.

f

3
13'

3
V

1

its simplest

40k

g

h.

2 5

4 1

5' 7

6.
J."

sFind a fraction name for n o thateach

wi/l-be true.

2
3 Cia. ) d.7 + n - y

b. i-+ n ; (i) e.

e. 5 (L) 5
12

+.n f.

t,^

sentence

3
8

-1

2

mathematical

+ n

+ n

+ n

'ft

\

BRAINTWISTER: Find a fraction whichpames

a. greater than

b. greater than

3ra and less than

2 .and less than

c. greater than . and less than

580

.1 3 ';j

a numberi----)r,`I

3 I4(L8' o
,

3 /sb i8'
4

/ 4 )

b . (Find two answers)
io
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Exercise Set 1.2

Certain rational numbers should now be So famfliar; that you

can think of many names for them. You Should be able to add and
4

subtract such numbers without writing out your work.

ti ithot doing any writing, try to find what number n mist be.

.1
1. ir 4- = n

1
2. + 5 = n

3. +
,

= n

41 + = n (77-2)

5 = n (1
8)

)

6.
+ 155

7. n

8: 5 13 (+ n - 77

9
s\

1 /

31P

10.
10 7 07\(/o)

The numbers in the exercises_belowe fraction names which are

probably less familiar. Show all your work for these exercises.

11.
5

+ 17
8

=,n C) .
16. 45 n (g)7

12. 1;c + i - n
n 4- ; 4 (1j1 )''(18) 17.

13. i
i' V47)

= n (2) ia. - = n
(

.21

7 11 814. + -7 = n (4) 19. n + * CITS)
1 9

15. F + IT = n
( 124 )

20. .-17? = n + 75r ( G.)
.

. 4 4

Find the number n represents." In exercise 21, recall that

(
4-
0 + 4. means "Find the sum of

1
7 and 3, and then add

1

uN
...

the .sum to
1 .

11

21. ( + . . = n (74)As 24. n,,,+ (; + ) -i + 1 N
)

( -
22. (17,..4- + = n (24)

+ + =n N.)

581

13u
A

(0)

25.
(:t(-5 + ;) n - (1)
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DIAGRAMS $OR PROBLEMS

Objectives:';,To suggest the use of the number line or a regi9

to piCture number relations in a problem.

To show thSt a number line diagram can be used to

'cture number relatidhs in a problem even though

th 'Troblem refers to objects whi.01 do not, of . .

themselves, suggest segments.;

$

Materials: Dittoed copies of number lines and regions.,

Suggested Teaching Procedure:
16,

7.4
N Work through the explorat161 ln the pupil

text with the class. Have them make up ad
ditional problems solved by addition or sub-
traction with rational ,nUmbers and draw
diagrams to picture the number relations
involved.

ay

Many children find it very diffioult to
sotve "word' problems. For such children,
thinking about the problem with sufficient
care to draw a diagram which pictures the
conditions can be very helpful. It is
therefore sound.procedure occasionally to
require that,,phey make diagrams for problems.

Some children enjoy drawing, and others
.find ita hard task. For this reason, it is
a good idea to pro'vide dittoed copies of
number lines and cir'culAr and rectangular
regions ;Mich they may use and adapt to their
purposes. Models for somie pf these are
included in the sectiO on terials.

ro

582
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DIAGRAMS FOR PROBLEMS

We have pictured addition and subtraction of rational
.

numbers on the number line, and also with regions. When you

I , -

wish to/solve a problem using rational numbers, it is sometimes,

helpful to picture the relationships on a number line, or is

picture of a region. Look at this problem.

Paul found several unusual rocks while he was on vacation.

He gave of the rocks to his brother, and gave of them

to a friend. What part of the total number of rocks did he

_zive away?

This is not a problem about things which suggest segments,

but Ambers are used, and numbers may_ be represented-on the

numbee.
Suppose the unit segment represents the'entire set of

rocks Paul found.

Set of rocks Paul found

Brother Friend

0 I 2 3 6 7 8
8 8 8 a 8 8' 8 8 8

4
He gave i53 to his-brother. He gave

17 (or /3) to a friend.

What part did he givkallay? Represent it by n. The

diagram suggests: n
.$

+
1

3 4 3 + 4 7
+ -13

Paul gave away .1

73 of the 'rocks.

583.
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Now rook at this problem.

Mrs. White cut a pie into 6 pieces. After Bob ate 1

1
piece, for lunch, was left. Mrs. White served 7 of the

whole pie to Bill. What part of the pie was left then?

Chpose a unit segment).to represent the whole pie, cut into

sixths.

Bob (61 W 5 Left after lunch

0 . I

.

0
6

I

6
2
6

3
6

4
6

5
is-

6
6

i(To

0%.

3Bob ate S. Bill ate 7 .or S. What part of the pie was left?

1

+
n = .6, or

n 5

b -s =5 ;3
s

2
.6 of the pie was left.

you might wish to represent the whole pie as a unit region

separated into sixths.

Bobts piece .
16

r7-,

= 66 =

584
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Exercise Set 20

For each problem, make a diagram showing the number relationships.

Then write a mathematical sentence, and solve it. Write your

answer to the problem in sentence.

7-'"T4.. Susan bought 8 lb. of fudge dnd lb. of chocolate

drops. How much candy did she,bUy in all?

C87 ÷ ; 72, = - A-Liqj
8

2. Tom and Jerry went to a Little League game. It took Tom

ir hour to get to the game, and it took Jerry i hour.

How much longer did it take Jerry to get-to the game than

.Tom, (3_ 1..32; 7.2,. Je..) t'0-v-/P_);2e4Aie,

4 * 4

3. David caught a fish weighing -334 lb. John's fish weighed

717. lb. How much more did David's fish weight -

t6 6 /6 /6

4. Mrs. Ray had one whole coffee cake. She served /i of it

to her neighbor. How much cbffee cake did Mrs. Ray have

left?
-rid= Zke.../-4,241,00 A=4,--ke)-24y6,)

8

5. Ann was mixing some punch for her friends. She mixed
2

2
cup orange juice and cup gingerale. How much punch

did she have?( = 19../ = .
L 3 3 3

.1 u
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6. mi.s. King.mixed some liquid plant food for lier house plants.

The directions said tojlse tablespoon for each gallon

of water. She used 2 gallons of.water. How much liquid

(-4- 71J) 12, fe. /ca.elplant food did King use? k.iL

±-4-12-&,4/0.0-0-/-24-)/2P-et-n-td4-75z0

7.. Jack spent hour on Tuesday mowing the lawn. On

Wednesday he spent hour pulling weeds. How much

time did Jack spend doing his work? C f 2 = 721; = f
ALe}

8.
1

Larry's mother gave him apple pie for his illy.

She save his brother, Jim, of the fame pie. How

much of, the pie did the two boys. eat? (1 41:: 'lb; 17'

jj4-11 IC24:44

9 3 2
Janet bought IT yd. of material. She used yd. for

place'mats. -How much material was left? (4,- 3 =72.);

J-4.2A-e./4/7/i 1/0.4.4d)-4-nzt..t2A41All At))

10. Mrs. SMith used 8 cup brown sugar and 3t cup white

sugar in a candy recipe. How much sugar did she 1.2e?

iv - 1418 --e-442/11:1 4-4-47154-1)

11. Alice stopped at the store on the way from her home to

the park. It was i mile to the store. The park was

mile from Alice's home. Hqw much farther did she

, 3
malOto get to the park? k 7,3 -" ie

.

4-4-4-42--"-1

12.
2 1

Jane spent 5 hour doing her homewoink. Betty spent ,

hour on homework. How much lower did it take Jane to

2 /

finish? jr 7 IT z."; v = g
\

586
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PROPERTIES OF ADDITION OF RATIONAL NUMtERS

4

.

Objective: To inquire whether the familiar properties of

addition of whole numbers are true for addition

of rational numbers.

Vocabulary: Associative Property for Addition, Commutative

Property for Addition, Addition Property of Zero

%

Suggested"Teaching Procedure

'To verify that the sum of two rational
numberV.is always a rational number, you_may
wish to proceed as folitows:

ge will try to find out if properties for the set of whole

numbers under addition also hold for the set of rational numbers

under addition.

Is the sum of two whole numbers always a whole number?

(Yes) Give us some examples. (7 + 8 = 15, 11 + 14 = 25,

127 + 382 = 509)

Is the sum of two rational numbers always a rational

number? (If the answer is "yes", ask for some examples )

1Use number of,examples such as E + I

5 2 . 1 11 8 5 2
T.72.

+ 77-+ + 4.. Lead pupils

to see that in addihg two, rational numbers,

such as 4. and E, ,a common. denominator for

the fraction names can be found. Then the ad-
dition is reduced to one of adding whole
numbers. The result of adding will, still be a
rational number.

This'discussion is cohce'hed with what is
technically called the'closure property.. We
can say that the set of rational numbers is
closed under the operation of addition. This
language will probably not be used with chil-
dren. They should understand it in the terms
that the sum of any two rational numbers is a
rational number.

Is'it true that the sum of any two rational numbers is

always one'rational number? (Yes)

:587
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Does this property hold for subtraction? Letts look atl

some examples and see if we can answer that question.

Are the results of these subtractiCip rational numbers?

7
7r

2 5 - 3
7r,

11 2 2 1

7r

3

(The results of the first three are rational numbers. We do

not yet have numbers for results of the lgst two. We know no

rational number which added to ir has a result of ;.,).

Then will you agree that you cannot always subtract two

Tational,numbers? (Yes)

To verify that'the Addition Property of
Zero is true for rational numbers, you may
wish to proceed in this way:

Think of two addends that are whole numbers The gum of

these two addends is brie of the addends. That are some examples?,

(6,4. 0 = 6, or 0 + 15 = 15.) Is it true that if 0 fs,added

to any whole number, the result is that whole number? (Yes),

Does this property hold for rational numbers? (Yes) Give me

some examples. ,)

4

Investigate with the,clasS a number of.'

examples such as 7+ T, 5 + and
9 0

7 0
- 7

Here, it may be shown that 5 + 5.
bythis reasoning. .

7 0
5

7 + 0
4.

7
3

:11 n = what number is n? (0) If n =

what number is n? (0) Can n be any other number except

0? (No )
-

688
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4

The Commutative Property for Addition may
.be discussed as follows:

Is it true th6.t 7 + 9 = 9 + 7 ? Is it true that

26 + 41 = 41 + 26 ? (Yes) Try to state rule for us.

(Changing the order of adding two whole numbers does not change

the sum.)

This commutative property for addition of
whole numbers is developed in grade 4. The .

word "commutative" is toned with pupils to name
this property.

This is called the commutative property for addition of

whole numbers. Which of these mathematical sentences are

true becaise of the commutative property for addition?

-(a) 128 ± 0 = 0 + 128'

(b) 256 + 891 = 891 + 256

(c) n X621 = 621 + n (if n is any Whole'number)

(d) a + b = b + a (if a and b Are any whole numbers)

(All are true by thq\commutative-property for addition.)

. ,

Does this property Sold for the addition of two rational
. .

numbers? (Yes) Are you sare? ,*

, .

5 2
Have pupils show that sums u + and

5u + u.are.the same. Continue with more

examples until pupils understand, generalize,
and freely use the commutative property:

. ,

Does the commutative property hold for the subtraction of

two rational numbers? If'you lon't think so, how Many example's
3 17do we need to find? ''',,(One) Give us an example. (7 - is not

71 37equal to - .) Show this on the number line.

a.
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. 1 2 3
/ 0 2 2 2

4,
.4

This shoWs +
2

=
- therefore,,i -1=4.

1 3(We cannot show
1n - 3n on the number line. To find -

think - = n. 7 is the sum and 'one addend. The

addend ..s greater than the sum. We cannot name a rational

number n such that n + = %)

To verify the Associative Property: II

Addition is an operation on two numbers
ir
to obtain a. result

Of one and only one number. How do we add three rational

numbers? *To answer this question, we might think of how you

added three whole numbers. How could you add 6, 7, and

in that order? ,(We could think 6 + 7 = 13; 13 + 8 =

Tell us another ;jay. (To 6, add the sum of 7 and 8.

.6 + 15 = 21.). Is the sum the same 4n both cases? (yes)

What apes (6 + 7) + 8 mean? (Add 6 + 7 first. Add 8

to that' slim.) What does 6 + (7 + 8) mean? (Add '7 + 8

firsts Add that sum to 6.)

Write a statement of this associative
property for addition on the board: If three
whole numbers are to be added, the third -

added to the sum of the first two is equal to
the sum of the last two added to the first.

This a'.a long statement.--Trad a number
of illustrations. :Arrange your work on the
board like .this

12) + 11 = 8 + (12 + 11)?

20 + ft.= 8 23

31 = 31

590
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Do you think ,the associative property of addition hglds for

rational numbers? (Yes) Are you sure?' Let us try some examples.

4
Shop us + + 7 on the number line.

X
3 4

22

0 I
-

0 I 2 3
2 2 2 2

2 Y

2 3 4 5 6 7 8

4
2

5
2

6
2

7
2

8
2

9
2

10
2

II
'2

12
2

13
2

14

2'
15

2
16
2

17

2

Will the measure of XY be 1/21 if we think (i + ? (Yes)

3 ,

Will the measure of XY be -T. if we think 7 + k73.

. .
(Yes) .

Use a number of examples of the
associative prOpert7 for addition with ra-
tional numbers as-addends. This form it
suitable for.compufatipn.

3 15ISk7 7 +
0

?

'Dies
3,

,55.
6 4 3

Notice t G
.

(5 + 6 ",

j
( 5 + 6 + 3 5+ (6* 3)

r.

11 + 3 5 9 46
2

14' 14
72'

The addition of rational numbers h
Associative Property. We see that t4t#,Li
true'because of the fact that additio
whale numbers has this property.

tSo
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PROPERTIESOF ADDITION OF RATIONAL NUMBERS

Exploration

2 8' 50 5You know that (1) any fraction, such as 5, 7, 78.,
'0
1.6, names a rational number. (2) You can

number line matching a rational number by
*

unit segment into the number of congruent s

denominator, (b) counting off from 0 the

named by the numerator. (3D Some of these

such as 716, are so whole numbers.

find ,the point .on a

(a) separating the

egments named by the

number of segments

rational numbers,

1. Which number named above are also whole numberwp?..,
# 2

2. 11hatiTihole number can be a numerator of 'a fraction, but
,

ominator? CC)not a

3. Think of two whole numbers. Find their sum. What kind of

number is the 4(

4. Think of two rational numbers. Find their sum. What kind

of number is the sum? C/t.el.....0-7.-z...ez-L,

.

'Think of two rational numbers. Subtract the smaller froM

the greater.' What kind of pumber'is your answer?

- 6. Try to' subtract the
.

greater number in exercise 5 from the
_----- - , (11..,42).smallr. Can you do it ?`- you always subtract one

rational number from another? 01201)

7. Think of a rational number n named by a fraction with

denominator 6. Add it to What do you notice about,

thesum? (Jt

592
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. - .

8. Find these sums:. ('
.

2 3 07 ) .

3 2 /17 )
a
ilk 5 47 Li7,5../

b.
+ 5 --. ).

9. Illustrate each part of exercise 8 on3the number line.

+,..-.1.-....0-,-.-e-...-Are..-.-..-.4.

/z.. ri. m-0. What,property of additDop of rat4onE1 numbers do exercises.

8 ana 9 suggest? (C-6--)-x-z--,---1)

11. Find fraction names for the numbers
4

a. (7 + 5) ;i- 7r = b.

.

n

17

and

1
+ (3,

t.

+
37 .

) - .u,

(,t
/ 2_ ,,

12. What dO you notipe about n and t in exercise 11?

$

13. What property of addition of rational numbers doe'

. exercise 11 suggest?

"2-W -IL-e-1,....4-41--0-frz-e-)

ummary of PropdrtieS f Addition of Rational Numbers

1. If--tworrational numbers are added, the sum is-a

rational number.

2. If ,0 is added to any rational number 'n, the sum

is the same rational' number, n (Addition Property of Zero).

3.. The order of adding two. rational numbers may be

changed without changing their sum. (Commutative Property).

4. To'find the, sum of three ratidnal numbers, you may

(1) add the first two and add \)the third to their sum;'or

(2) add the second and third, and add their, sum torthe first

(Associative Property),

3

5'93

A

(
A

I
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Exercise Set 21

Write a mathematical sentence for each problem.' Solve it and

answer the question in a sentence.

1.

2.

One measuring cup contains 1
cup of liquid.

measuring cup contains cup of liquid. If the

u

A second

liquid in

the first cup is poured into the second cup, what amount of
/ 3 7.liquid will be in the second cup? ( 8F =

ctions on a can of concentrated orange juice call for

mixing he juice with water. One-half quart water is

be mixed with /.6 quart of concentrated
3

amount of liquid will result? nT

to

juice: What
= //

-/6.

3. 2
I have .Apzen cookies in one box and dozen in

another. You Iiive 1 dozen bookies. Who has more? How

many cookies do I, have?"-(4 4 4-

'/1

A' 1

4. A measuring cup is filled to the mark with milk.

Enough water is added to bring the level of the mixture

HOW much wager was added? (T ,
/ ed.

., .

3

to the mark.

594

14;,



- P334 ti

5. Cars have dials which show the quantity of gasoline in the

tank. The dial might look like this:

How do the markings on the dial di.ffer from_ those on our

number lines?

What unit tf measure is represented on the dial?-j1
Suppose enough gasoline were added to the tank to move the

1pointer to a position halfway between the 7 mark and the .

4A mark.

How much gasline was added?
d

6. On the number line below the unit represented the inch.

What is the measure in inches of each of the six line

segments pictured?

0

A B C

'4 8 8
c

2

1)?. ire
4L-



WHOLE NUMBERS AND RATIONAL NUMBERS

FRACTIONS AND MIXED FORMS

RENAMING FRACTIONS IN MIXED FORM

Objectives: To d %velop the ideas that

(a) if the numerator of a fraction is greater

than the denominator, the rational number

it names may "be renamed asa whole number
.

or'in mixed form.

(6) if the numerator'of a fraction is a

multiple of the denominator then the

rational number it names is a whole

number.

(c) a mixedform is a short form for an

.sindicated sum, e.g. 2i = 2 +

(d) every, rational number either is a whole

. number ,or lies between two consecutive

whole numbers.

To develop computational procedures for renaming

rational numbers.-

<Vocabulary: Mixed form, simplest mixed form.

Materials: Number lines, cut-outs on flannel board, dittoed

number lines for children.

4

Suggested Teaching Procedures

.

.

Use number linesand cut-outs
&

onthe flannel
board to show that any rational ,number may be
expressed as.the sum of two rational numbers, one

,,,, 2 .,
of which ,is a

2
whole, (e.g., = u + ,

'

= 1 + 2 etc.) Some rational. numbers may be
, 12-7.

expressed as numbers (e.g., = 4)' and
...

this is the case when the numerator'is a Multiple
sf the denominator.

You may need to review division of who e `

numbers, and expression of a.whole numbe , n in
the form* n = (d x q) + r, r < d. $

f
596

151

IP ,
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a

WHOLE,NUPMERS ANP RATIONAL NUMBERS -\

(0) (I)

Exploration

(2) (3) (4), (5)

2 4 5
2 2

6 7 8 9 . 10

2 2 , 2 2 ',2

.
.,

.... ,---
°. .

1. Trace the number line and copy the Ocale of halves.

2. Write a ...whi31-e number scale abote the line. Ere sure to keep

the same unit segment. What number as-at ,,4? .(6)`.

The whole number .should be 4Wten al, the joint labeled
. -

J,
The whole number 2 should be written at the -point labeled

24()

,

5. List the numerators of the-fractions-which ham counting.

nutbers.

. List the first five multiples of the denominator, e.

597

15 is.

at,
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7. . Are your answers for exercises
tb..

4
Trace the number line and,copythe scale of fifths.

and 6 the same? (07e4).,)'"

. -

0 I 2./3 4 5 6 7 8' 9
5 5 5 5' 5 5 5 5 5 5

(2) (3)46

10 II 12 13

5 5'5'5
14

5
15

5
16

5
17

5
18' 19
55

20,21
-UT

4

A

9. Write a'whole,number scale above the, line, Keep.the same

unit segmigye.

.

.

10.' ListAhe numerators of fractions which name counting

numbers on-the whold number scale.' (A; /5)

11. List tlae first four multiples of the.denomiriator, 5.

, /5, ,2o)

12'. Are your answers for exercises. 10 and 11 the same?

Q.

15f. th.is-.8.,true,statemept?

If the numerator of a fraction is a multiple of the

denomidator, they the fraction names a whole number.(4).)

, .

14, Vlhich of these fractioins arc names for whole numbers? (b)cc, 0

-
a

18 O. e
60 . 120.

. -7- rs . Tr
./

----------

90 28
b. -ar d. f. nr

,! -1 -..

.1

598

153
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FRACTIONS AND MIXED FORMS

2

Exploration

9:Fet think of Iwo rational' numbers. Their Sum is 7.

Here is a picture of XY measuring 4.40What eould the addends .

be so their sum is ?

X Y

0
2

I

2
2
2

3
2-

4
2

5
2-

6
2

7
2

8
. 2

.

1. Look at these pairs-of addends. Is the sum of each4pair

7

a*.

b.- ,

8 17 + 7

27 -4.- 7

c .

d:

6 3
.pc. + 7.A.
4 c

5

Write each of. the sums in exercise,
,-

.whole number'anda,rational number?,

3. Sums like yoUr,answers for. exercise 2

without the -I-. sign, in tly.s way::

a. ID. 1 .c.

Write these numbers as sums using the
-

1 1
e. 27 f. 37

i42.) (3+

as the sum of a .

cz-J. ,lt 4- ± C . 3. 4- i 1\

are-often written .

d. 2;:

. 1h.'. 17 ."

+ i)

599

ON.
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4. Think of the way you picture 2 + -f with semen s on tkie.

. 7 .
number line.

a What fractions of the halves scale name the endpoints

of the segment with measure 2 ?

b. What fractions name the endpo±nts'ofthe segment with

1
measure 2 V- 4

? A
.,t

A

1
c. What fraction names the'same number as 22 ?

Use a number line. Write a whole number scale above it

- and a scale of thirds below it: 0 s _2 '# s 6

C2 3 2 /5 ia>)

Are'theSe sentences true?692.4 3 3 3 "a 3

.

. _ ,t

Numerals,Zcie , .4, and 123 name rational numbers.

These numerals ,are called mixed foims. .In 4 and' 4,3.,

2

5

2

5 4- 5
5 .2_ 4.

op

_5x 2

5
2

,= "315 +

17

6,' iFind fraction na es for these numbers.

:v.: ,a,.. i(2_,7) 44 (y) *C: 14 CT d. 12.g.' C7--e/)

; - * . t

the fractions ..jc and ",.5 are 'in simplest form and name

numbers less than 1. We say ,64 and 4 are simplest

mixed forms for rational numberb. 12m-
4 is not in simplest

4 2
mixed form, because

4- 1. 126 is not in simplest mixed
3

form,. because
2 is not in simplest form.

600

Jv
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Exercise Set 22

1, Find fraction names for these numbers.

(74

(7)

c. 16 (33)
2-

a. 4 (42)

4 r

4

1r

7
e. 1.7

f. 15

2. Separate t1iese fractions into 3 sets as follows:
I

'Set M is the set of fractions which name whole numbers.

Setio'Is.the,set o,f frActl ns which can be expressed as

mixedTorms.'s
'

Set R is the set of f,ractions which name numbers less

3
A

a.

b.

c.

than

307
4"-Ir
72
..-Er

1.

.(m)

.(1)

(M)

d.

e. ,

f.

75
73"

12077

12j

g

n.

32
5

7

Suppose you have a whole number scale and a scale labeled

in fractions on the same number line. Between whAt two

whole'number points wiff a point lie which is labeled

with theSe fractions?

a. (2) 3)

is (2,. 3)

4
601

A

e. (g,

f. q. 0'0, 20

c
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4. Express these mired forms=as fractions. Then find the

indicated sums and addends.

a. n (V)

b.
2

n (54)

c.. 34 = n (4)

d. 65 + 1_15' n
(Lt)
z

5. Whichnumber of each pair is greater? Answer in a, .

.sentence, using > or < .

a.
2-3s 'Or; <.21)

-731, 7-31 31.4F

et.

>.

f

602

d.

e.

f.

.
48 er 48

0
i

14, 42

>2

£33)
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RENAUNGTRACTIONS IN MIXED FORM

Exploration

When a number ig named by a mixed form, such as 2,37, you

know how to rename it in fraction 'form

7

3 227 3
-- 7

2 x 7 3'

+ 7

When a number is named by a fraction, you can easily

rename it in mixed form when the numerator and denominator are

small enough to use the number facts you know and to think

about the points on the number fine.

L.

Let us see how you can rename a number when the numerator

47and ,genominator are greater; for example,

Since a fraction names.a whole number when the numerator is

a multiple of the, denominator, think about the set Of multiples

of 16.
. Multiples of 16 = (16, 32, 48, 64 ...)

60

.t J

4
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You would have to find a good many multiples of 16 to

find a multiple close to .437. Sa try another way to find a

multiple close to 437.

Suppose you write 437 in the form

437 = (16 cfn) + r, where r < 16.

y& know-you can find ,n and r by using division. So 437

can be renamed as follows:

437 = (161 x 27)'+ 5'

Explain why these sentences

are true:

a)

b)

(16 x + 5
16 '

432 + 5
lb

4 5

d) = 27 +

e) = 27765

f) 416.
5

27 16

16)3 x27
32 112

117 32'

112 432

5

In line b) isit necessary to write (16 x 27). as 432?

In c), you could write

437 16 x 27 ,

16 x 1 7- T6
27 5

= +.17 (Why?)

=

Find mixed form names for these numbers. Write your work

in the way shown above.

(M)

60

15`,)

2.
147 (6 ._!)
23 23
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4

Exercise Set

Rename these numbers in simplest mixed form or as whole

numbers. Show your work.

1. (5 x 6) + 4

5 x 6 4

-5--f<

4
= 6 + 7
40.

f 4

5

34

2. 79
"Er

96

(50)8

\

(i 2

7..

8.

.213s_

0

c

5.
241

65)

6., 2a 1;- 250,0

a

6o5

1h')
0.

100

0036)

(4,!!,;)

5280 760)

t.
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Find simplest mixed forms to make these sentences true.

12., 50 ounces = pounds

0
.0061, 13. 100 feet

13 0 yards

(
= 3 8 / pounds.

(353) yards.

(14., 254 inches. 77254- feet = 24 ) feet.

'15. 37, pints = gallons' = (41f) gallons.

16. Fill in the blanks, in the table.

Fraction Simplest Fraction SMixed,Form
.

a. (1-)

b.

c.
11

49
175

720
d. 25

(323)
e. zr

Name

(f,/)

(323)

227 (227)
f. l / 0

6o6

161

2
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r COMFUTINd WITH MIXED FORMS

.
f 'Objec

)(

ive: To use the Commutative and AssociatiVe Pbperties
to develop computational procedures for adding

and subtracting rational numbers named:bylmbted

forms A

Suggested Teaching Procedure

The deVelopment in the to -tbook provides an
opportunity to emphasize the w y in which the
basic properties of rational-n6mIlers (Associa-
tive and Commutative) are applied in finding
simple ways to compute sums.

You may wish'also to have the pupils com-
pute 1the um of 47 and 7i by using the

9fraction names, 7 and 4, in-order to verify

that the result is the same as that shown.

Several forms Which pupils may use far
'recording the ateps in adding and subtraceing
rational numbers named by mixed forms are
shown in the text. It is advisable for pupils
to use the longer forms at first; and adopt.
shorter forms _when the process is familiar and
they can keep-the steps inmind without
recording all bf them.

y
V

607
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COMPUT,ING WITH MIXED FORMS
a

When numbers are ekpressed in mixed forms, you can add arid
o .

.1*itract them without finding fraction names for them.

-

/
4 = n

a) 4 -f-' 4 = Ur + ) + (7 + i)

b)
....

4 + 4- :7 ) +

.

c.).. S .11. + (7 '1) + 'i (_r,,.,,.

Ntd),0, = (4 .4- 7) 4. ( 4- i)

e) , = 11 + ,Tr + 4.,(2 3 \ --P_L-,,,..,c_..,;,..._e_; ÷.- ;

C4 -1- 7)

f) = -1 1 + i ..

e _

= 11 + (14 1) . (Ae4.1244.ZJ '17;)
1

h) = 11 (1 + 4.) (. ±;.4.,)

i ) (11 + 1) + IT.- d_a_c_i_a_thr-9)
6

J) ---".
. = 12 4: 4- (AX--42a- // 4- 0

-,..

k) = 124. (/*U4Z7-4y24:41-7-)724-7Z)

. ,

Explain each line.
t .

You do not need to write all this to show your work.

For example, write:'

14+ = (4

4)4_

1
= 12-4,

6o8

.1_63 6.?

4 p
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You may prefer this form:

44 + 14- 4.2

773 eo = 7 +

11- -4 1

Or this: =114

+ 7131.-=

511-

The vertical form is best for subtraction.

examples.

8 X

1 1 -
+ =127

O

Explain these

3
,

317

/
1 27r2.

2
1-7

= z 6 + 2
=

o

6 +

2 + 9
,).

)1 5+ 517 12

815 7 14 + 1 = 14 + u
7E2-e-vet-M-Ziet

.2135 = 2 +

tf

12 + 8 = 12;

669

I 13-

0 )

a

mo,
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Exercise Setr24

4

Find a fraction name or mixed form for n so 'each mathematical

sentence is true. Show your work in the form your teacher, -

e,
sugge.sts.

.

2 2
1. a. t 4,. + 2, = n (7 -i) b. 3 - 21

, 5

I
_

2 . a .
)

= n (51) b:u 3; - 1.R.

n

.

= n

L

"-/(/,-e) c 113.

, c. 1(2 35

Ile

-1-* 23 n

. .

2

5 r31(5

3. a.. n (581) b. 4 ...n (5,1) c . 4 _ 1.36- = n

%
:,

1 2 7 1
4 . a. 2 -' 11 = '(/-5.)n OA) b; it - 2 = n c. 1 - 1, = h

R E (00
..k, , 7 ,. 6

,15. a. 1.
+ =

6.

7.

8.

n (8) b
2 7= n (/.-0 c. 137. - 112. = n

,

4 , 1
a. -37. ed

a. 13 - 7; = (51) b. -8

o

a. 12 - 78 = n 4-1) b 9

- 2 5IF n 65;0 c.

- n (4) c.

9 = n 15: '15 9 =
,n
( 0) c

610
J. G;1.

25 -
4

= n

(2q)

18 - 5Ir, n

(/411).

36 = n

(3 411)
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.Exercise Set 25.

, W

Copy and Subtract. Exerdise 1 (al is done for you.

'''''........

6 14'
.1. a. 3r= 2 + -IF v b'. 51 4

5 le°

1.7 1 7
xs-=,.,. -I-' 13

7

20 a. 84

(31}

3 a: 74

-.3

(5-k)

4. a.

7 ,
1/3 ,

(3770

5. a)! 1
4,12

(*i.)

6. a.

O

4
25ir,

2 b
- (IV

b.". .945. c. 11TE

-ao
.......9

2 c. .
'145

1
b. )

11

-

TE2 ,21-9-5

(i rk) 1(49
r

7. BRAINTWISTER. Find n so each mathematical sentence is

t'rue'.

(1]; - . n b. (6372 .31.]4) 1p11
(6-)

.. (4;V,
611

hiuo
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ESTIMATING SUMS OF RATIONAL NUMBERS

Objectives: To reemphasize Aefact that any rational number

either (a) is a whole number, or (b) lies 14,tween

two consecUrtive whole numbers.

To use this fact to determine two whole numbers

which "bracket" the sun; of two given' rational

numbers.

Vocabulary: >, <, consecutive.

Suggested Teaching Prqcedure

More-ditcussing "Estimating,Sums of
Rational Numbers.", ask the pupils to'tell
whether suggested fractions and mixed forms
name whole numb,e;s; if, not, to tell between
swhat two consecuqtve whole numbers they lie.
Use the number line if necessary. ,

4

line diagram can also be Used.
interval within which the

For example, in
2

and 73- > 7,

, 2
.so + 75 > 3_-4-

A number
to Picture the
sum must be.,

3y 72, 3;5

34- 7

41'9
2 3. .4 '5 6

.
9 10 II 12.,

41-8

_4 '2 2 'h
and .75 < 8, so 5, 4- 7-

3
< 8.

The dotted segment represents the inteiwa;
within which the segment whose measure is,-)
4 2 mpst end.

Pupils should be encouraged to use the
procedure outlined ±n this section to judge
the probable correctness of any sums or
addends they compute.

4
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'ESTIMATING SUMS OF RATIONAL NUMBERS

Exploration

When you are adding rational numbers, it is a good idea to

estimate the sum first.

.

1) Consider the sentence:

4 2
3 4- T
5 3

= n'

Between what two consecutivewhole numbers would each addend be?'

a. 3 > (3) and 3 < (4)
D

7) and 4 < (8.)

Are these 'statements' true?

c, 37

D

-4-

2

2
+ 7-

3

>

<

3

4

4- 7

+ 8

4a4..))

(

2'
. The sum of 3,

4 and 7- is a number between
3

and 12. ?e,d)) .1P - '16

2) Between whlt two consecutive whole numbers is

17 , (8 ,,,,L,;L,
a.

714'.

? 3 -44--A-L41--):,1)b.

a.

ihe sum of g and. 7- must be° 117

greater than and less than

613

a number

10
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Exercise Set 26
r

Which of the answers below may be right? Which ones must be

wrong? Answer by4fihding two consecutive wholv., numbers between

which the sum must be. ,.

1

1 . 4. 1- 1; = 41, (,,,,,t_h ,.,n,)

2. -3- ' 7 (-7,-z-a-f--,---e- ---;ii--t.)

11 5

- 3. -n- "4"

13 .73 ,..1 (____ _../_, p .

±D.7 777 -,-( , ,-,_,..e, ,t,....t,,,

4

A

f

h
4. lit + 201W2g)

5.
25

± -
14

r,

,_, g- 19 59' (/".../.14t)

Between what two consecutive whole numbers must each sum be?

7.

8.

9.

2?-7.

77+

7
1070-

3;.

2

/1.

125

(5, 7)

(2', 23)

(22; 241)

140.

11.

12.

:6

1285.

89L
7

73;;''(20/1

(83,

15

2013)''

85)

/c6)

"

,Right. these addends be correct?

, . .

-3 a 1 '5 5 113. .,t? - 27 = 2- (Think: If 277 + 2-7 = n, then

n > (41) and n <
7----

14. 12T7 -

15.

ti

AP
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Exercise Set 27

22
1.4

.

Robert needs 77 feet of new 'cord to reach from h4is desk.

lamp to a wall outlet. The har4ware store sells larhp

cord in no smaller divisAs than the foot. How long a

piece of lamp cord will Robert have to buy? (V =

-z7--) 8 *1-e-e-t-)..)

2. Joan is family leaves on a. trip at noon. The tie required

for the round trip is hours . At what time will they
/

be back = el) -Z 30 -7tiesva.)

3. '.Suppose a man finds that to paint the outside of his

house he will need about 17 quarts.of paint. The paint

he needs is. sold only in gallons. How much paint will he .

need to buy?(-7,-- - . ,
7- 5 .

9
4. Driving time from Boston to New ;York 'is 7 hours.

Driving from New York'to Philadelph.a requires hours.
4

Ho0 long does it take to drive, from Boston to Philadelphia

CG 3
by way of New york? = + 1.1-

,/ I 13.

o

, 615

1.
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A magic square is one in which you can perform the operation on

the numbers vertically, horizontally or diagonally and always

get the same number for a result.

Copy the square below.

a. Add the numbers named by the fractions in -each column

and ?ecord the sum for each column, (/O)

b." Add the numbers name y t fractions in each row

and record the sum for each row. (00)

11}

c. Begin in lower left hand corn5. Add the numbers named

by the fractions diagonally. Recor'd their sum. (Po)

d. Begin in uppe left hand corner. Add the numbers
0

named by the fractions diagonally. Record their sum.(4

e. Is each sum ,the same rational number? , What is the

f.

0

4

number. (/ .0)

e square a magic square?

12 i 33,i 2 l4
34 1 14 28 - 2

8

7
ITI

I
I

8 2 7
2 8

5IS 718
,

324 3
34

I 4 9 8
3 -

2
-
8

1 ,2

1'769-6
4

1
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6. ,Copy the square below,, Write fractions in A, B, C, D, E,

and F to make it a magic square whose sum is 5, (Recall

that a "magic.square",,is one in which the sum7of th4fs-

numbers named in a row, a column, or on a diagonal is the

same number. This number is called the "sum" for the

square.)

44.

tr

A B I II
12

/
C D E

5
I

12
P

4

II
12

617

174'

A 2 5_

2

(3

E

F
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THINKIVG ABOUT DECIMALS

.

Objective: To develop understanding of the naming of rational

numbers by using decimals, and ability to translate

. from fraCtion symbols to decimal symbols.
41b

Materials: Place value pocket chart and cards.

Enlarged number line as shown in the Exploration

Suggested Teaching Proeedure

.
Review the systeM of decimal notation. Use

the place value pocket chart as needed. (See
Grade 4, Chapter 2; Grade 5, Chapter 1.)'

The pupils have studied some properties of
rational numbers and have learned to add and
subtract them, using fraction names., They shoUld
'learn to look on decimals simply as other napes
for, these familiar numbers.'

,,.

Decimal language_ has certain advantages for
computing which fraction language does not have
In order to exploie,these advantages, it is im-
portant that the pupils learn. to think in,more =
than'one way about tbe numbers named by
decimals, Star:t with decimal names for whole
numbers.

545 is 3 hundreds +4 tens + 5 ones
or 34 tenS, +-5 ones

,
or 3 hlandr +'45 ones, etc.

Similarly,

3.45 is 3 ones + 4 tenths 445 hundredths'
or.34 tenths + 5 hund46dths
or -2 ones 14 tenths + 5 hundredths,.etc.

. . . .

-A numbeP line ,showing tenths and hundredths,
as-shown in the Exploration, may be dpdwn on the

!_board and used to advantage.

simplify not1tion, the 0 . before the
_decimal point tAla 'the 'decimal numeral for a
number less than : is sometimes omitted.

17518
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THINKING ABOUT DECIMALS

Exploration

If you had grown in France, you would say

C

instead of

"Mon frere est plus grand que moi,"

"My brother is taller than I."

o

Both sentences express the same relation. A French pupil

does not have to know the Engiish language to understand the

relation we call "taller". We do not have to speak French to,.

* understand this relation. But to understand the idea, in ale

FrenCh sentence we would have to translate it into English. As

soon as we learned to understand French well, we would not havr
to translate French sentences. We would think in French.

Our problem with rational numbers is very-much like this.

We know a meaning for addition! If s and r are rational

numbers, then s + r can be pictured as measures in this way:
/

r

s

'

s. r
. .

s 1- r

We also know how to express addition relat ons in the

"langyage" of fractions, and in mixed form "lan age".

4" 8 37_16 37 53
+ 37-5 IT I- IT IT

+ 3.; = + 3 + + 7(7 - 4 + = o.

619
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N-

. But these are not the only languages we use for rat/anal

numbers. A very cbmmon language is the decimal numeral system.

We already know how to "translate" some fractions into decimals.

For example: 1

6 5
' 10

=

In fraction language we can express this addition relation:

6 5 11 k,
10 1. 10 .10.

Can we translate this sentence into decimal language"

We only have to translate ice. To do this we first find a

mixed form expression.

11 ao 1 10 1
1 d = 1 1

70- 7T0 170. 10
=

0

Now-We can write the decimal sentence:

.6 .5 = 1.1

_Ile can always use ,this method, but it can be!,long. Here is

another example:
.

What is/thedecimal name for .38 4- .75 ?

- .

First we translate: .38 38To-cp

We compute:

.75.=

38 75 113
100 100 TUU*

75
100'

We translate to mixlfom: 1.2/-;-3
100 J_00'

We translate back:

In decimal language:,

13
1
100

= 1.13

. .38 .75 = 1.13.

620
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Our problem is this. Can we learn to express addition
0

relations in decimal language without translating to fractions

and back? Yes, we can. It is really very easy. We can begin

to learn how by thinking of the meaning of decimals.

0 It heaped us in thinking about deciMbd numerals for whole

numbers to write an expanded form. Now we will write it this

way:

2/(6 = 2oo + 4o 4: 6

='2 hundreds + 4- tens + 6 ones.

Can we think of all decimals in, the same way? Can we think

of .25 and 8.4 and 1.06 in this way? We know

, 25 2a 5
TIT" 7570 + 100

2 5
-0- + r

= .2 + .05 ,

= 2 tenths + 5 hundredths

A number line diagram helps us to understand why this is so.

Look at this number lihe, marked with a tenths scale and a

hundredth's scale.

.2

0

0 .05

Now consider

We knout

.10

£.4.

1.06
v,,,=

.15

We,know 8.4

1

.2

.20

= 8

6
1

100
A

00-

?].
1. i lJ

.05

=

.25

4+ 7-
lo

= 8

.3

.30

+ .4.

+ .06 .
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Write these in expanded form:
I

1 . . 38.47 (50 :1- . + .07) e ,

2. 160.13 0490 4. 60 +.1 4 03)

3 57.06 ( 5 0 4 7 ,06)\

.7 a, e ;

)
Wecan express the meaning of decimal numerals in many

ways.

27.38 = 2 tens f 7 ones + 3 tenths + 8 hundredths

= 27 ones + 38' hundredths

= 270 tenths + 38 htIndredths A

= 2 tens + 7 ones + 2 tenths + 18 hundredths.

"1 20 + 7 + .3 + ..o8

0

2738 = 2 thousands huridreds + 3 tens + 8 ones

= 27 hundreds + 38 ones

= 272 tens'+ 18 ones

= 2000 + 700 + 30 + 8 lb

2.738 = 2 ones + 7 tenths + 3 hundredths ---14-tCrO andths.

0

= 27 tenths + 38 thousandths

= 2 ones + 6 tenths 4-'13 hundre hs + 8 thousandths

= 2 + .7 + .5)3+ .008

4

622
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Rename these, numbers four ways, as shown on the preceding -page.
6 . 4 8 +4
68 4- 4

St 4. 6.84 6, .-61-4-2 sit
6 4- . . o

5. 68.4
68

-0-,-z-e-ai ,<2_.,-_,8J 44 ,..t....e-y1.-t-A-4-1'

6 ..-t-¢,....42-,
-i. 8 __,,,,-,_,A..a.i iL. 4i Lo--14-7-24-42-.)

6 84 _.eg..4.z.r.e.,...y
60 4- 8 + .4L, _.e....t...).

6. 70-.605 7..t.. 4o em.t.L., * 4 . la41.t.f...2)* o --P.,...-_,i_r_ijP
7 0 .4,-,-1.1.4.) + ,G tJZ-Pt-V-1-41) ÷ 5 r.S.G.t.,...-ct

1- Go .5To # 6 4. .00 4 OD 5, 4...V.e/ ao--
7. What is the measure AB pictured beloWPWU has

A

measure 1, CD . has measure .6 and DB tas

measure . 09 .

b .6 ye. .09

C

SIP
Wtit is the decimal for each of these?

8. '5 tens + 6 ones + 4 tenths + 3 hundredths? (56 4 3,)

9 5 tenths + 6 tens + 4 ones + 13 hun* dredths? (1/. 6

10. 6 tens + 6 hundredths . 0 06)

Translate to deciThals :

)

'567 (.11 . 56 7
1000

12.
567
100 (s. )

S

13. 57 (56 7)

14 . (28. 3V)
100

623

15. '4° 6-
1000

0,10.006)
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( 1'

1. Complete:

a. '72.9 =

b. 702.09

( 2 )

= (7)

Exercise Set 28

ones and (q) tenths and (7) tens:

hundreds (2) ones (0) tenths

4. (6) tens + (9) hundredths.

c\. 68:75 = (68) 'ones s+' (7.5) hundredths.

d.

e.*

52100
16 (52) ones + 04) hundredths.

. I

4°° 5 loo (41) hundreds + ( °) tens +

(/) ,tenths (-). hundredths.

2,- Write the decimal for each of these.

a. 5 , hundreds and 5 hundre\`dths (506 ds)

b. i3 4ens±.16 hadredths (450./4)

c. 2 tens + 7 'hundreds 6 ones' (726)

d. 11v, hundredths .÷6 . tenths + 3 ones -(3 7y-)

e. 12 hundredths 4-9 tenths. (/ 62)

(5) ones'

3. Write the decimal for each of these.,

a.
14 (1.4) c. 521+3 r 6846 (c,43,0)

(.5. 2 4/3). e.loon
t

b: .6
5243

f6- (6.3) d. (524i, 3) f . 20 (20.,24Jloo.

r:r

4
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)1-. Express in dollars the value of :
4

L._
(A(Z.tio)

a. 4 ten .dollar bills, 8' dimes, and 6 ore dollar bills;
1

b. 15 one dollr bill s, 12 pennies, and 7 dimes . (,/5"82)
l

c. 253 penni4s. -iv2 53)i . r

d . 8 one dollar bills and 58 pennies ,,, 8 58)

BRAINT::ISTERS:'

5 Trans:Late to

a.- /6)

-7 (455)
.b . co.7.

a. 3 fives - finis..... .s - 2 T.-.:.e: fths ',. /9 C 8j,

a. C. 87,5)

6. ',41.1ch Is greater')

a . .33 or

.01 .125,* or

C. .166 or

33° '
=

/oc: job /00
3.0 ,/

./66 994
). /000 g7,7,7,)

625

1_3'/

... /000
6 6 0

a
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ADDITION OF RATIONAL NUMBERS USING ECIMALS

(

ti

4 q
O

Objective: To use understanding of place value in the decimal

system to develop a me'inod for computing sums of
,

rational numbers'naned by decimals.

Materials
)

Nilmber lines,sealed in tenths and inhuridredths,,

3u-ses'ed rocedu're:

r

Sieve decimal notation for rational numbers
has the-saMe prtpertie5 as decina1 notatiOe's
whole numbers, the discussion of a4ditionand,
subcraction cf rationa! numb eh Using decimal

-.e propertie2. The place
value property'of,decimalmerals is used to
name each number in expanded notation. The corn
mutative:and astociativeproperties,of addition
are used to grollp...t4nths with.tenths, hundredths
with hundredths, etc. Place value is' used again
to regroup.hundredvhs when'a sum is more than 9
hundredths, tenths when a sum is more than 9 ,

tenths, etc. ='hus, al? -the properties used 141
computing sums..of rational numbers ;using decimal
numerals are aireadyfamiliar.

The use of these properties in addition can
exhibli.ted_on-a number line with scales in

tents-and hundredths.

.15 .19'

.0

.00
a.

0

0

.15 +.19

AO J5

-'.05 .1,

. 1 . 1,9 .05 .09
, 4

V ,a

I

Ita

a

.11-.05 +.1 4-.094'

I ±.1 4.05 4---.09 3,2 +

2+ .1 4- .04 g
.1 .04

34

->
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ADDITION OP RATIONAL NUMBERS USING DECIMALS

Exploration

Now we are ready to find a quick way to add or subtract

rational numbers using decimal names.

Suppose we want to add .12 and We could translate

fractions:

12
12 311

17-6

. ,

= .46

Bu'ne could Also ren9ber this

.12 - .34 = (.1 .02) - .041

= S.1 3) .04)'

What pr.operties of addition have we used? 'IL

Now .1 .3 =.05. tenth ÷3 tenths = 4 tenths 'a

. .

.02 .04 = 2 hundredthsc+ 4 hundredths = 6 hundredths-

In decimals:

We have, then,

t

.1 , .3.= .4

:02 = .o6

+ .34 = (.1 4- .02Y (.3

=.(.1 (.02 .o4,)

= .4÷ .o6

= 146

627

41

4
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This is not a new method. The place value ideais,used for

tenths and'hundredths. We have already used this i ea for

ofaces-.1po the left :of the decimal point.
/

Here s an example with numerals on-both,sides of the decimal
F.

.

point. i,

16.31 + 43.52 = (3.0 6:-1- .3

= (10 - 4'0) +

= 9 -

= 59.80

%.

We can use the vertical or

16.31 - 10 6 = .3

+ 43.52 40, 3 + .5

50 +' 9 + .8

-+ .01) (to + 3 + .5 + .024).

(6 +3) ,(.3 ..5) + :01 .02)

to make the computations easier:

+ .01-

-4- .02

0 = 59.83,

Usefthe vertical fozT... to corivute:

y 8.5 4._ 3,1%1.: (4- 4-9) (2) 72.b6 --

4
0 .How'should we thAlof problipems like these?

(a. ..7 - .8 . (b) .06 + .09 i

{,a) We know: .7 - .8 = 7 tenths + 8 tenths = 15 tenths

= 10 tenths 5 tenths
,

' f

-

t You c9;11d picture

7

one 5 tenths

= ft

1-.8 on the number line.

..8

1

.0 .1 2 3 .4 .5 .6 .7 13 1.0 LI 1.2 13 L4 1.5 L6 17 L8 0

0

1).

,- 628'

I
1'
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,

(b)', We know: . .06 + .09 = 6 hundredths "-i- 9 hundredths

= 15 hundredths

i.
-= 10,hundredths + 5 hundredths

4

.
= 1 tenth + 5 hundredths

= .15
,,.

This is t ame idIsidea, regrouping in sets of ten, that we have

used inanttiirte problems like:

BO 4 70 = 150 "-- or 600 + 900 = 1500:

,There is ope thing new. We must be very careful to locate the

decimal point correctly.

Now we can do problems like these:

14.56 = 10 + 4 + .5+

+ 27.25 = 20 t 7+ .2 +

.06

='30 + 117+. (.7 +,.'1) + .01
= {30 + 10) + 1 +,.8 + .01'

304+ 11 + .7 + .11

= 40 + 1 + .8 + .01 ' .

= 41.81

Try these examples:

(3) ,6.37 (4) 20.08 (5) o.87
;

+ 3.24 4 +7.39 'll 4- 0.76

6 4..3 4.o7' \ 2. +.0 +...0.3 . 8 4. . 0 7
.2 4..oti 7 +.3.4- .of

/ -st .5 4- PI 27 +.3 +.r7c 1.5" -f- ./3"=
1 1- 5 ÷ ;./ - - et= 27 4- 34- 1 4- 07. 1..5, -I +.03..143

Ed I 2 7 4. .11 . 0 7 27'417

Our tethod cap. be shown in the i.terical« .
,t-

_ . ;
numbers:

0 . fk .56'" °

f- - .
t. , ..../.:,___,, ,. ,'11

. . - 0
..

''1- .,
`''.( Why 'di d ,We mark the

. r- '
d.e);i;nia3. POIntil

-fy

.
form you used for whole

1'1

S P

11.
V 1

tellr

's
81. ./2:e:4-C-41/2"4;')

o . #

f:s,,), .

A ,

1..7"" J.
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Of course this can be'shortened by

Here are the steps:

mbering.'"

a

-r 14 .56

. ), P.-25

(1) Add hundredths. Write 1 hundredth, 'remember. 1 tenth,:

14.56

27.25

/f.
1

(2) Add.tenths. Write =8. tenths. Mark the

14.56

27.25

.81

decimal point.

(3) 'Add ones. Write 1 one nd remember 1___ten

1..56

(4)

27.25

1.81

Add tens. -Wrlte 4 tens.

14.56

27.2

.4-.1

Here is an example witli more remembering. Only'the'long way

is shown:

'174,

8.34
- .11'

.9

10.
26.01

«

a

S

4
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Exercise Set 29

Find fraction or decimal names for the following sums.

The forinS suggested below may beused.

ca

sfi

.

23 + 3; = (2

=(2

+ ;)

3)

(3 +g)
3 2(3 .)

5

O

= (,4 .5) +

= + 3). (.5

= 7 + .a

IA = 7.8

÷ (7t) (b ) 8,3 i÷i3.4

2. .(a) 1F1 -(71,-) (o') +

3., (a)

(a:) 5.3 +.6.6 (1/.?) (b)

2.51; 4.2 (4.7) (b) 8.6' (//y) (c)

8.4 + 11,14(/28)(c)

4t- 3 (f)

(rik
5.4 +.18.5 05.7)

7.7 + 3.2 (/.0.

;

6r

11 `

a



.

worl ti-4se.. mentally. Write the answers 'only.
WNW

. (a) 5fi 03 (b) /34-.) (c)---8*

6. ,(a) 21.2 -2°E5) " (b) 9.7 + 6: i*?).(c)."

.

;
A

. BRAINTIVISTER.

1.7

7. t. Find n so each -maihefri'ati,ca/ sentence

.

1 S
(a) ft 3r) +-.50- nA (/4:>)

..;

( b ) # 0.7 + -&?) t (/?-.1)",-

,

11 r-

+ ± n

. .

;, .6.4',w V '7'

r, .. :: I

..-y,..-?;%0...?.. / . - r .

r

*.......0....1,
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Eiercise Set 30

Copy and find the sulms..-The form- of exercises 1(a) and 1(b)

4
9

may be used.

.1. (a) 27 = 2 +
8 .8

.5175 10

(b) 2.3/ = 2 + .3

5.8 = 5 + .8

1.1.7 -± 770 = 87 7 +1..1 = 8.1

(a) 5-;' (V) 44 , (0) (d)
7721.

4 4
3F 4

(/",17:-)6)

.0- 3. (a) 5.8

.6 .3
(/2./.)

.-.

4. (a) 8.6
.

9.5
(/8.1).

,, ..

.,,,-.4.

Copy these examples ansh add. Write only the answers on your

(8i) cot) //47:1)

(b) 6.4 (c) 8;7 .
(ci) 8.5

.. .8.9 9.9 6.8
/ 5. 3) (/8.6) . (/5. 5)

- (V 6.--?..5- (c) (d),,, 9.8
:

4 14
8,6z) .9

paper.

5. (a) 4.5

33

6. (a), 4.-?

4.6

(f'

7,

(b) 5.7 (c) 8.3

4.2 : 9.5
(99) (/78)

(b) 5.4 (c) 7.6

6.9 4.8
(I2, 3) 02.4)

633

.

(d). 5.6

00-5

(d) 4.5

2'.7

(7-)

1'
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Exercise Set 31

\. -Compute:

a. 25.06 d. .58 -

4- 37.84 44'4-15.09

(.62 go) 05.47)

L. 108.07 e. .847

467.94 .1381

c.

1c, 00

117.6
1N, 1.

5'45'5),

3.707.

$
ti 38.74

4
c/sG. 341-)

2. Compute the sun in any language:

.
_Exampl e :

a.

b, 157i- + 16:7

'c
3

100

/4-1. + 6 ( 7

4 , 5 J

-f- 6.7
or

11.2

(25

d.
7 82._ (44)15g + 1

3

e . 04. 7.18 32 (1 3.3 3)

. I

634

+ 2.988
(6. 695)

1210ru.
5

N
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e way we name money values in dollars is really a

decimal numeral and symbol, th0 dollar:aign, which i'ndicates the
.

unit. 4: ?.

JyJ

$12.98. is usually read "twelve'dollars aq,ninetyre4ght,

cents, "_but it c9ul just as well 1) re ltwe ve`and ninety
, ..... .

--\ . . 4._

eight one hundredths dollai,s " ,...

3 Stores often sell things at prices like $1.98 or .$.49.
...-

If you bought somethig $2,98 and something for

$1.69; ceould you pay for\them th a 5 ,FIchlAr,1 biK.?

2.98 + ./.69=-7-1/; c 5L ii. 6 7< 5.-V- -.414

(
4. Ake is a g ort tz'ip lien's family took

.4444'in a, car. They went from A, (h ) to E '.' C: to'
op

D to E, and back to A. How
(3.4- -4- 2.1 + 4. 3 4- 6.7 + 7 + 3.

26 9 ....,_<gme_a)

t3A1Miles

0

far: did they travel?

'.. ;

635

mil

=

o *,
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SUBI%CilON QF RATIONAL NUMBERS USING DECIMALS.

" 0,
r-

'Td dse understanding of place: value in the decimal'

ststem, to.d.evelop computational procedures for

'.'si,iptraction of rational numbers.

mr.
(

Materials: 'Pocket Chart and`cards.

w.

814gsgtted Teaching Procedure

E-10

The chief difficulty pupils,encounter in
subtracting ratio tial, 12umbers, using decimal

merals is in regrouping ngcessary when
°a digit in the addend is greater:than the
corresponding digit in the sum: It is ad,-
vrsable to have the pupils use expanded
notation when'they encounter this difffc-ul-ty,
and also o make use of the pocket chart and
cards to, ustrate the regrouping_required.
Pupils uld also be /.*Icouraged fb record

regrow ng as "shown on the second page of the
-Y. Exploration '.hen they are having) difficulty

in computing correctly without this,help.

636

)

qt
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BTRACTION OF RATIONAL NUivti3ERS USING DECIMALS

Exploratioh 416%,.

Do:you tuber how you found a prOcess for subtracting- .

whole numbers using decimal notaVon? (Recall ;that "decimal's
mearis base .ten.")

34!
Toget the 'decimal numeral for

you thought this way.

"1

Then you altught

237 =

- 11+5

237 =

. - 145 =

t5"7 - 145

200 + 30

100 + 40 4- 5,

9 4-

100 + 7

100 40 + =5

I

90 +2 = 92

Can we think this way at f our prob?.em is P

2.37 . ?

2.37 = 2 + 1 + 1.3 + .07

1.45 = 1 + .4 + .05 =c1 + .4 + .05

2

.9 + .02 =, .92

Here we thought of -1.3 as. t n 13 tenth tenths =
9 tenths. SI..e 'see that the idea is ctly the same. Here 4 "
one more example: /,

3.08 -. 1.9 -=3

3.08 = 3 + .0 + .o8 = 2 + 1.0 +/be

1.9 1 .9 + .00 = 1 + .9 + .00

1 + .08 = 1.18

Here it helped us to think of .08 o .08) and .9 as '

(.9 + . oo.) .

637

t
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Try these examples. Write your work as shown on the
-

1,t,.

preceding page.,

1) .9.25 - 4.13 (.5: 2) 1.1).).
Os.0)

8.36 - 2.5 3) 8.46
friv

3.59

Ile can shQr,ten this. method if we think but do not wrjite all

of the stepS. Here is one way:-

3.08 a) Write this as;

- 1.9 .o8

- 1.90

Subtrac hundredths

.90
8

C) Think 2'÷ 1.0 for 3.0. Write this in tenths if you

need to:
. VD

.P8
1.90

8

d) Subtract t,znthg. 10 tenths - - tenths = 1 te th.

Mark the decimal lx)iint.

II

e) Subtract ones

$ - 1.90

.18

Try these examples the short way.

.$.4331)

4) 7.38 - 5.2 (2;18). '5) 12.49 -.8.62.Z 6) 10.37 - 4.59

2

10.

638

193
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Exercise Set 32

1.

2.

Copy and subtract. Dcercise 1(a) is done for you:

(a) 5.6 = 4 +.16 tenths

3.7 = 3 + 7,tenths

1 + 9 tenths = 1.9

(a) 5.6' (b) 8.1

2.9 4.7

( 2 7)

N
(b) 4.7 (c) 5.8

, 1.9 2.9

(2.8) (2 q)

(c ) 7.6

3.7

(3'7)

(d) 8.5

(5.6)

-.it

Try to do these subtractions mentally. Write only the
nx. .

results for exercises 3 through 5.

3. (a) 7.1, (b) 8.7 (c) 7.4

3.9. 2.9 3.5
(3.2) (5.8) (3. V

4. (a) 8.2 (b) 9.0 (c ) 18.2

3:4` .6 6.5
(4,.8) (574) (i / 7)

5 '- (a) 9.8 (b) .8.6,. (c) 7.5 %.

7.9 6.8 31
(/ q) (1.8j (3.7)

(a) 8.3

4.477'
(d) 9.3

5.8'

cZ.T.T)

(0' 8.3

5.6

(2 7)

b .'4 BRAINTWISTER. Fill in' the squares' so the sum of each row
and ,column is the same numbr.

(a)

2.4 (5'4) 1.2

(:8) 3.0 (42)

4.8 (' G) 3.6

639

19'

(b)
N

.8 .1 ( 6)

( 5) .5 ( 7)

(`9 , 9 (2)

or:
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Exercise SO 33
\

.

3..

.

2.

,

3..

,..

.

.

Copy and subtract. Exercise 1(a) is done-for you.,

(a) 7.83 =

5.35 =

.

(a) '6.85

2.49

7

5

. 1

÷ .7 + .13
- $

4..3.4-;05
2 + .4

(b).

(b)

'''

:

+ .08 = 2.48,

7.74

3.37
(k. 36)

(a) 7.61

3,3.7

(4E37)
..8.94 .

2.78
(*.ZS) 747

(0 2.48
' 1.09

/. 3 1.)

.

(c) 9.96 (.) 8.86

4.57 3 52_
(5. 5 ?) (5.2?)

(c), 5.50 (d) 9.72

4.57 3.69
(//3) :*::Tr)

Subtract these mentally./ Write just the answers.
..

4.
.(a)

7.34 (0. 8.92 . (c) 9.71. .(d) 8.54
0

5.28 ,3.47 i a,.58
' . (4:.06) (5. 4 5) Kg :l 3) , Z. /..5)

5. (a) 9.65 (b)' 8..47 . . (c) 9.V .. (d) 7.81

_3.39 4:3a 4.6 4.64

it ,
(626.) (4.09)- Ti53 (3. /7)

6. si)btr,a.ct , 5.. S' f
. ' IS

. .

(a)*$'8:34 (b). '9.28 . ('c) '8.321; (d) '9.3k.
.... , ,

''1t.83 7.85 ,* $ ., 5 4'.58 5.89
(3. 5/) (1.43) .' (3.7f) (3.45)-

BRAINTW,ISTER

'7. Find n so each of the following is a true mathematic'al
.

sentence.

(a) i r - 7 58 n , ( c ) :< + 147 = n (41-)

(D) + 3 + 2 n (2) (d) x+ 45 n (1.78)

640. .

196.
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Exercise Set LI

.4

You have lqarrlp these two, methods to express 2.52,+ 5.46

as a decimal numeral

,2.52 =
100,

5.46

7417; 98

2.52 = 2 + .5 + .02

= 5 - .4 .06.5.46

7 + .9 .08 = 7.98

You have learned these two methods to express 5.84 -'3.32

as a decimal numeral.

845.84 . 51.55.

3.32 =

2,---52 2.52
100-- 1

5 . 84 = 5 . 8, + 04,

3.32 = 3 + .3+ .02

2 + .5 + .02 = 2.52

Use two methods to add in exercise 1.

(d) 7.241. (a) 5.63, (b) 6.35
N

u + 3.44

(7 9 7) (979)

641

19

.+ 8,33

(d) 5.56

'.

m a



P375'.

'2.

Use two methods to subtract in exercise 2.

-

(d)

4.

8.86

- 4'724

. .

(a) 6.24 -(b) 8.69 (c) 7.87
,

-3.12 - 4.35 - 5.36

(3.12) .(4734) (2, 50

Write only your answers for exercises 3 and

(4.62)

Do

your work mentairy.

)
1/4

3. (a) 4.62, (b) 8.36 (c) 5.21 (d) 6.54

+ 3.26 + 3.43 3.47 +3.35

(7.88) (l f. 79) (8.68) (9. 8 'V

4. . (a) 6.7 (b) 8.79 (c) 9.68 (d). 8,89-

- 3.35
- 4.35 3.67

(5.22) (3.. (5.35)
,-

(5. 22)

5. BRAINTWISTER: Find n so each mathematical sentence is

true.

(a) 18.97 - 4.31) + n = 11.89 (70)

(b) 11.89 - n = 8.97 - 4.31 (7 26)

ex, 4 642

19 $

I
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Exercise Set 22
A

You have shown your work for renaming 6.28 ± 3'..57 as a

decimal numeral in two ways.

6.28 6 + .o8

3.57 = + ,5 + .07

9 + .7 + :15

- = 9 + .7 + +.05
= 9.85

(b) 4.4

(' 3 . 2.5')

(c) 5.36

4:75

.83

(42,91)

(d) ,7.88

5.31

6.54

.(14f. 7.3)

(b) 4.4

(' 3 . 2.5')

(c) 5.36

4:75

.83

(42,91)

(d) ,7.88

5.31

6.54

.(14f. 7.3)

6.28 6 + .o8

3.57 = + ,5 + .07

9 + .7 + :15

- = 9 + .7 + +.05
= 9.85

. .

'.6.28

.15
.7o

9.00

19,a5

.(--- Use both methods to find the sums in:exercise 1. .....
.. .

E
.

1. (a). 3.49

a +238'
778.7

4 44

t

.4 "

(b) 5.64 . (c) 6.28 (a) Er29
_....-

+ 3.18 ' , +x.47 +4'.58

34tv''(8.8z)
,....

(9.75f.
- (/ 0. 67)

BRAINTWISTERS:. Find these

numeral for the sum.

(a)'3.24

3.56 .

4.16

(/0.90

919)
c e

1.1ms Write only the decimal

4

(b) 4.4 (c) 5.36 (d) ,7.88

4:75 5.31

.83 6.54

(' 3 . 2.5') (42,91) .(14f. 7.3)

.4 "

(b) 5.64 . (c) 6.28 (a) Er29
_....-

+ 3.18 ' , +x.47 +4'.58

'(8.8z)
,....

(9.75f.
- (/ 0. 67) 34tv'

.643

1.9,)-

NO '
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a
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Exercise Set 36

.t

Compute. Show your work t4 long way. '1443`
. n '9.4

0

(a) 15.27 - 4.01
0

(b) 3.75 - 0.28:
i1/)

(c) 8.7 13086

0-

2. Compwte:

(a) a 86.23

!: 57.70
(28 53)

(b ) 862.3

57.7
804.6

(6) 90 - 67.86 (22,14).
.

(-1) 50.09

t 4.91
(45. /g)

(e) \ .125

+ .375

.
(.5040)

(f) 75 - 7.83 .(67./7)

(g) Translate each addend in (e) to a frac'eion. in

(
. simplest form. e Compute in fractions;t uts- 4' = z =

Compute these repeated sums. use the,long way if you

cannot remember.

'7.08.

38.92

. 16.60 _

(0) 16.67

3.04

.'
(b)

-(62.60)

.73

38.

+ 6.94

6.20

(2

(45.67)

642-r

J._ 9 ti

r

1 4i

t'

0 I
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Ar

.r

4. How much change should you get from a 10 dollar bill
`1r

if you bought -thingSN costing'

$1.69? ( (10 cid ÷ 1.

I

$3.98, $1.49, $.98, and

41.9 4 .9 ? 69) =.1

-12-4We-1 86 --c_a-1-1-+-41 i Jl
. ,

5 The population of the United States was 131.669 million

in 1940. 150.697 million in 1530 and 179.323
. ,

million in 1960. Did thcipupulation increase more between

1950 or between 1950 and 196\0?

16°. 697 131.669= 42./ = /9.028, _

/ 79. 323 -t; _t = 28.626.

/9'50 ..ez,*14:4) /96a
.

1940 and

4 h.

6. Here) are the populations of the 5 largest cities in the

United States in 156 Was the part, of the United States

population which live in these cities more or less than

1
(7.78+ 5.55 + 2,+8 +2.00 + 71,.= /7.48

T-e,- of the total population?l/7 'fa < /0 K/79.3'23."
'676
New York 7.78 million

,Chicago' _565 million

Los Angeles 2.) million

Philadelphia 2.00 million

I

Detroit 1.67 million

645

204



REVIEW.

A

%jective:

(

CO help pupils review the'meanings,

and procedures for problem solving developed

in this unit.

Exploration:

Three exercise sets are in9luded in this-
section. Sets 38 -and 39' consist of word
problems. Pupils shouldwrite mathematical'
sentences and use methdds of solving problems
described earlier in this commentary. The
last part, calldd Just Fpr Fun, is a magic
square.

Not all puihls need solve' every 'exercise
or problem. The large number of exercises
and problems, permit making assignments suit-
able to the ability. of pact) pupil. At the
same time, these sets are not completely re-
view. .There are many variations of the con-
tent 'studied previouslp.. There should be
some class disus.sion af,the,difficult
texercises ?./.1 Methods for attacking them.

More capable pupils may work on Exercise
,Set 40. And Just For Fun"when .they have
satisfactoril7F6MTMT-d7this section.

646

20i



Exercise Set 11

What number n -will make each mathematical sentence true?

(a) zey (c) = g (6)

(b)
(6) ao- 4.g: (3)

2. _ Copy and write " it, " < ", or 11 = "

".4 each mathematical sentence is true.

(a)

(b)

(c) ?5- (<.)

(d) ()14

3. Which would you 'rather have?

(e) 8 =In. oo

(f) n= (8)

in each blank so

_____</y73

4
(f) 'ET 7

(a)
Tr

or \-/13 of a pie
)

(c) 1or Of a candy bar6)

1 - 1 1 )
(b) or of a dollar 4

(.2-)
(d) or of a watermelon(-r4

.
4. Find a fraction name for n so each mathemaiCal sentence

is true.

(a) ;". +

(b') +

n 5F

n (i)

(c )
7 /7 )

,(d)
- 1 -3 +4 /21

(57c

5. Which fractions name numbers' greater than the number

1 7 3 19 9 12 15 8 4 6
7' -7' 8' iv IT, -g, E' 5

15 ,6)
6. Find the simplest fraction name for each number./ r

(d_%,
16

) (;) (c) ;.ira (e) 14c, (i) (g)
(41 (1) ';'2 (1)

(b) 4);,6i) (a) olt2 (f).'4 (5) (0- 4, 04,) (j) 455) (i)

647
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7. Rename each number in /nixed gym.

(a)° 4; off (z§) (e)

(4) 14. (IfJ (d) .152 (35) (f)

17

8.. Copy each statement below. For each'missing numerator "or

denominator write a numeral so each mathematical sentence

is true. '"

czkf...Ny
8

=
(2) = 69 =

(a)_ 6
(b)

(7) .1c 2, (0
-(;.-4) -(30)

-(c)

>-
9-. Whch of these fra ction's

6 10

q 7

10% Whi,c'h fractions

are other names for

7 8
5 ,

in exercise 9

5

1

12
-7Er

4, 44)
are other names for E. ?A

11. Which pairs of numbers below can be named by, fractions

with a common-denominator of 24

4(a) 7) and 5 ?

, 4 4
(b) ands 7 ?

?

(d)

(e)

(c11, d).' ed)

2:39-.. and 8 ?

and ?

and 7 ? f .4 and4.7 I

648

20:s
\-

t
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Exercise Set 21.3

1
1. There were 25 qt. vanilla ice` cream and 37. qt. ,.

el .
'c-hocolate ice_ cream in the freezer. How much ice c am

was in the freezer? (2 :'3 + 3i -7.' 721 ; 1'21 "7- 6 Z

2. Mary's Mother made two ,costumes for a school play,,` One

,11 P
costume took' 3,'2 ,-.ds material and the other cfis' ume

-..)
d ;

took 21 yards. How much material did Mary's r bug?

(3
siv; - -n,

3. Dick's weight was 56.. lb. in June. At, the end'

vacation he weighed 59-1ff lb. HOW MU C e 104 1-1, gain?

(.56 + = ; = 24, Ize, FAT
.

o Mr. Long noticed that the odometer in his cal /showeds

853°.4 miles when-he bought some gas. !DtWigg the day

he traveled 49.3 miles: What did his odlpeter- read at

the end of the jiasr? '(8523. 4 .4'41 3 tr. -1141;4/11-,-. 55,72.7.

s/i,v...r-d-o--,-,-Le417-t-di!g572: 7..),

5. Bruce wanted to buy a ,'sleeping bagffor sAcout camping trip

that was priced $26.95. Bruce's father ,gave hila;$5 to

-help pay the cost. Bruce had s,aved $7135. How much more

money does Bruce need to buy the sleeping bag?

(5* -I- 7. 35 + 26.9 5 ; -n) /4 60. ":14,,-,,,,0--ni-i-d-Zze.9

i0/ it 60 ...-A-74-0--tf---!)

- 6. Gerry was ill one day and her mother took her temperature ,

t`he morning. The thermometer read 99:8°. Later in

\ th'e day Gerry's fever increased and the thermometer read ,0.

102.6°. How many degrees did- r fever increase?

1 (q q. 8 .+ -ry = /02. 6 , -iv --= 2, ...2L.w ...A.--,Le...L.)
Z.8 -c---,---c2--7t--ee,gz-0

2 0 i
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7. Tell whether each of -these mathematical sentences is an

example of, the commutative ar,the associative'properties

for addition.

4a)
. + (.3t 4. 10

(b)./1:54- =

8 12
lc) (7 +-T )

(d)
+ +

8 4
(e) 5)

1
+

1 .

7-=

3

=

'8

6c.0-;-;v.4-4-<-rea-r-Lt-el)

8 12+ (7 +,E)6a,4...i...0--4:-2-e-)

+ +

4 1
+ (5 + 7)(12.

8. In his butcher shop, Mr. Fisher had some bologna in

chunks. On Monday.he sold 28' lb. The next day he

sold lb. On Wednesday, he sold

Use the above information to complete problems (a)

thilough (d).

(a) Hollmany poands'of tolggna did Mr. Fisher' sell

in the thrJe days? (2i+ 1-7,4`3i=-n1))..12-/-
1/41...-a-e-ed..,

4.

(b)' How much less than 10 lb. vias sold? OD- 7,4' = iti;

-n)=22:- . ..11.e.8 _426.2eb 2 --a-4-1. -/..e.,..e.1 ....n.g...-z.i/o 41-w)
k

(c) How much bologna was sold on Tuesday and Wednesday?
( ji.- 4. 3 re-=--nq -rz, 4,-'7. .W.e.,4..,-e-d- 47,-, ..2.1....v. A"--y1.1 , .

(d) The total number pounds of bologna sold on theT
last two days is how many more than the number of

pounds sold on the first twos days? Express ybur
(2i =?-2"; 31. /-/ *

answer in simplest form. 41,--.31../o; pgk. 3±-21f=4; is
to-r-a-e9.44.4.4.4-4w 224..

?1,u2,879-41'c-a-z' -`-71' 1-4-9-41)
650

t
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Exercise Set 4.

1. The fastest pitched Sall on record traveled 98.6 m.p.h.

3

When'a hockey player strikes,. -puck, the puck 'travels about

98.0 m.p . h . Which traveled 'faster? HQw much? Oa 6.-?A° '''"2.1
1;1, = 6. 42-4,V tiLa.v-ei-Lci-) 6. ../4 -mae.) y4-d.462)

A recent census showed that out of every 100, people in

South Carolina 36.7 lived.in towns and cities, and

63.3 lived 'in rural. commuities. Out of every 100

people, how many more lived in- rUral communities?

(6 3. 3 3 6. 7 = ; .7 2 / = 26. 6 . 2 6. 6

. The flight time of Explorer III was 115.87 minutes.

That of Explorer I was 114.8. What 'is the.dffference .

in the two flight times? (I 1 5. 8 7 4. 8 =- = 0

1.07

In George Washington's time, .90 of the American people,

could not read or write. Today only about .05 of the

,Jnerican people
1
cannot read and write. What part of the

air

people-could read and write in Washington's time? In

our tlme? (i-00 90 = -0-21; sfrv= -th= /o

/..00 - o5
X995 ....425 e"

)

651

2 0 0
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5. The Simplon
. ,

miles long.

miles long.

(/2.3.- 7. 8 =

A:4.} 4.5

,Tunnel between Italy and Switzerland is 12

The Cascade Tunnel in Washington is .7.8

How much longer is the Simplon ipnnel?

.3

6. In 1950, statistics Showed that the population per sq are
.

mile in California was 66.7 persons. In 1940 it h d

been 43.7 persons., On the average, how many More,eOple

lived on a square mile in 1950? (66. 7, if.5. 7 =iv; =,23.

64s/ -t-4-61 2 3

/950)

7. the 'Moosehead Lake in Maine has an area of 116.98 1square ,

. miles. The area of Lake Mead in Nevada is 228.83 square

(.5ect-02-

miles. Which lake has the greater ,area?A How much E\reater?

(2 28.8 3 -/ /6.98 = 12.; rL = / / . 8 )17,L4e.t..1

-12.A..e.4.2 ///. 8 52.a..,-zJ

8. 'The'length of a day on Mars is 24.5 hours, The lengt

of a day on Neptune is 15.7 hours. How much longer

isa day on Mars? (-24.5 /5.7.= -As,/=

nJ 1)12-4--t-4/ --L-4-) 8.8 2/.0-c,t_.z_1_,2o-0

9. The distance from Earth to Cygnus-is 10.6 light yearn.

The distanpe from Earth to Sirius is 8.6 light years.

Which staris closer to Earth? How much closer?

(/0. 6 8. 6 = -y2; 2. 2

652

n
4 U i



P385

JUST FOR FUN

6 Make a square like this.

1

(8,)

2.

(3.5)

3

(3.3)

4 ,

(z)

5 6 7 8

(/) (5.5) (3.50) (7 )

9 10 11 12

(I5d) (5) (3) (7.5o)

13 14 15 16

(4:5) (3) (7) (5)

In each small square, write the answer of the example below

having the same numeral as the square. youryour work is correct,

.the.sUm of the numbers of each row and coluMn will be the same

number.

1. 6.50 + 1.50

2. 4.75 - 1.25

3:111.8 + 1.7

C

9.

. 16.

11.

.7o + .8o

4.85 + .15

5.37 - 2.37

14 96 + 48 12. 6 + 1.5o

5. .25 + .75 13. 7.7 -,1.2

6. 8.00 - 2.50 14. 108 .36

7. 1.75 + 1.75 15. '13.76 6.76

8. 63 +9 16. 7.25 - 6.75

653
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. Xercise Set 40

1. Below are a number of'steps showing

State a reason for,each step.

3 'Thenn - 4.

3-4-4

4 + 3

4 3
E

-2- 1
+

1 2 2 1

7+55+1
2

Let n
1
7 +.7.

Syep

Step

Step 3

1)
-5A-rt.c....,AL

Step 4:ez_eL,L4.t.)Az.j,))

5:(1==t).Step

2. Write steps- like those in exercise

3

"3

3

7 .".*

(

3 ,

3: Study this sentence:

sentence. true?

(a) if n = (

L to show that

n) - 1 = - + 1). Is this

) if n
1

)

(c) if n = Tr.

4. In each sentence what number does n represe

mathematical sentence is true? Be-cAreful. There may be

no answer, one anesre`r or

(a) + n (1i0 (d)

(b) n =
21(1.-)

(e)

(c)
2 + n

t

1nq

more than one answer.

n =t11ti,u,s4-441,1): (g)

64""t1=Ti74fj
n + . nA (111

11.64- n = 11.667)(g)

654
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5. (a). What number is n if n n =
ir)

(b) What number is n if n n = 3.94? 0.9'0

6. Think of x, y and z as representing rational numbers.

Suppose x y = z.
I

(a) If x = 4- and, z = 4, what number is y? (a)

(no, ..t.41-4-e-,..4.-42)

(b) Can x be greater than z?

(c) If- y = 8.94 and z f 8.94, what number is (0)

1

7. For each of the seNnces below, is a fraction name for

a rational` number. .Make n, have a denominator of 2.

Find n if. each mathematical sentenceis true.

(a) n

(b) n is lets than . and greater than (f)

-(c) n is greater than * and less than 2,-p_

.61) The sum of n and is less than
(f)

One mathematical sentence showing a:relationship among

numbers n, 7 and 12 is n + 7 = 12. Write two

mathematicalssentences showing different relationships

among n, 1.75, and 4.25. Make them so that for each

mathematical sentence, n represents a different number.

..er.c.2'2_, = 4. 25. 475 41. 25 =

r

655

tJ
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9. Two numbers to be subtracted are represerited by n and

*(The two numbers are the same.) John said the result of

10 Vi t9)
the subtraction is Was John correct. Why?

( Yr' >1J .41
4- o =

.

10. What, rational number xi .will make 'each mathematical

sentence true?

(a) G- + + n = (d) (1.35 + 6.47) + n = 8.92

(b) = n (e) (1.35 + 6.47) + 8.92 =(
/

(c) n- (i+ i) = () (f) n E1.35 +6.47) . 8192111)

-::..,

110 sometimes you haye more thantwo numbers to add. You may

be able to make the exercise simpler by changing the

.order of the addends'. For example, think about

+ +

2 % /1
You may think + 5 + + kr + = 4 + 1 .,5.

1

Find these sums. Change the order of the addends if you

think it will make the computation easi

(a) 2 + + 3 + + ((2 ÷3):+ (§-÷ § 41)

(b) +1-+ + +,7r ((li. 4- 2)
k /

)
* 747

,(C) . ((f a). 7)

656
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Practice 'Exercises
z

e
I. Solve fbr n .

6
,

a) 54,98? n- = 80,000 -1()

(n
bk 300,678 + 27, 492 = n 1)

(n:-.3a8,i10)
c) 658 x.319 = n m).

(19.09,q0).)
(1) n x 85.2= 4,08.in,, tf.,(1,1

e)- 36 >4 n = 2,100 (n1.- 16) o)

n = 3641.. (.95)p)

..g) + n Of\ ovi*)

h) n + 5 lo vi r)

1)- 4_+ + n (n1 24,ai)s)

.1) 185x 85 = n (nr.:15:1,25) t)

Solve for n .

a) 14 - n = 8 (n-: 3-34 k)

b) = + n -14) 1)

1
- n m)

d)
!.5_t + +s-5 .n(r):17!0.tnn)

e) 6 2 (n'330) 6)

f) 2.45 - .7 + 3.05 = (cha.0,)p)

g) -248.09 + n = 388.6 CI )(p,p+0.st)N

h) + 0) r)

1) + 123-- = 2 (n. it) Es)

j) 3,354 n = 39 (r4,86) N7),

657

21. f.,

.25 !g- = n (r\z.- 470

32 x n 5024- (1: 15 1)

25
1

+ + 15 = n (ri = 31)

77 x 34618 = n ,665,58()

2S- n 01. IS%

n la
-2-

n= 119-`+ E4+ 3-

4, 006 x 78 = n (iN

n= 10 (v1=11-)

Cr -

, n (n.31.) )

747.314 - 288.405 = n
(n. 4.5z.909)

954 x 384 = n (r\ 366,330

118+ n =.14 (A

.6,400 4. 8o . ri (f\1 70)

52,871 n = 91 (n,-- 581)

n x 53 = 3,498 (v = (0G)

37,03p 4- 46 = n V\ 805)

48, 36Q x 789'. n `6,1(93,1Li

4.4. 4+
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III. Add:

a) 904
652 P

2,909
,

(4--S I

4" 28,796
-

8,583 ,

61 312
(91,710)

c)
5
3

5--5

2

1

127

4

22-
5

, 4
(ioii.,1.1) 04 01.1(0) F5T-46.-0

Subtract:

f) 5,934 6) 17,004 h) 17.4.6 1) 33t

2,046 5,280
4) 1(3 n8) ( 11,1)A-)

Multiply:

508 1) 369 sm) 348
67 26 58

030 .(ao,8,).

(741'0 0,70 (2,t)

n) 957 o) ;;E3.3/6

39 47
(3''1,3a3) (-2, '74., zq

Pi (P-34-1a) q) ( ioa r) c5-?/-15).8)
187476 42)4,309 41)20352 37

fe4

t)
18

IV. Find the Bum:.

a) '464,829 ; 78,080 ; 196,809 19,998 ..(59,114))

b) .'132;435 ; 412,754 ; 21e 734,646 CI, X30, 051),
7.7 228' ; elz ; ; 19 9i)

4;027.9 ; 617.26 ; 503.07 ; .8 ( o

c)

d)

e) 21

I

1,724 ; 634 ; 104 (2,118
p

c

658

21:)
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V. Tubtract:
a) 678,543,- 254,745

b) 800,096 - 173,295

sch
o, (,, 201)10

c) 128,791 - 37,782 (91,0p9)

?.. d) 52,0964 - 29,636 (,:a,14594)
e) 212;983 - 31,006 (igliciqn

VI. .4ult-iply:

a) 27,-465 x 697.: (\01,l'i3 ,t05)
b) 379,865 x 756 1.1 , 91i-o)

c) 36,492 x 489 (1 /, ,6-32)

d) .843,476 x 654 75-34.,63 0!f9

'e) 81;918 x 248' (Zo,"315,(p(D4-)

A

4:e

1

I

a

VII.
-

Divide:

ka,) 85,591 95. (6700:-* 9V). al
b) 34,997 ÷ 34 t,o1c1 1-lt)

c) 87,6d0 ÷ 67 11307 v

d) 801,356 ÷ 89 (

e) 457,267 + 74 ( (0111 - ',". 40 0.

1,

a .3

4s>"

659

C)

a.



P3921

Review

SET I

Part A

1. Oomplete each of the folloWing to make it a true statement

illustrating the distributive property.
A

ExaMple: 12 x (20 + 15)+ (12 x 20) + (12 x 15)

a) '(40+ 22 =
A
(40x 22)x+ (5 xxx).

b) 154 ÷ 7 (140+ 14) ÷ 7

c) 468 x 15 = (424 x 15) + (44 x 15)

'd) 1,824 + 10.= (loss + 10) + (800 ÷ 10) + "(2.0 4' 10)4- 4

e) :63 x 346= c60 + 3 ) x (30 + 4)

2. Answer or or no to the questions 'below.

a) Does (7.x 8) x 3 = 7 x (8 x.3)?,,(T.51

- . b) Does 3 x (9 x/5.) = (3 x 9) x 5 ? (iesl.

c) DOe,s (36 + 6) - 3 `= 36 + (6 -:. 3) ? (y-Cck

d ). Does' '6Q. + (30 + 2) = (60 + 30) + 2 ? no

,, e) Does ( - fr) - it.,= -;,- (s - I-) .? (no)

;1') Does
767 ... (115 - 11) (16.2. - 44) -

3

4 . g) Does (37 + la) .+ ji'''= 37 + (13 + 9)-7'(yes) -

h) Does 26 + (32 + 10) -2--. (26 + 32) 4- 10 ? (.6e.$)

1) Does (25 - 13) - 7 = 2,5 - (13 : 7) (ri0)

j) Does, 75 (5o - 25) --; (75 - 5 - 25 ? (y\''0)

k) . Does 73 + (. -I; -4.2) = (-4. 1- .4-) + -T2 ? Nes)

1) Does (b. + 4) + i. .b. + ( + b (e.$)

In the exercises above tell which examples illustrate the

associdtiVe proterty. 02cs , k ,` 1c,1)

660
.
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-3, Write the following expressions as decimal numerals.

Example a is done for you.

a) 7+ "'L64- .05

'b) 2 + .3 t

c) 5 + .2 + :17
0
d)- 21 + .4 + .22

e) 9 + + .23

ExpreSs each

= 8.65

(:- 36)

f) .1'

g)

16 +1.6 + .16

3± .2 + -.75

(1`170
3.q5)

5.37) h) 61 I-3 + .81
0

(7 al.(92) i) 8 + 2.5 + .52 11.92

(s 16.03), j) 19 + 9.7 + .36 -(= act )0(0)

answer in its simplest form.

3 + 1 4 + 12 4-= + 3 - n

44-__4.. _pi-7,3..,

4; +1 2.43
2 + a + 3.

f 4

d) 4 +- 0 5 .2 '..._ (,,,,.1%._01).n =
2 xx 1. 3 x 1 (,,_

-1-f= + 7 11'' 114 5 )--72- V7

a

e) 7-+-7 4 + _4
(y)212+4.) j) 5 + i . n 'cri: 1 4---.6)

4 + 1 2 + 1
.

4 -4- li .

,

(n1-1)

c).

3 3-7 +g h (n,14)

3 x 3, lox`2
2 x 3 1 x 3

( 6:1) h) ++ 3 23 ,++ 11.

5. Write4ts base

a) 24five'

b). 312four

c) 64'.
seven

ten

(1-0

(i4-o

301five (7(0),'

e) 212tnree

numera I s .

f) 43vight (36-)

g) 4381x (a 7)

h) .322four (6')

i) 441five (0 2 /)

J) .645seven (32?)

661
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6. Complete the chart below. ExaMple a is worked for you.

Number Pair ' A11 ,Factors G C F Multiples to L C M L C M

a) 9 1 , 3 , 9

3
* ,

9,18, 27, 36

3612' 1, 2, 3; 4, 6, '12 12, 24, 6

b) 12 (t. 2, 3:4, (9, 1D-)

c (0)

.

(P-. al+

A

/aG)
. (3(o)18 (I, 1,3(.42,9,1) (13.., 36) .

c) 15
- (I 3, 5',I5)

(.15)

65,30,45, GO, '75, 90 do5:124

(/)..0)40
(1,2,4.5,,10,2a,140 jA-0,80,)Z0)

%.

d) 24,
(i, 1,3,4, C,,g,11,i.i,

(.67)'

(24 , )4,/a,,,46,110)'

(I °1-030 (4,7..,3,5, 6,10,15, 20 'SO, coo , A o , 11.(

(i . 2, (., 9, Ig I
(9)

,8, 36, 5,1:-2, go),
c9 O) .

45 1 (1,3,5,9, 15.,45) _45,c(0)'

`f) 16
. 0, a, 14 ,8,1.67 ) .

-1)

Of., 1).,44, (.4-, vo;cG, ill)
()) 2)- .Amilia ,

.
( 1, 1, 4,-7,14,1g) (P,%: 5-G, 20+,111

7. F _your answers do not depedd upon the appearance of the

, .

triangle. Use only the facts given.

a) In these.,two triangles,

we know that

,Z B

AC 2-.-..)3E

AD BF.

What do we know

also CD and Er? ? 2_ca''LE,Et5

C

about LD and L F, Z-C and L E,

.16

,662
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b)

)

"Part

ABC 1.8 asc;lene triangle.

We also know

bff

A

What kind of -a

List the pairs of congruent angles.

N

triangle would, 'A DEF be? (S co.ley\e-)

L.1),15 3LE,
LC. LF)

Write a Mathematical'sentence (or two sentences if necessa'y)'

for each problem and solve. Write an answer sentence.
a.)

1.. A hoStess made 4 gals. of punch Tor a party. She had

gal. left. How much punch did the guests drink?

(I = n or n The cvsis c1.1-0,,k 034t .pundl.)

2. Wendy lives 8.6 ,mi trom her, friend's house. One day she

rode her horse part of the way to het friend's house. -She
t

Walked the rest of the way. She walked 1.23 mi." How far

did stle ride before she started to walk to her friend's

house? (S.(0-1.-1.3:-- n , 1:1 4 Y4 7. 37

Wer\ds rode rf.31-,,6.)

3. In 1864 Abraham Lincoln was-elected President for a second

term. He received 2,2161067' votes. Geprip McClellan

ran against him and received 1,808,725 votes. How mapy

fewer/votes than Lincoln did McClellan receive? sQ

2,214,061 - 1,8ow,7x5 =v1 , r-%

re.c.e..(vtd 40'7,-9.4-?.. :Fewer WieS '4,an Li r\COI )
4. When Sandra's father weighed her he said, *iou weigh

exactly 58 lbs. You have gained 1.8 lbs. since your

birthaay," How much did, Sandra weigh on her birthday?
5- re - nom= 56g or, t.S4- n
Sexiqc.t-a- wei%Leci 56 3 /bz. on her' bib-.:1.2.v )

663
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'5. The Empire State Building was sold in 1951 for $51,000,000.

'This is three times the amount paid for the land on which

itt. stands. How much did the land cost? (51,000,000 -;- 3.n or

3 x n 51,000)(M° ; 'at Act cod- 81'7,00-0,otto.0o.Y

6. One Week Bill worked for -

3
7; hr. on Monday, 17. hr. on

2
Tuesday,

'
42- hr. on Wednesday, 1/34 hr. on Thursday, and

2 hrs. on Friday. He is paid 65 cents an hdur. How

much did he make this week"? C(% 4P5.
3/4 +FL, 4A4-1=*', *-=.6 (0)( (05=

Individual Projects

4' 41%,4))4(0,,=r1 Or

= 3,10

1. You have developed rules for divisibility by the numbers

2, 3 and 5 and have given examples in which they are

tested as fctors of a number. Here are some rules for

divisibility for you to test. You should tryst least five

examples to see if the rule is true.

a). A number is divisible by .4 if two times the tens

digit plus the units digit is divisible by 4.

A number is divisible by .6 if the number is even and

is divisible by 3.,

'c) A number is di';eisible by' 7 if the difference bOween

twice the units digit and the number formed by omitting

the units digit is divisible by 7.

d) A number is divisible by 8 .if four times the hundreds

.e)

digit plus two times the tens digit plus the units digit
. ,

is divisible by 8.

A number is divisible by 9. 'if the sum of the digits is

divisible by 9.

664,
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Review

SET II

Part A

1. Write the 'numerator and denominatdr as the product of

primes. Example a is done for you.

N 4 2 x 2
d 2x3a /

-3
2 x 2 x 2 x 2 )

x2YT
.(x x atS1b).

.xsx/1

63 1 31-30

.0-
c) l 3 3 x 3 3

-0 10 (.215)
' 5 xs 1

2. Select the symbbls that° represent zero from each row.

a) 421 + 0

I 12 '3
'1,

8
, x 36:4) , W 7 , 75 - 0

c) ox6 5 -mil, (2x3)x0
'

3

d) - 10.60 , 0 +.982 , 6 + 2

J. Copy and place' parentheses to make each a true statement,

then solve. Example a is° shown.

a) (3 .5) + 7 = 20 + 2, 22. = 22

b) 18,x(3 4- 3)= lob 00C('-100f +(10 + 2)= x 10)- 7
(53z-53)

c) (52 b)+ 4 = 6-4- 2( &=) g) 7 +(49 + 7)_(12 - 2)+ 4

d) 44 = 50 -(12 + (4-4410h) 15 x(12 + 6)= (24 + 4) x 5

e) 72 ÷ (.4 x )
(1 =

- 2)1-5 ) 45 x(24 + = (5'4 x 3) + 18
(1 Ifo =1 go)

j ) (31 x 22)+ 18 = (35 x 40)4- 2

@OD=70)

665
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4. Rename the folloWing

a) -10

b) T (i i)
c) (4)

d) (2N

in simplest mixed form.

e) KZ -1.)

f) 21 (c),

g) 151

5. Copy and replace n with the number n represents.

An. example is shown.

3 n ''3 12
T TE

b) 1-15 ,(=-3=

15 24. (i
1:4-1 20 )

e) ?1-= C)
, 0 -2;

, n 12

"

g) 3 n

h)

6. Use the largest multiple of 10

each of these true sentences.
'/

a)' 9 x 7000 < 63,801 1)

b) 20 x go < 1,848 g)

c) 4,328 > (9010 x 7 h)

d) 3oo x 30.< 10,380 1.)

e) 5,161 > 6 x qcr0 j)

)

, 100 y or 1,000 to make

Example a As shown.

53,871 > (900-0 x 8

80 x gOrro < 764,892

70 x 7 < 535

38,462 > 90 x 4..ap

30-0-0 x 30 < 96,483.

666 .
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7. Which of these nuMberS are equal to 4.

1.5 , 1.05 ,r,-8-
12

(1.5, ,

7 *-
Which of these numbers are equal to 3?

4., 2.4 ,
' 3L '

2.10 (9'÷i"".-) 4)

Which of these numbers are equal io ?

8 -7 , .75, ;p, Cf(a).15

Which of these numbers are greater than .

2
3 .

12,2-, 12 , :7 , .285, 2 C1- .q)
9 I

Which of these numbers are less than ?

.7 a , .90 , , .065 (q) .06,C)

8. Use the word plane, line, line seg;ent, ray, circle or

quadrilateral to complete these statements.

a) A sheet of paper could be thought of as a model of

a (plane) .

b) A clothes line stretched tightly between two poles

could be thought of as a model of a (line ge9 Pte,11-)

c) A wedding ring could be thought of as a model of

(a .

d) A\window frame,could.be thought of as a model of

a (Quadrteciet-a

e) The beam of light from a spotlight could be

thought of as a model of a (hay) . .

667
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9. Construct two congruent triangles with sides whoge lengths

in inches are 3 , 2 , and 4 and whose intersection Is

one vertex. The interior of one triangle should be in the

exterior of the other. ^ (not A-0 sco,..1e,okso,a:nsusePes
vary)

10. Construct two triangles with one common side. One triangle

has sides whose length in inches are 5 , 3 and 3.

The second triangle has sides whose lengths in inches are

2 , 2 and 3. The interior of one will be in the interior

kosolle)o.nis 44,111)
of the other.

11. Construct two triangles with one common side. One triangle

has sides whose lengths in inches are 4 , 4 and 6.

The second triangle has sides whose lengths in inches are

3*, 3 and 4. The interior of the second triangle will
-wk4

be in the exterior of the first;

Part B

(2:776.04);scc4e, 0.,Aswers ,,,;11wq

Write a mathematical sentence (or two sentences if necessary)

for each problem and solve. Write an answer sentence.'

1
1. Mary has 7 c. flour. She looked at three recipes for

c. flour, another uses
2

p.cupcakes, one uses

flour, and the third uses g c. flour. Which recipe,

T 4 a
will use all of her flour? ;

II
A4; 2.4 !'

1 7.q

The
-11.4..` uses Yc oar j5-c -C,(0v-t-, oc:kev-

2. The German bobsledding team made a trial run in 5 minutes,

07.84 secondd. The United States bobsledding team made

their trial run in 5 minutes, 20.1 seconds. Which team
cr7.84=h;r1.12.26

made the faster time? How much faster? The 6-e)-'4^0.LA

befler hue ,I1.24) see-4,14dg -Fast.er)

668
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3. A parking lot has 24 rows for

4.

cars. How many cars are in the
(9.4. x 32 =n 7(9g

cars. Each row holds 32

lot when the rows gi4 filled?
are 7(17 cars in +Le. tot.)

In the Soap Box Derby John finished his run in 2.7 min.

Mac finished in 2.68 min., and Terry finished in 2.07 min.

What was the difference in time betWeen the fastest and

)

slowest runs? 70 0-1'17 rl

re .63 vvt;ri. f-o.s4-ek- at.% -SoIrtn's

5. If the speed of a meteroid moving through space averages

30 miles per second, what will be its average speed per

hopr? (SO x(90 X (AO z n or

e tve.e7oroicl w,11 he.ve ai
3oxGo=J- ,Icx(ao=v; , v1.10g,73

ave -oie need of lotoo

6. A gallon of water weighs 8.33 lbs. It is carried in a

buk;ket weighing 1.8 lbs. What is the total weight of

the gallon of water and the bucket? (1'g+ 13 n :1033
Tke wetcski- lo. 13 /IDS..)

Puzzles

1. What number base is used in each of these?

a) Jan said, "My at weighs 2 pounds, or

b) My little siste is 100 years old.
/' 1.0

will be entering the first grade.

112 Jounces."
iBase.rive)

In one year she

(Base igoo)

c) The teacher is five feet six inches

A
2. Cross out tk.very dot with four line

segmenta. Do not lift the pencil

froth the paper until all nine dots

or 73 inch s+ tall.
azs. 11.04,014,

are crossed. Do not retrace a line or, cross

than once.

669
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Review

SET III'

Part A

1. Arrange the following numbers in order from ]east to greatest.

a` )

b )

c)

d)

e)

1 1 1 1 1 ( 1!! .1)7, 3- 5, 1(- 3.1

.7,*, 1.4 , .73 , .29 , (

1 2 3 1 1 (1
13 JE 7 °, 4., g, ,

-377 Juin, '6' , -11

5 3 11_7 5 3 c it 7

f) .29 , .029 , 2.9 , 29 , .5 ( s, .7,

g) , .46 , 2, .059 , .4 (o59,.4-,'.14(,,

h) 51., .5 , 5.01 , 5al , .51 (.5, .S( ,

2. Using the symbol > = or < make the following true

sentences.

a) '28 x 2 . 154 +88

b) 24 x (24 x 6) = 6 x (24 x 24)

c) 32.x 127 < 4, 060 +.24

d)
4

To- .40

e)
3 > 6
5 ----I:7

f) 31,106 > 74 x 419

g) 47 x 608 = 28,576

h) <

..i) .6 + 2.15 + .25 > 2.9

j) 2,605 + 56. = 46 r 29

6/0

225



P403

3. Write fraction names1for these numbers._ Example a is

done for you.

1 16
.a)

'3

b} 1 . 1

c ) .84 (
d) 7-g- )

e) 2.53 e.53)
I at)/

.1
h) 257

i) 4.8

4
J) 12u

4. Without working the probleM, tell which expression in

each row represents the largest number.

a)

b) 341 x 23,

253 26, 253 19, 253 39

314 x 23,

4 1 4 3g4- g t

336 x 23,

4 2

4- -

d) 1,192 + 28, 1,301 '28, 1,099 ÷ 28,

e) _

5. In the above examples find the expression in each row that
A,

names the smallest number. cp.) 153 34 ; In) 3 23;

-4- Is a) 1 ogq 4 2q _
6. Write the greatest common factor for each pair.

a) 28 , 35 (1)0 f). 72 , 30 (G)

b) 40 , 54 ( A) g) 12 , 84 (Ia).

c) 27 , 54 (2q) hy 42 , 70 (14)

*d) 18 , 60 ((s) i) 225 , 45. (45)

e) 25 , 120 (c) j) 33 , 363 (33)

671
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7. Copy and place parentheses to make each a true statement.

a) 18 x 23 a9 = 9 x 92 + 18, [(14)3) x

b)

c)

d)

e)

f)
g)

h)

31 x 50 + 2 = '24 x 33 - 17 [31x(50A):-42-4-X33)-Ms]

64 x 23 - 4 > 26 + 17 x 44 [((,4 x23)-4. >3.1, +(t'701-33

42 x 24 + 3 / 21 x 54 [eta. X PO* 3 -X 2f X541

43 = 9 x 16 = 4 + 27 x 20 f(1-(-5--ip(11, (27 A 20g

36 t- 18 x 47 < 48 `x 12 + 8 "C36 48'xii-l< 48 02 +4
27 x 96 .+ 8 - 13'x 196 + 4 P27 = IS X0 if-)}

65x + 30 > 36 x 113 + 8 [(G5 x(o4-)-1-30 (36 X (13) 4 81

8. Use closed or not closed to complete and make these true

sentences. -

a) The set of whole numbers is (dosed ) under addition.

b) The .set of

c) The set of

d) The- set of

e) Trie set of

f) The set of

(hot cl4s4
g) The set of

h) The set of
under multi

odd numbers is (hot ctareddunder subtrection.s

counting numbers is (closed) under addition.

whole numbers is ( dos e4d) under muitiplicatin.

whole numbers is (Ad ciosed).under division.

counting numbers from 23 to 751/ is

under addition.

whole numbers is (not" Ciose4under subtraction:

counting numbers .less than 43 is (he doced)

plication.

9. ,Copy and compare the,sizes of , 2 RST and- L

ZTRS, and L WA, LRTS and 'Z CBA..
(1-RsT is swvilte- +LA..% LCA(3) C

LTRS 10.N-cr. L 13CA)

(I-RTES 5 Covup.ev.tto LC-Blc)

672
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10. Use your compass and straightedge to copy ZEAC on RS so.

that point S corresponds to A and Zt falls on SR.

Part B.

C

R S

Write a mathematical sentence for two sentences if necessary)

for each problem and so11.4. Write an answer sentence.

1, There are 40 pages in eachpOrange Trading Stamp Book.
a

Each page holds *35 stamps. How many stamps will be deeded

to fill one book? (35 x 4o = n rk :1400

1400 S-111v001S walls be Yleeded ore Oorojc:

2. Smith's Department Store ordered 1608 Christmas tree

ornaments from Japan. They arrived in 67 boxes with the

same number of ornaments in each box.' How many ornaments:''

were in each box? (.16° 4 (91 n "r
0-re a. LI- orn v...k

The food committee for the class picnic ordEkred ,hamburgers;34.

Five-eighths of the class wanted hamburgers with onions.

. 4
What part of the class wanted theirs without onions?

(1- =Y1 ri 1 1; A-Le cio,ss wo..wk-eck -1....ei-rst4;Awv-k-mAstoti.)

14.' On its picnic, the class took ay gals. ice cream. They
....

2
used 1-

5
gals. for sundaes. How much ice 'creath was left

H
for cones? (;.14& n = -75

e no-d s 00.1, leC+ cev.e.0

673
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1

5. The Campfire Girls in one town sold 426 boxes of cafty the

first week of their sgle, 281 boxep the second week, and

469 boxes thethirdWeek. What was the average number of

boxes sold each day?1(426:4 4bq))4 .°N- 424+321-i- 4"-e

e
z Y1 u;

;s;,- \
cisr-ls sold curt al./exalt oC- 5 6 upo-ise 0. d .)

6.- Three frying chickens weigh lfr pounds, 2i. p9unds and

27 pounds. What is their-total weight? (1 -1-,21. 2-14- lo,c041,1

fo-fed ts Ar..)'
7. The speedometer of a car shows 74,286.1 miles at the end

of the month. The car had gone 3,729.4 miles that month.

What had the speedometer shown at the beginning of the month?
(7)+, 2.8.6 70,556.7

Ike sr a e-edomefev-, A u / Show ri '70 , 55 . 7 I.A:;/es .)

8. A box factor makes 2,'TO soap boxes in one hour. How many

61ozen boxes are made in one -continuous eight hour shift?
/940 YO I 2. or (0./ 40 O.) K2 or aciLio 2.61 ci 4 19-4 += Iq(J
(1-4.ewe are_ 1960 doze., boxes et9itf item-rs')

Individual Projects

1. a model of a geometric prism. The measure of the

' shortest edge should be no less than 3 inches. Color the

--
faces so that none of the faces with a common edge are the

same color-- Display it for your 'class.

. 2. Make a model of a polygon. Use wire for the line segments,

The measure of .the shortest, segment should be no less than

4 inches. You could use two or more of these to.make an

interesting mobile for your class.

_

3. Many great men have made important contributions to

mathematics. Make a report about one of these famous

mathematicians and his contributions..
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PURPOSE O, UNIT

Chapter 7

MEASUREMENT OF ANGLES

. The purpose of this unit is to develop understanding and

skill in the measurement of angles. Like the study of linear

measurement(,the study of angular measurement may be divided

into four mkjor considerations which parallel the historical

development:

1. Intuitive awareness of difference in size.

2. Choice of an arbitrary unit with the understanding that

the unit must be of the same nature as the thing to be

measured - -a line segment to measure a line segment, an

angle to measure an angle, etc.'"'

3. Selection of a standard unit for purposes of

communication.

I. Designing a suitable scale.farconvenience in measuring.

0

'
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MATHEMATICAL BACKGROUND

It) is of4nterest to 'note that in the deVelopment of theill*

idea of measurement for the pupils, we are actually following the

historical development of this concept. The counting of discrete'

or separate objects (like finding the number of sheep,in a'herd)

was not a technique applicable to the measure of a continuous

curve (like determining the length of the boundaries of a wheat

field). At first the notion of size was realized intuitively.

One boundary,Thas longer than a,nothen; onepiece of land was larger

than another. This sufficed until fields bordered more closely on

each other and more refined measures were necessary. Then a unit

of measure (e.g, thaY part of a rope between two knots) was agreed

upon. Now it was possible to designate a piece of property as

havirig a length of "50 units of roe and havipg a width of "30

units of rope." With the_incyease of travel 'and communication,

it became obvious that "50 units of rope" did npt represent the

same length to All ,people unless they were Familiar .xith, the unit.

The need for a standard unit arose. Once a standard unit was

agreed upon, a scale was devised for greater convenience in

measuring.

Basing the development of the concept of angle measurement

upon these four considerations, appeal is first made to the

pupilis intuition in making comparisons of the sizes of angles.

Recall from Ch. 4 (Congruence of Common Geometric Figures) that

an angle is a set of points consisting of two
*
rays with? common

,endpoint, bUt not both on the same-line. Consider any two angles,

say LOC and LDEF, as pictured below.

4

4
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We can conceive of placing theme angles one on top of the other in
--. --) --). , t -

,su,ch a way that BC and EF coincide while'
k,

BA anp ED both
--o

extend above BC, thus.

4$

*
In the example illustrated above, ED extends into the

interior of Z ABC. We say that'L DEF is smaller than ,Z ABC.

If instead it happens that -ED col-nides, with BA, 'We say that

L DEF is of the same size as

we alse say that L AEC and

extends Into the exterior of

s greater than Z ABC.

A

L ABC. (Recall that in this case

are congruent.) If EDP
as shown below, we say Z DEF

L DEF

L ABC,

15
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Thus, given L ABC and I. DEF, exactly one of the following three

statements is true:

1. .Z DEF of smaller size than L ABC.

2. Z_DEr--is of the ,same size as L ABC.

/3. L DEF is of greater size than Z ABC.

Just as we thknkof every sine segment as having a certain,

exact length, so too we think of every angle as having a certain

exact size, even though this size can be determined only approxi-

mately by-measuring a chalk or pencil drawing representing it.

Let us examine this process of angular measurement more

closely. As in the case of liner measurement, the first step is

to choose'a certain angle to serve as unit. This means that we

select an angle and agree to consider its size to be described or

measured, exactly,- ,py the number 1. CT1 this L RSA

Unit Angle

Now we ca con4ive of forming an angle -DEF by laying of the

unit L R T tNiice about a common vertex' E as suggested i the

Picture below.

4
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We say that L DEF has size 'exactly 2 units, although L DEF

can be represented only approximately by a drawing.

In similar fashion we can conceive of forming an angle of size

exactly 3 units, or exactly 4 units, and so forth, until we

have drawl) an angle whose interior is nearly half a plane, as shown

below.

We 'dlso'can conceive of an angle, call it L ABC; such that

the unit,L RST will,not fit into L ABC a whole number of, times.

In the picture below we have shown an L ABC such that, starting

at BC the unit L RST can be laid off 2 times about B with-
-0

out quite reaching BA, though if we were to lay off the unit 3

times we would arrive,at a ray, call it BD, which is well beyond

BA.

679
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What can we say about the size of L ABC? Well, we can surely

say that Z ABC has size greater than 2 units and less than 3

le units. In the particular case pictured we 'can also estimate by

eye that,the size of L ABC is nearer to -2 units than to 3

units, so we can say that to the nearest unit L ABC has size 2

units. This is the best we an do without considering fractional

parts of units, or else shitshifting to a smaller unit.

When a unit is agreed upon, then a scale may be devised to

facilitate measurement. If we decide to use a segment of one inch

as a u t of linear measure, then a straightedge may have successive

congruer segments of unit 'length laid off on it (each segment

intersecting adjacent segments in one endpoint only). If we

further associate each endpoint from the first to the- -last on the

straightedge, with the whole numbers taken in order, (0, 1, 2, 3,

fr. 4, 5, 6, ... ), then we have established a scale for linear measure.

We follow the same procedure in setting up a device for angle'

measurement - a protractor. F the pupil's first introduction to

the use of a nrotractor, the uni chosen is a large one. Thus,

attention, properly directed to t e correct use of the protractor,

,is not diverted by problems due t difficulty in reading a closely

marked scale.' Since this first se ection of a unit angle to be

laid offSuccessively on the half lane is not a standard unit,

we may name it whatever, we choOse, .even an "octon ".

The choice of the octon as a unit angle is arbitrary but not

accidental. It was selected so that if eight congruent angles,

each 1 octon in size, are laid-Pout successively with a common

vertex then they together with their interiors will exactly cover

a half-p age. The following demonstration shows how to use a

paper foil tpg to determine the sizeof the octon.

68o
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Select any piece Of paper (it might even be irregularly

shaped).

_Fold it once to make a model of a line separating two half-

planes. Call it A.
B

4-4
Choose a point M on AB and fold through M so that ta

falls on 1.
A

The L AMC is a model of a right angle. .

If you unfold the paper, it will appear like this.

This showb.four models of angles, all congruent, which.
'together With their interiors, fill the plane.
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Refold the paper so that you again have a model. of a single

right angle.- Now fold so that the rays represented by AM and

N Coincide.

This provides us with a model of an. angle such that any four

successive angles with a common vertex will exactly fit in the

half-plane.

Refold Your paper. Proceed to make one more fold as before.

You now have a model of an angle of one octon, eight of whfeh,

successively placed with a common vertex, will exactly fit on the

half-plane and its edge.

a

Each ray of the successively marked-off octonsis associated

with a whole number, taken in order from 0 to 8. We nOw have

a protractor with a scale on it suitable for use in measuln&,,

angles. It should be emphasized that the measure of an angle is

a number. We read mL ABC = 7 as "The measure of angle ABC is

seven." If the unit is the octon, then we understand the statement

to mean: "The measure of Z ABC,,in octons, is seven." We cannot

say, "Z ABC = 7" because Z ABC is a set of points and 7 is a

numeral. But the measure of Z ABC is a number, so that a'state-

ment like: "mZ ABC = 7". is permissible, since we have numerals on

682' E
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both sides of the " = symbol.

EVentually the pupil recognizessthat approximate readings of

angle measure "to the nearest octon" leads him into a situation

in which both Z A and Z B (clearly not the same size) have a

measure of '2 to the nearest-octon:

E3,

The need for a smaller unit is appreciated. For purpdse of commu-

nication, a standard unit has been agreed upon. We call the size

of the standard unit of angle measure, one degree, and write it

in symbols as 1°. When we speak Of the size of an angle we may

say its Size is 45°, but if we with to indicate its measure we

must keep in mind that a measure is a number, and say that its

measure, in degrees,,is 45. If we lay off 360 of these unit

angles using'a single point as a common vertex, then these angles

together with their/interiors cover the entire plane.

683
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Even in ancient Mesopotamian civiliiation the angle of 10 as the

angle of unit measure, was used. The selection of 'a unit angle

which could be fitted into the plane (as above) just 360- times

was probably influenced.by their cTlculation of the number of days

in a year as 360.

In this unit'we concern olarsel es.only'With angles whose

measures are between 0 and 180. Because of our definition of

an angle and its interior it is not possible to have an angle

whose rays coincide or extend in a straight line: Subsequent

extension in later grades of the definition of angle will make it

possible to discuss an angle of any.size.

4
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TEACHING THE U T

The lessons in this unit vary in their compOsition. Some

have three parts which are: first, Suggested Teaching Procedure,

second, Exploration, ana third, Exercises which the children

should do independently.- In some lessons the Exploration and

Exercises are suificient to develop the lesson. Some lessons

need only the Exploration to clarify the concepts for the

children.

The first part Sugested. Teaching Procedure provides an

overview of the lesson. It is ire that the teacher will find

suggestions for providing the background the children will need

for the understandings and skills to be developed.'

Some teachers mallf prefer to have the children's books closed

during this introduction of the concepts.' During taa second part

of the lesson, the Exploration in the pupil's book, thwupils

and teacher wild. read and answer the questions together. She

may say, fon example,"Now turn,to page -- and look at the

Exploration. Is this what we did? Is this what we found to

be true?" A,Resourceful teacher wil?be sensitive to th e mood

of her class and will not extend this part of the lesson beyond.

the point of intet'est.

Other teachers may ga\immediately into.the Explorations.

The Exploration then seirves at a guide for the lesson. Still

others may wish to have the pupil's book, closed during the

presentation and then have the pupils read the Exploration

independently for review.

The third part of the lesson is the Independent Exercises.

These are designed for the pupil to work independently. They

a& provided for maintenance and establishmeht of skill but

they are also aevelopmental in nature and help pupils gain

additional understandings and skills.

Each teacher should feel free to adapt these ideas in a way

that will suit her method of teaching and in a way that meets

the particular needs of her class.
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The first sec 'on of this unit is a, review of material

covered in-the SMSGi ext for the fourth grade. If the pupils

have not studied this mat, rial, you will need, to spend more

time on this section. In either ca6o, you should have a

copy of the SMSG text for grade four.

References:
4

4i. School Mathematics Study Group :Text for

Grade Four.

2. Mathematics for Junior High School, Volume I,

Chapter IV, School Mathematics Study Group.

3. Freeman, Mae and Ira, Fun with Figures,

New York: Random House, 1946.

4. Ravielli, A., An Adventure in Geometry,

New York: Viking Press.

5. Bassetti, F., Solid Shapes Lab, New York

Science Material Center.

. 6. R. D. Anderson, Concepts of Informal geometry,

Volume V, Studies in Mathematics, School

Mathematics Study bro.
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AINIT SEGMENTS AND UNIT ANGLES

Objective: To develop the following understandings and skills.

1. The unit used for measuring an angle is an argyle,

2. The unit angle is chosen arbitrarily.

3. The exact measure of a given angle in,iterms of a unit'is

the number (not. necessarily a whole number) of times the

unit angle will fit into the given angle. .

4. The approximate measure of a given angle in terms of a
'

unit is the nearest whole number of tithes the unit angle

will fit into the given angle.

Materials:

Teacher: Chalkboard or string compass, straightedge

(meter stick or yard stick), sheet of plastic*

for tracing, colored chalk.

Pupil: Compass, straightedge;ticing paper,

Vocabulary: measure, unit
0

If there is an' interval between thd study, of
EB-114 andthis unit, review the definitions of line,

b d While the 'pupils work on paper at
ray, line Tent,. angle, and congruence. Work at

- the chalkb
their.seats.%,Follow the Exploration as closefy
as possible. its ExeOise 1 on Page, 1, be sure
the prpild2oc a segment .MN smaNt enough so-
that itcan'ue 1ai4.off at least three times on
t11%. rays as a di e 3, Beress-,that*the-meas-
ure is a nunler. 'm '-mk, :4nd not'
mAB = 3 units. nits!' s not,anumber but
a description of .hysical quarir.D4W%Pimilaply

,0.
'm Z,R = 5 and not m Z = 5 unitgset :

Use colored chalkwto help puplls in Eker
cises 7-10 of the Exercises visualiting fhl,
overlapping angles whose interiors intsrafp,',

0
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Chapter 7

MEASUREMENT OF ANGLES

- UNIT SEGMENTS ANDUNIT ANGLES-

Exploration

you have studied congruent angles, and you know that

congruerit angles have the same size. You have learned also

how to tell Whi h of two angles hasthe larger size. But we

need to have a ay to describe the size of an angle more

exactly, that is, to Ineasure-an angle. Let us see how this

Gould be done

Rec how you found a method to measure a line segment.

See if what you did to measure a segment suggests how an angle

might be measured. Read the instructions Of examples' 1, 2,

Jand 3 before you Aart the drawing requested in example 1.

1. Draw a ray on your paper. Calltits endpoint, P. .

Also draw. a short segment'n on the ray. Call it 0

,

) 2. On your ray construct a segment congruent.to MN, with

onesendpoint -p. it 7.



,p4o8

3. On the. ray, _construct- a second segment congruent to

ER, with A as endpoint. Call it AB. On the ray

'construct a third. segment_ congruent to MN. Call it

,BC. -Your drawing should lOok 3ike this:

B C

4
4. Copy and 'complete the following statements. Look at

--> .

MN and' PC you, have drawn on your paper. Call the

t length of MN one unit. Then

a) the lengtrof PA is (./)461° unit.

b) the length of AB is ( 1 ) unit.
\

"7--
c) the length of BC is ( / ) unit.

d) the length of PB is (1) units.
,

e) the length of PC is (3) units.

fi the length of AC is 4.:(2) 4 ,,, units.

The number 2 is called the measure of PB.
O

5. What is the measure of PC? (3) of IT? (2) of AB? (/ )

6. Did the pupil next to you make MN the same length?

689'
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7. If you are told only the measure of a segment can your

know how long 'Otto) Whats else must yotPknow?

( .12 .0.2. L)
8. Choose a new segment, different from MN, as your unit.

Construct a segment.whose measure, using this new unit;

is 4. Construct another segment whose measure is 3.

u

9. You used a line segment as a unit to measure line

5pgments. What should you use as a unit to measure

angle? (Q,*. a474-)

10. Use L P as a unit angle.

Draw RT on a sheet of

aper. Make a tracing

of Z on thin paper.

Place t e tracing with

P on R and one side of L P on 4.

sharp end of your coxpass to mark a poin

the tracing to your. drawing. Remove the

*
draw X. Is 'Z ART = Z P? (ye.4.,)

11. What is the measure of Z ART? 621,4

4, 21. /.)
.

Then use the

t A through

tracing and

LAR77
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12. On your di-Awing -of' Z. ART, place the
o

tracing of the unit Z P so' P is

on R ''arid-Orie-Side of Z P is on

RA and the otherfside of z P is in
R

the exterior of Z ART. Use the sharp end of your.

compass to mark a point B, and draw RB.

Is Z ARB P ? (ye4,.)

13. Using Z P 'as th, unit angle, what is the measure of

L ARB?(I),What is the measure of Z-BRT? (2)

14. Continue as in Problem'12.

A) Place the tracing on the unit 'Z P ovith P on 00
and one side of Z P on (4). Be sure to place

-''the tracing so-the other side of Z g is in the

(.4,14.4..2e2/) of L BRT. Use the sharp end of your
14

. compass to mark a point C,''through your tracing to

your drawing. Remove the tracing'and draw R.

b) Repeat this process one more timd'in order to draw

L CRD. Your drawing should now look like this:

de

R

;c

.15. ,What is the measure in unit 'anglesi,of Z CRT ?(3) Z CRA?(1)

L cR13? (1)'L cam ?(!)

(1 4,
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. 16. 'Since you and all yours classmates used-the same unit

angle, ;Z P, should your ZDRT be congruent to theirs? ya)

Work with a classmate apd test to see whether his angle

and your angle seem to be congruent. Place your paper

over a classmate's paper and hold them up to the light.

17.* Choose a new unit angle smaller, in size than a right

angle. Then use your compass to construct an angle

whose measure is 1. Call, it L ABC. (nv,Aer.,IG

a-.07144-, Dieffe43-r-e )

18, On the drawing you made for taercise 17_construct with

compaSs an angle whose measure is 2.

To state the measure of an,angle we write:

awm L DBA = 2. The small "m" is read "measure

of". We also write .11m. AB = 5" to state the measure

of a segment equals 5. AB = 5" is read "the

measure of AB equals 5."

Remember that.a measure is a number.

o.
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Exercise Set 1

0n a sheet of paper write the_answers to the following

exercises.- Be sure to number each exercise.,

1. State the measure of each segment named. The unit segMent

As Chown at the rioght. T

AC,. AF, BE, DA, FB, CE.,
(mia.2) (Alliqs,A) (i.75=.11 kei=2)

Write your answer like* this: m AC =,

In the sketch below; name

a) Four segments ea.b. of whose Yrieasure is 2.

Write your answer like this': m = '2.
01,A441)(

b) Three segments each of whqse measure is
(ö. H7c4LPC46 n.)

/,

c) Two_ segments each of whose measure is 14\.

(6/('' a-1-46 ha) 4

G H 1 0 K

14

I

Unit

L/ -\
r-Z93,2)

3 .

c.
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3. The small Ivies in the sketches are all congruent to the

unit angle iphOwn. State the measure 46P ach of the

angles named. Write your answer like thib: m Z ABC.= 2

>
A

("'L.ABC2)

4

Unit

.

.(miL PM = 2)

(m LI./.11<=5)

4

4, Each of the small- angles in the sketch 4.s congruent to

the unit angle. State the, measure of each angle named.

0

GAC , , Z CAF, Z DA L BAC, Z FAG

1 L614C

kr/LIME:3

titZCAF=3.

07Z0A03
stLIFMC.: I

"\frnZFAG =5

694
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5. Each the small angles in each figure below is congruent

to the unit angle. Using only the points which are marked,

name:

a) An angle with measure 2. (Z.N8Z)

b) An angle e-with measure 4.(Z,LOM)

c) An angle with measure 7.(LA5/0

dj Two 'angles the sum of whose measures is 7
LFA 6 4.4.44 LLD M LH 81 LNE P )

e) Two angles, the sum of whose measures is 9.

(Lop cs.. LI.DM en. LJCK a...4 LH 8.Z.

f) Three angles, the sum of whose measures is 16.
(LJCK 48.044 LNEPaad LL DM)

F

1

A`

t9,1 0
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6. Each of the small angles in the figure below is co(ngruent:,:

..
to the unit angle. Name:

a) Three angles with measure 2. (ZlieK, LIPL, L16041,11P??)

-b) Three angles with measure 3. LJPM, LX PR)

c) Two angles with measure 4. (iiiPm, L,rpR)

d) Four angles with measure 1. (ZI 1 AT, LIPK LKPL, IL PM,biil4)

In the figure of Exercise 6,

op

a) m Z 'RPL .= (2) d) m Z MPK- =

. '9 m LLPH = e) m L'LPM

d). m Z 14PH = f) m Z MPH = (4)

Look at.your answers to Ex. 7a, b, and c.

8. Is this true? m Z RPL + m Z DPH = m L RPH?

Unit

9, Now look' at your answers for Exercises 7d, b, and f.
4

Is this true? m L MPK + m Z LPH = mZMPH? (no)

696
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10, A boy wished to construct an angle of measure 4. He

chobe the unit angle shown below. He used his compass
tl

and straightedge to construct the L AFE. A picture of

his work is shown below. Look at the picture and answer

the,following:

a). What ray can you draw to complete an angle whose

measure is 3? 4,to co./AA& ZiffD 1.4-14~...4404.444e..i,4, 3
4.444- TB .to ctravr, e.2!1.4.ft. a-vb. EFB riliet.e. 3,)

b) What ray can you draw to complete an angle whose

c)

measure is. 1? (.64.- 07c4a444..e,A414.),i, eLfriT4 G779,1244..

4.1441414-41". /. )
tie:NOthe angle with mas'bu. N6/4W/ilue.4,4,,,,a4utadu-11.4)

Unit

11. Use the method shown in the sketchrfor Exercise 10 to

construct an angle whose measure is 5. Use the unitt-

angle of Exercise 10.

697
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USE OF UNIT ANGLE IN MEASURING ANGLES

Objective: To develop the following understandings

1. We measure an angle by counting the number

unit angles we may place successively in the

and skills:

of congruent

interior

of this given angle.

2. A compass may be used for laying off the unit

in the interior of.the-given angle. The proc

is essentially that used in copying an angle.

3. At best; our measurements are approximdtions.

4. While m Z A = 4, the size of Z A is 4 unit

5. If the size of an angle is closer to 7 units

tOks to , 6 units or 8 units, then we say m

to the nearest unit.

angle

edure

Vat'erial s Needed :

s.

than

L K = 7

Teacher: Chalkboard or string compass, straightedge

'Pu14.1: Compass, straightedge

Vocabulary: To the nearestunit

698
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USE GF UNIT ANGLE IN MEASURING.ANGLES(

Exploration
I

You have used your compass to construct a line segment

of a given measure and an angle-bf a given measure. Now

suppose you wish to find the measure of tAB; -using MN as

unit. Trade AC and point B on. e. sheet of paper.

M N

7

A B C

Now.copy MN on AB with A as the left endpoint. Call

. the right endpoint, H. Repeat the process 4 more times

to get line segments HD, DE, EF, and FG. Make each line

segment congruent to MN. How many such copies can you

make on M? (4)
r

Your drawing shOuld look like this:
A J

M I I N

A
1.1

'
F B

rn the sketch, MN was copied 4 times on M so

m AF = 4. 'Whey .MN is copied the last time,' so FG af 11,

you see that m AG

°Since point B is between point F and point G,

>!t, and also m AB < 5. Since B is nearer' F

than G, we say that m AB = 4, to the nearest unit: If

B were, nearer G . than .F, then we would write m .AB. 5,

to the nearest unit.
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2. Suppose you are to-find the measure of L DEF, using

'L A as unit.

F

F

D Una

Make a tracing df L DEF and L A' on your paper. Can you

use your tracing tb estimate the measure,of L DEF?

m L DEF = (.5) to the nearest unit.

( tr)

3. Now instead of tracing, use your compass as you did in

EXerCise 11, Set 1. Does your drawing 3.()91c like this?

4. Draw EA, EB, and EC.

Copy and complete the following statements.

5. m L DEFT > m ZI22), and

m L DEF < m L (DEC)

6, m L DEB = (2) , and

mL DEC = (3)

so. ni L DEF > (2) and m L DEF < (3)

7. m L DEF is-nearer (.5) than _(2) .

m L DEF = (3) to the nearest-unit.

70Q
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Exercise Set 2

1. Make a copy of the following figures. Use the4Init segment,

shoWn to find, to the nearest unit, the measure of each of

the segments below. Use your compass.

Unit

A

<
R

at

C.

S

Copy and complete the following statements

m (3) m . (4) 'm .

r.
4

2. Trace the figures below on your paper. Use your corWpass

and straightedge to find the measure, to the nearestunit

'of each angle below. Use the dnit angle K as the unit

, of measure.

D

m L ABC = (2) , m L' DEF = (3) , m Gill = (/ ).

to the nearest to the nearest "4"' to thelvarest
le

unit. unit. unit.

s



A SCALE FOR MEASURING ANGLES

Objective: Td develop the following understandings and skills:

1. We can create a device forconvgnience in making

measurements. The ruler'is one such instrument'.

.4*

2. The measuring device is marked with whole 'numbers

in consecutive order, so that to each successive

copy of the unit laid,off on the device, there

corresponds a number.

3.. For convenience, we choose a unit angle which when.

laid off successively will fit into the h if plane

a whole number of times.

4.. The instrument we. will use for angl4easure is a

protraCtor. Whin the protractor is properly placed

: on the angle the, measure of the angle can be read

on the scale.

5. The two scales on a protractor are merely a convenience

for measuring angles in either direction blockwise or

counter-clockwise.

Materiells.Needed:

TeaJAer: .3traightedge, chalkboard protractor, ones half -disc,

(semi-circular region), piece of tag:board far each`

pupil to make aocton scale. A diametenof 4

inches is about right.

Pupil: Straightedge, protractor (to be made)

Vocabulary: Protractor, scale, octon

In order to carry through the development in
items 1-7 of this Exploration the pupil will need,
his book open. Exera.ses 2, 3 and 4 call atten-
tion to three common errors in use of the protractor,
namely

(a) failure to place the zero ray of the
'protractor along a ray of the angle
to be measured,

(b) failure to place the V mark of the
. protractor (intersection of rays) on the

,vertex of the angle to lie measured.

(c) failure to read the correct scale.

702
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A SCALE FOR MEASURING ANGLES

rfly-

EXploration

ft
As you know, when you measure a 1 ne segment, "youi%

usually use a linear scale or ruler, with the endpoints of

the unit segments marked with numefals. You place -the ruler
A

beside the segment and filld the measure of the'segment from

(e. the numerals onthe ruler_ at the endpoints ofthe'segment.

A

6

1. m (2) ", m ; -(5) , m 73 = (3) , (0)

.

2. Must.you' place the zero on the scale at the endpoint of

the segment in order to find the measure of the segment?
714). xlw )61.4, pm- .1.04.e... .6 ie. e.t.

1.0.410f-c:«t of the- ,41.<4..et ".;«, a-1.4144.,

I I I I I I I I

\\

f

0 I 2 3. 4 5 6 7' 8 ?
0 y

V
We shall use os a scale to measure angles a set of rays

whdA are the sides of angles congruent to unit angle. Any

unit angle can be used but for convenience, we shall choose one

'so that eight of them with their interiors will exactly cover a
,

half plane. We may name it whatever we Vmmt to. We will name

our unit angle an "octon." Two of the rayslikVA and VB, are on
4

the same straight line' and ,extend in opposite directions from V.

703
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"

/c-

.,* Then we will numbei,,the rays in ordet,

lk

rd

to the r)7ght4 (VA) andending,the scale when we reach the ray

on the same straight line as the zero ray (VB)..

putting 0

"'

3. 'Make a tracing of Z DCE. To-

measure Z DCE, how should the

tracing be placed on the scale?

Put° C on V and 'CE on the

zero ray. eri read the number
.

of tha hay on which 3 falls,

m L DCE = (3) .

C,

-14

704
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4. ace the angles below and use the angle scale to find

the measure of each, to the neaf'est unit.,

("0°43)

In measuring segments, it is convenient to have a 1 ear
0

,scale marked off on a ruler4 Then the Allei can be 'moved and____/=-

F

ti

placed beside a line Ngment.

In Measuring angles, it is convenient to havg an angle '(,) .

scale marked off on a protractor. Then the protractor can,be

moved and placed on an angle. Your teacher will show you how to

make a prbtractor.

^

705

2si; (

c .



7

At this time there is value in a teacher
Ademons'tration,lesscn showing how to make a pro-
tractor and.mark,it off with an octon scale. The
tgacHer should have a half disc of tag board about
the size of the chalkboard protrgctor with the
Midpoint of the diameter of the disc clearly
marked. On the chalkboard she shoutld have ,a scale'
like the one on page h21 of the pupils' text.
Two of the rays of the scale, ,VA and IC are
on the same straight line and extend imopposite
directions froth V. Place the midpoint of the
disc 5p V (the common endpoint of all the rays)
on the scale of the chalkboard, making sure-Vat
the diameter of the disc falls -along the rays VA
and V. The rays of the scale on the chalkboard
should extend beyond the disc. Mark the point ,4
where each. ray falls on the tag board disc. Then
connect each of these points with the nadpoint of
the dipeter of the disc.

The teacher should have a tag board half"
disc about the size oi".a standard protractor) for
each child. After the demonstration she can have
each child make Ills own protractor', marked off in/
octons*A using the scale of rays provided in his
text on page F21.
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,Here is a picture ofa cardboard protractOr with a

smaller unit angle than we used'before. 'Only parts of .the

rayS are shown.

The rays are broken because part of the cardboard is cut out

.so you can see the ray of the angle you are pleasuring.

5. Below is a sketch showing the protractor placed on a

set of rays. The rays have the same endpoint, 'A, and

the V-point of the protractor is on A . Find the

Measures of the angles named.

6

707
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-*Exploratin

/\ g4P

1 a) in Z BAC -430 fl m L GAF = (4,)

. -b) m 2 BAD = (8) ) tn Z CAD = (5)

1

c) m z )1k,r = ()2) h) m,LDAF = (5)

a) m z BAF i) m Z DAG = (9)

-e) m Z BAG = (/7 m L CAJ =

In addition to the scale with the zero ray at the right,

many protractors also have another scale with the zero ray at

the left. This scale is placed on the inner rim.
o

6. Look at the second scale on the protractor shown-in the

picture below. This scale /is written on the inner rim.

Zero is put on the.rayrt6 the left (RS) and rays have

been numbered in order until the ray on the same line with

zero is.reached (RW). Write these numerals on the sketch
sr t

you made for pcercise .5. Findthe measures of.the angles

named in Exercise 5- .using the new scale: Are the measures

the same? (-Zice...1.1.442...5.44.4.4..a.L.e..x4.4...4.a...-a...)

*This may be used as an independent exercise -.

4
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The advantages in.having the two scales can be seen from the

following sketches:

To measure L SRT, the zero ray at the left is placed do RS.

You use the inner scale to find the measure. M
4.

SRT = (7)

.(r41-
S

I

12
1

6
14

'4
15,

3
16,

2
17-

16 OP

7
11 6

12 ,5
13 ;4

14
3

15

-16-
x -17-I

18 0V

R

To measure L DEF, the zero ray at the right is placed on

You use the outerscale to find the measure. m [DEP =(8)

4

It very' easy-to readithe wrong scale by mistake.° Yot will

prevent most such errors by estima ng sdze of the angle as a

check of'your measurement. Of course n use eijher scale't8

measure the same angle,.by,Toving type p t,ractor.

709
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7. The following two sketc,hes are copies of the same angle,

L ABC., In the first sketch, the protractor is placed so the

zero ray on the left of the protractor is,on (am). Which
j>

scale would you use to find the measure of the angle?6,4")

In the/second sketch, the zero, ray on the right of the

protractor is placed on (J1 . Now which sqale would you use
L)

to find the measure of the angle? Is the measure of the

angle the same either way?

A

A
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Exercise Set 1

1. Use the " octon" scale on your protractor to find the measure

A

of each of the angles below (to the nearest octon).. AfteAr

you have measured an angle, check your measure by placing

the protractor with a zero ray on the other side of the

angle. Write your answer like this:

m B = , to the nearest octon.

(*)*IL = 3 E LE )

2. Which of these sketches shows the correct way to placerthe

protractor to find the measure of L DEF? Why?

mL;DEF = , to the nearest octon.

(.Y.4 ,4_,Lti.fie.,.. j-crbi 1,41 4.¢ 44\

z*-t1w2 e",t 427"/ -4-57221. ,1_.)
=-71

ft 6

1
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3. Which of these sketches shows the correct

measure al; L. GHI? Why?

m L GHI. = 3 1
(111, ,t4

L G Hi, .1, 1.4 ",/z V? t4

ey,

way to find the

4. A boy said tI a.t the measure of the Z. JKL in ,oc tons 0

is 5. Wh2

4

was his mistake ?, What is m L Jig'?

4. do
de.

71?

267



DRAWING AN ANGLE OF GIVEN MEASURE

Objective: To develop skill in making drawings with

a protractor of an angle whose measure is

a given whole nvmbe Of units.

4
Materials Needed:

Teacher: Straightedge, octon protractor
.60.

Pupil: Straightedge, octon protractor

Vocabulary: No new words in this section.

The ex t.oration is `sufficiently detailed
to be used as teaching procedure.

a

. 713
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DRAWING AN ANGLE OF'GIVEN MEASURE.

ExplOration

You can use your protractor to draw'an anglexhose.measure, 4

in octons, is to be a given,whole number. Do you see how to

use the protractor iil this way?

Draw L B so that m L B, in octons, is 6. Since

the vertex must be point (E3) , draw BA. Place

the protractor with the V-point on the vertex and

the zero ray of one scale on BA. Mark a point *C

at the -nUmber6 on the same scale. Remove the

protractor and draw BC* Each of these angles has

a measure of 6, 'in octons. Doe*S your anglelook:7

like One of them?'

4

U

.*
714
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'Exercise Set 4

\

In these exercises, draw rays and label points as in the

sketches.

1. Copy the figure below on your paper.

Draw on AFB an angle with a measure of 5, in octons.

Label it -LEAC. Draw the migle so that AS is above B.

A

2. Copy the figure below on your paper. Draw an angle with

a asure of 3 octons, using DE as one ray. Label it

L EDF., Draw the angle so that DP is above E.

E 4
6

D

Copy . JK on your paper. Draw an angle with a measure of 2
4 ,

using t as one ray. Label it Z. KJL. Draw the angle so

that JL is below JK.
4

J

4. Copy RS on your paper. Draw L SRT whose measure

is 7 using RS as one ray. Draw the angle ao that RT

s below RS.

R S

715
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PRACTICE IN MEASURING4NOLES

` Objective:_ To develop the following understandings and skills:

1. Not every angle has one ray drawri horizontally.

2. -Regardless of the position of the rays of an

*angle, we use the same prodedure to measure the

angle with a protractor. ,

3. We may need to extend our representations of

one ray of an angle in order to read its measure

on the scale.
O

4. Extending our representation of the rays of an

angle does not change the measure.

Materials Needed:

Teacher: Straightedge, octon protractor

Pupil: Straightedge, octon protractoN4

Vdkabulary: No new/words in this section

f

If the exploration is followed closely
all the understandings will be developed.
The Exercises prbvide opportunity to
pradtice the ,s411s.

fl

716
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PRACTICE IN MEASURING ANGLES

Exploration

I

In mdat of.the angles you have measured, one ray was

horizontal, aq in L R and L S below.

cg

1. How Irardou find the measure of L A? This angle is in

a different position .from others you hays measured.. Its

measure is found in the same way. Place your protractor
.11.

so a zero ray falls on either AB or AC: Be sure

the V of the protractor is
,

exactly on6vertex A. The

other ray of the angle can then be matched with the part

of a ray mirked on the protractor.

717

272
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2.

4

These sketches show the two Was to place the pf5ractor.

Put the zero ray on AC or put the zero ray on AB.

Does it make any difference in the measure whether the

A.10-

zepo ray is on ,AB or on AC? In each/sketch, we see

the measure of 4 A' to be about 3.

3 rather than '5, to the nearest oc

AT;

s-gad 601-4-a .

Why is its measure

ton? (.1,,7-424_,--.01,11..,,_

3. Find the measure of L R and 4 E.

(SLR= 4)
A

-4-e-avg A-a ---na.444+-71

Si4

4

p718

273
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5'.

How do you think we, can find the measure of Z. L? Can a

protractor be -Qaced on Z. L so that you can read its

measure'! Do LN ghd LM have a definite length? (X)
iL14-&

144./ 7/4i ,t4 . ,4,j,J
M N

If LM and LN are not long enough to extend beyond the
*

protractor, can they be extended without changing the
tN ,

maize of the'angle? What is its measure? Check nap'

measure by putting the zero-ray of your protractor 40,
r4

other ray of the angle. Could you repre he rays in

some way without drawing, them?

(Clue: Try using a sheet of paper or some other kind of,

straightedgej (-fr,tz L = .

)

'-719

27 4

P



5

P434

6. Find the measures of Z R and Z. T. You will need to

show more of one or both rays.

(m L.R.

0`,1 L 7-= ')

7. a) Which ,angle has the larger, measure, Z. A or

A

8

b)' Is the measure of Z. A changed if you extend the

part of its rays which are shown on this .page? (74
y

9

c) Z A = (7) , to the nearest octon; ,'
/

d) B = , to the nearest octon.
, .

ti
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EXercise Set 5

Find to the nearest octon the .measures of the angles

beloW. Use 'yOu'r octon protractor.

141ZE= 3,

'3.

2

. r

01 LH,: /,

5. In Exercises 1 and 2, was m E= m L J? G,.4,)

Is -L. E = L J? (Wc) (Use a tracing)

hathoUgh L E is not,congruent to Z. J, the measures, to

the nearest octon, were- the same' number. If the unit angle,

were much smaller, then the fact that the angles are not

congruent would be shown clearly in the, measures.

721
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A STANDARD UN,;-,T FOR P. EASURING ANGLES

0

Objective: To develop the following understandings and skills:

1. The desire to commUnicate gives rise to the .need

for a standard unit of measure.

2: The standard unit'of,angle measur
e)

is the degree.
F.

Its symbol iaka raised no", i.e. 42
o

is.read

42 degrees.
?"'

One hundred eighte2,:mit angles of 1 degree each

may h4 laid of successively and represen:.-ed on a"'

sera- circular protractor.
/

%measure of an angle is a number. The size of
.

an angle is given by 'naming its measure and also

the unit used:

F.5. We concern-ourselves only with.angles whose

measure in degrees are more than 0 and less

than .801.

Materials Needed: 51 '

Teacher: ,5traightedge, standard protractor for chalkboard

(wit h the numbers represented-on the outer scale,

increasi4ag'in.the counter-clockwise direction)

Pupil: Straightedge, standard protractor (if protrectori

are purchased, try to obtain ones in which the

numbers represented on the outer scaie increase

in the counte -clockwise direction) t
.

. _ 4
Vocabulary: Standard unit, size,of an angle, degree.

^1

R.

Follow .the Explotation.

722

2 7,7
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A STANDARD UNIT FOR MEASURING ANGLES

Exploration

A

As you know, the linear scale on a ruler is usually

marked off using a\standard unit such as the inch or the
4

centimeter. A staridard unit is one whose size has been

determined by agr4hent among people. We woulloilpind it

difficult to communicate with people or to carry bn business

If everyone made up'hIs own units. Mgt other standards of

measure can you name',

There are also standard units for measuring angles, so

that people' throughout the world can communicate easily.

Them-t-tandard upit for measuring angles is, the degree. The

,

unit, angle of one degree is smaller than the octon, the unit

angle we used on the ,preceding pages. In act, the .octon

is 22- times as large as an angieof one degree. Its
7

measure in degrees is 22-2.. The symbol for degree is °.

An angle of 50,e means an angle whose measure, in 'degrees,

is 15. As you work with your protractor you will discover

thap it takes 360' 'of these unit angles using,a single point

as a commh veiltex and. their, interiors, to cover the entire

plane. Even'in ancient Mesopotamia the angle o 10 was used

as the angle of unit measure. The selection of ir, unit

which could be fitted into a plane Just n) times wag

probably influelied.b:y'thesfact that their year had .360

days.
t

723

9 7 8
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1. Look

unit

.4400

at the side of. your protractor on which the standard

is the degree.

,
70

soTip

0

An angle of', 1 degre is formed by rayswith endpdint G.

,V, through two of the marked paints next to each Other.

Does this seem like a very small angle?(*,-.) Would it ,

seem so small if the segment of he ray shown were

extended to 15 feet?

,z.4

2. Since 1 degree is.so small, only every tenth degree is

if
numbered on the scale. What other numbers are musing?

/0, de 3o . /60 ak,i
ft 0' '

is -0 not printed on' the scale? What is the

largest numhpr representedon the scale? Is its 'mineral 4

4 '
prIp ^ e ? Why? . r %"-- ,= 4

1 x2; 1-.24,),(4.-caA ./7.4 p-2._2,4....1,,.1111,` 61,
610-447-

.

*24 Leo.
A-1 .t2,1 izz

414. a-74
;724

.42 7 9



3. Look at the side of the protractor.on which thee standard

unit is the degree.

p

You use' this standard

I

protractor to measure an angle in

degrees in the same way you used the scale on the othe

side, to measure an ankle in octons. vou must be eareful

about the Following things:

a. Place the V point of the protractor on th4 vertex

of the angle. Be'sure the protractor cfvers port

of the interior of. the angle.,

b. Place the protractor with one of the zero rays

side of'the.angle. Notice whetherexactly on one

this zero is a number on the 'inner scale or thee

'outer scale. This is the scale you must use.

°c. Firtdthe pint where the other side of the angle`

;pi.) intersects tyle'rim of the, protractbr. If not

shown to intersect the rim,

glb be le.Ktendvl without,

fhe all,.t4e2ti'epO Read the

enough of the ray, is

can the iays;or
I
the

ehangingthe size;of

Aurnbbr-e-t'hi71,Pi6t
°

Ste1;4Pb: :

_517-

-

L

(

0 A

on 'the scalp you''those in-

A,

ti
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Exercise Set

1. .The sketch shows a protractor placed on a set of rays from

point K. The"(V point of the protractor is on K. Find

the measuret in degrees, of-each angle named.

1

.10

p

m L AKB = (2-0)

m L FKE =

AKC = 114
m FKG-= (4, i)

m L 'AKD. = 00)

L BKE (70)

,

Imagine that the protractor
has been ,moved so that the ,
zero dies alohg
(or

m L CKD = (/y)
Imagine that the protra8tor
has been moved so that the
zero nay lies along i?6

(or . ff)

p' 726

5

h HU) =

Imagine that, the
protractor has been moved
so that_the zero ray lies
along Ka ,(or .0)

) DK)3-..= (SO)

Imagine' that the 4

protractor has , been moved
so that he zero_xay lies
.along KD (or KB)

1:

m L 4cc (fis)
Imagine that the`
protractor has been
moved so thee/the ero
ray lies alohg
(or n)

a

JP
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06.

2. Use your protractor to find the ,measures,

the=y ollowing angles.

in degrees, of

(m LA, 42)

7"

Z. 8.7. //3-

dy

S.

t
t

$ 21

A.0

727

A.
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ESTIMATI G THE MEASURE OF AN ANGLE
,

-

Objeetive To develop- the follow , -understandings ant skills:

1. Estfmatim the measure of, an angle provide,s a_

:check whpn reading the measure on akprot.ract,or,..'"-1

scale.

2. Vis4alizini angles whose sizes are -;5 , 50
o

4

anci 135 ..iS-.helpful in e6tiltating t:qc: size

of a iiven angle.

Material.s Needed:

Teacher: Straightedge, chalkboard protractor

Pupil: . Straightedge, standard 4

Vocabtaary:," Estimate

`a

day

, The e)tploration'inothis setion.iis.vpr',W
,reada141e." 'Tne-teacher .tx,t;i hal,J,11-
group. of pupils go throughthis,Expldfttidn
as an indeperNnt activand then cy1eck tp
betsure thatsunaerstananes_ and'skillz are --

ac'kaieved. Keep ih-minO:that oneTgpaI:oft this
. unit is to hVlp th6 pUpiIJmprbve'hif"5 ability
-to read riathenv.ties. .

4

' .
r.

: ', "
- . -, ' 1;-,. '..

^-"" -=, ..-' -47,6 -11,
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ESTIMATING THE'MEASUTE OF.ANGLES

.--1Exploration'

a,

Helen used her protractor

to find the.measurelof'L A.

-She made a mistake and-read tie-

wrong, scale of her Atretractor,

ip she wrote for her answer

0Z A = 130. Max was asked to

check her paper to -see whether

.her answer was correct. Max

said, nI do4not have my

-Prqtractor to findthe.m.e.aiure

of L A, but I know that Helen's

9

O

answer is wrong.'! How did Max know that Helen's answer was not

correct?

Whenever you can, you should,make an estimate of an- answer

_
to a prob/e0r. Then if your answer is not close to this estimate

sa
you will suspect you may have made a mistake.

A good angle tore as a guide.in estimating the measure

of angles is a right angle..

1. Do you remember how to fold a paiier to make a right
-40.

angle? Just two fords,are needed. ,x4,_aald./ Q

(4- ..a1471 litzljur ev-c-c.42. 44.4-a _A-71 .1.14-- /41
,a4- .24 ,L,

729

284 \
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2. What is the measure of a right angle? Usk your protractor

3

if you need to. (a .)4t.-/4

Ihich of these angles has a measure greater than the
(

measure of a right angle?. Do not usg your protractor.

-

(For L B, imagine BD which would make L AHD a right!
C

angle. Place your pencil on the figure to represent BD.

Auld BD be In the interior of n/ ABC?) 6n, .z 8

4-7f&

L E jw-4-4-te 744 .2!4 L

'

a $ ,

A

. 0,, 4 z4 7.z/9/sc:)

.

4. Which of the angles above havei

measure of a right angle?

. ,

sure les's-t4n the

.14 ;7+11' 41) )
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A. , --
^.

- t-'' i rseel, ° s' flO

-Draw W2 on a piece of papef. .0n. WZ , choose a point

X. Your drawing should loi*-- 34-ke .phis . A.

' ri a . a 4 ,':lb

Use point

X'

X as vertex and X2 as one ray, nd draw

A

with your protractor an angle with a measure,
4.

Call this Z. ZXT.

.......,

Use X as vertex and XZ al, oneray, and draw angles

with'meaa-ures, in deFrees of 45 and 135. -Draw all

is.

three rays on the sairre%side of Z. Label` them so that

Z zxy . 115 and

of .90.

degrees,

1

4

/
d.r

1

6. What other angles in the figure have measure -o-f` 115?
T

o

Name another angle which has a measure of 135 (z 'x Y)

What other angles have a measure of 90? (L)../XT a) Z.RXY)
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1.400k at each angle below and estimate its size. Use an

angle:OD'one:d6see as the unit. Now comRare each angle

wtth.,.an briglq in the drawing you made for Exercise

(45)
K nearer 0 or 45?

a.

,

N nearer 45 or 9c? (yo)

e.'

m L R nearer 90 or

Is m

5.

N

135? 03S?

nearer 0 or 45? (0) U

1 I

e) Is m Z. X nearer 135 or 180? ("4)

Is m Z. A nearer 90 or 135? (o)

:.--...-

8. Now measure, in degrees, each: angle in Exercise 7 with
/

your protractor and writ, the 'measure find.
a. m K= 30 ,,,, L in-- /$ ow

(
1. i,L Ai :-. 20 ±, e, hi Z .V4 /4.5""
C. oi Z R= /36" 4. ne z A = /as I

/... .

732
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Whic

*right angle? ifL A L 0, E, L G

tor

Exercise Set 7

of these angles has a measure less the measure
rr

. . ,

4 2. Which of the angles- aSove have a measure greater than 90?
.

vIr (L 8', Z C 1 F.)r , .,.-
. . r ,.

...

.3. Look carefully at each angle. Choose _the better estimate of

its measure in degrees.

mL
-

m L I;

or 45 (4i-.5-)

H

90 or 135 '(13s)

45 or 9

(415)

m K; 135 or' 175 (II

L; 45 or 90 (,a)

Ne'asure *each

kn zr"

K,

of the angles .in Exercise 3 in degrees'.

)kri Z K . 7 /40

73
2 B-J.
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Exercise. Set .7

'Which of ,these angles measure less than the .measure

of a right A , E, LG)

.

Which of the angles above have a measure greater than 90?2,
, .

.CLB, LC , L. F)

3. Look carefullic at each angle. Choose the 'bet,:per bstimate of
..-

its measure in degrees.!

...-

4 '

m Z11,; 5 csr. 45 (4)

H

m I; . 90 or '.1.35 -OW

1

J; 45 or 90 (4s) .

m 0K; 135' or 175 (i 7s)

L.L; 45 or 90 (fa,

.
, K l.. -

Measure each of, the angles in EXereise,43 in degrees.
frilH= 4° iLtr z)4o ,e-".

(*Liz /I ol Z L. = 8°
Pri-Lcr: Jo

734
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1)447. 4
.....

.1

, .

i
. 5. Estimate the measure of each angle 'in degrees. Write your

answers like this: m L A is about CO 71.47....k. 'a...........-...,......ji

B

41 ....,.....x.....z .....i.

go. y 2/...:.....ze.
.,,

10

., 1

6. Measure, in

protraCtor.

F

t

H to-

.s

degrees, each angle in Exercise 5 with you-
/ iv, z 4 = o ,.., L E. .--- i dP15

1 m, 4 6 = 7400 JIL F --:-. fo
L Q = /As1.1 Z. C = / le, m

\h+ 4 (9 = 4 6-- m L.4= fa

XI o

..-.-..--........4

,

v

i

(
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7. Use yoUr straightedge to draw an angle which you think

has. the size given below. Then measure tlieangle,with

a protra"ctor to see,how closely the measures'agree with'

your estimates.

ANGLE SIZE

a) .21°

1655).

d) P

e)

f)

800

1

120°

1/8°

"P"..1"1. a

736.
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SUM OF TUE MEASURES OF ANGLES

Objective: i% develOp the' following understandings and skills:

1'. If two angles can be placed' so that

. ,
a. they have a common vertex

1 ...

b. they have a common ray ,-
1

c. . their interisor&do'not intersect
p'

d. the' other two'rays of the angles lie on the
.

same line,

then the sum of the measures, in degrees, of the
a

two angles is 180.

2. If, in addition to the four conditions above, the

two angls are congruent, eac,h has a measure, in

degrees, of 90.

3. If a set of angles is laid off successively and the

union of the angles and their interiors covers a

half-plane and it; edge, then the sum 'of the

measures, in degrees, of these angles is 180.

Materials Needed:.

Teacher: Straightedge, chalkboard protractor

Pupil: Straightedge, protractor '

Vocabulary: No-new words in this. section

This exploration should be carried through'
with pupil texts openbecause the questions
asked depend upon the drawing provided. The '

reading material in Exercises, Set 8 may
be a challenge to some pupils,'because it is
written largely in the symbolic language or
mathematics. If necessary, the teacher might
read throue the,Exercises with the pupils
before the/iattempt them alone.

737
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SUM OF, THE MEASURES OF ANGLBS

1. Copy and complete the following table. Find the measures

of theangles from the sketch. (When the unit angle is

not mentioned, use the measure in degrees.).

r

Ft

Pair 1

Pair 2

7

NAME OF ANGLE SIDES MEASURES

1

AGB

BGF

,ietc

COB

GA,

GF, GB (/40)

(01 -6E

(GC, EA)

(t6)

(/ 2o)

4

Sum of measures

Sum of measures

42.
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I

2. Trace with your finger the rays'which form the angle pair,

Pair 1,'in Exercise 1. . .o

/.77.t%
a) What ra:yis a side of both angles? (.(-3.0.1

,

b) What can you say about t4 other two rays? What is

6

their intersection? What, is' their union? ( .*
14.i AG

. .2.4; AF)
c) Do the' interiors-of the 2.-igles intersect?0.40 I

d) 'What is the sum of their measures? 04140
. A

s

.. lib ' t4 e
,. - J .

TraCe with your finger the rays which form angle pair, 1
r

J pair 2. Answer tyre questions'as in Exercise 2 about this
- .

pair. Are your answers. to questiOnS
-

b, and d the

same as for it 1?

a

(a...GC
4.4 .4

a

al:

r .

.

719
rn



I

,

,Find a third pair of 'angles in the sketch for which the

answers too questions b, c, and d are the same as fo'r-

Pair 1 and Pala" 2.. Trace their rays with your finger.

/fiGli 0--.1 Lb GF A G-E X.,1 LEGF

5. When these rays intersect at the same point and two of

therays Zuni a lie, what can you expect Will tie the 'sum

Of tie measures of the two angles forme,ck? (/80)
(.zl, ;p12

6. , List the nameS_ of all, of, the angle6 in the sketch whose`,

interiors do not intersect. (There are five. ) -

(Z AG8, L 8GC, LCC,D,L OGE , Z 5 G)

7 'Find the measure of each angle in.your list.

(frvi L,IG-8= .1,0 r n L 8 GC = .40 ,..),4) LCGD . - - 30 .., LDGE .... 445- . 4EG F.,,

8. Find the sum of the measures of the five angles'.
.( ,ate., %go)

e".

.
9. What conclusion can you reach from Exercise 6-8? (ate ,2,_

jrzi...,C. ,,.,4,7i ,,2-,..fm*,,a.,? .4,4 *g"...". ire..., .,. ia.,:71-r, ei.,
.4..1,,,,,,, te 2.4 ti2(2.1. '44.4' ,. zr...., ...4 4", ?air -24 .,,,..*L. :4:,,,

10. Names-a pair of angles with GF a Side of one angle,

GA a side of the other, and GD a side -of both angles.

. ,. .. .. (LDGF .."--.1 ,L AGo)e `

. . ,o .

11. 41hat is the measure:- of .Z AGD? ,Z DGF? What kind of

angle is Z AGD? ,Z, DGF?
L 460 ...: <2 .4.721:# 4:1J4.Ir/ P?C7 a Z-- ,40

J
H,LDCIF =yO L DGF

74Q
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Exercise Set 8

Use this figure for

-Exercises 1 and 2. BA' and

BD are on the .same line.
041 1 I ,

D B A

1. -f DA is a straight line, m ABC + m CBD = (120')

2. If. m L ABC = 65, then m L CBP = (ii c)

Use this fidire for
.

Exercises 3 and 4. FE

and FJ are on the

same line.'

,3. Is it true that m L EFH + m L JFG m L HFG = 180? (,..4.0)
.

If not, what true statement can you make?
EFG ov,Z GFil 4 FT = jfe)

to
4' If m L JFH = 58 and m L EFG'...= 36, then

5'. If I* and IBC are on a

staikt.line, and L ABD = L DBC,

then mQ ABD = (?0)

and m ZpBc = (4.69 .

L ABD and t L DBC are (-t-d-ir&) angles.

10

m L HFG = (et)
A.

V

1.1
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4

SUMMARY

1. If three rays have the same endpoint, and two of

the ray's, farm a line, then, the sum of the measures,

in degrees, of the two angles formed is 180.'

2. If several .rays are drawn from a point on a line,

all on the same Side of the line, thesum.,of the .

measures, in degrees, of all the angles formed

whose interiors do-not intersect is 180. ,

3 if one ray is drawn from a point on d line and

the two angles Tormed'Are congruent, each angle

is right angle and its measure, in degrees,

is 90.

1.

742
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PURPOSE OF UNIT

Chapter 8

AREA

,

o

This unit is one of a serieg intended to constitute the

study of measurement in the elementary grades., it is intended

that the study of measurement as it applies to line S-egments,

angles, area, and volume, provide the child with a valuable

experience in a brcanch of geometry which is a poweDful tool in

the physical world. These units fore a continuous and coordi-

nated treatment of the topic of measurement) The sequence of

topics in each unit parallels the historical development of

this bOdy of Xnowledge. The Teachers! Commentaries for the

units on Linear Measurement and Measurement of Angles contain

discussions on 1(1) the difference'between comparisons of the

sizes of sets of discrete objects.and comparisons.ofthe sizes

of sets of points which form 'Contin'uous curves, (2) the need

for intuitive awareness 2 f 1

comparisonS of size between sets of

points which form continuous diirves, before any formal pro-

cedure for measurement is set up, (3)' the concept of an

arbitrary unit of measure, and the need to select es a.unit a

thing of the same sort as the thing Whose measure we wish to

find (a line segment as a unit for Measuring length, a region

as a unit for measuring area, etc.)-, (4) the-creation of a

scale for convenience, and (5) the final step of selecting

a standard unit to meet the needs of,our.society.

4

743
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MATHEMATICAL* BACKGROUND
eA

cComgarin&Areas

Let us recall how the subject of linear measurement was

approached in Chapter 9, Grade 4, since 'areuill be apptoached'
. ,

in a-similar manner in the...present unit: First we entbuntered

thp intuitive concept Df comparative length'for line segments:

any two line segments can be_campared to see whether the first

of them is-of smaller length; 'or the same length, on,greater

length than the second. Corresponding to thin we have in the

present unit the idea of comparative area for plane regions.

(Recall that by definition a plane region is the union of a'

simple closed curve and its interior,) Even when they .a.Larather

complicated in shape, two regions `can,' in principle.at le st, be

compared(to see whether the first of them is of smaller .area, or

the same area, pr greater a'ea than the second.

"In the case of line segments, this compari&on is conceptually

very dimple: we think of the twesegments to be compared; say .

AB and CD, as befng, placed one on top of theother.in.6u'ch a

manner that A and C coincide; then, either B is between

t and D, or B coincides with D, or B is beyond D from,

,C,setc. This conceptual comparison of line segments is also

easy to,carri out approximately using approximate physical

moders (drawings and tracings, ,etd.) of the line segments

involved.

Di the case of plane regions, .this comparison is more com-

,plicatfd.both conceptually and in practice. This is because the

shapes of the two plane regions to be comparpd may be such that

neither will "fit into" the other. Haw, for example,,do we

compare in size.(irea) the two plAne regions pictured IS'elow?.

744
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If we think of these regions as placed one on top of the other,

neither bf them will fit into the other.

In this par'ticular'case,,however, we can think of the two

p.ece of the triangular region which are shown shaded in the
,

figure above as snipped off and fitted into the 'square region

thps:,

o

Y

This.shows that the ,,,triangular region is of,seialler area than

the squalle region. EaDiy in this unit,Ithe pupil-is asked to

carry out approximately some simple comparisons of this sort:

using. paper models 8f,tHe,plane regions to be compared. The .

pupil actually cuts up the paper model of one region and fit-e

the pieces, withoUt overlapping, on the model of'thet-ier

'region. Here we rely on-the pupilts,intuition to "see" that

a plane region can tfe thought of, as "Cut-u0 into pieces" and

even reassembled"' to form,a figure Of' different shape, without

) changing its area. (See the"robot exercise" in the putkilst'

book.' ) As the figureeirivolved become more complicated in

shape,. this sort of eoMparison llacomes increasingly difficult

in practice. We need a better waTof'estimating theVare a of

a' regton.

4.

a

e 4.

'4
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Units of Area r

Let us recall what we did next in the case of linear

measurement. We chose a unit of length. That is, we selected

a certain 'line segment and agreedto consider its length to be

described or measured', exactly, by the number 1. In terms of

this unit we could then conceive of line segments of lengths
41,

exactly 2 units, 3 unit-s, 4 units, etc., as being con-

structed by laying. off this unitilsu eessively along a line 2

ftme's, 3 times, 4 times; etc. The process of laying off

the unit succesaiyely along a given line segment also yielded

(under-and-over-) estimates for the length of the given line

segment irS terms of the unit. For example, the length of a

given'line segment might have turned out to be, greater than

units (underestimate.) but less than 4 units (overestimate).

We now proceed similarly in the measurement of area. The

first step is to choose a unit of area,. that is, a region whose'

area we shall agree is measured exactly by the number 1.

Regions of many slapesaa well as 'many sizes might be considered.

An important thing about a line segment as a uriit of length was

that enough unit line segments placed end to end (so that they

touch but do not overlap) would together cover any givenNline

segment. Similarly, we need a unit plane region such that enough

of them placed so that they touch but cep not overlap will to-

gether cover any given plane region. Circular regions do not in

general have this property. For example, if we try to cover a

triangular region with small non-overlapping congruent circular

regions, there are always parts of the triangular region left

uncovered. 4
A'

746
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On the other hand wr_o can always completely cover a triangular

region, or any region, by using enough non- overlapping congruent

seitare regions. -.

e

/
I.

/
/

A

While a square region is snot the only kind of region with this

covering' property, it has the advantage of being ackmply.

shaped region whose size can be tonvemtently choAM4Onetting

its side be of length I unit. More importankly, ft-tlyo'n turns,
,

out that the use of suet-1'a squae region as the unite area :

makes it easy to compute the area of a rectangle by fo ng the

prOduct of the numbers measuring the lengths of its sides, a

matter which we shall discuss in'the unit.

Estimating Areas

Just as we used the unit of length to find underestimates

and overestimates for the length of a given line segment, so

marten now use that unit of area to find underestimates and
-

overestimates for the area of a given region. A convenient

tool for this.purpose is a regular arrangement or grid of

square unit'regions as shown on the following page.

747

302



. ..

. e

.

07,

.

.

;

,

,

..,

..

.

4

.

.
\

a

.. ..

.

.

.

- .

To use such a grid in estimating the area of a given region,

we think of it as superimposed on the region. This ds -

illustrated below for an oIal region.

t

.

N

,

c

.

,

.
lo

.

I

.
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We can verify by counting that 12 of the unit regions pictured

are contained entirely 'in the given oval region. This shows

that the area of this region is at least 12J units. In fact,

we can see that the area is more than 12 units. We can also

verify by counting that there are '20 additional unit'regions

pictured which together cover the rest of the region.- Thus;

the entire region is hovered by .12 +) 20 or 32 units. This

shows thatthe area of this region is at most 32 units. In

fact, we can see that the area is less than 32 units. That

is, we now know that the area of the region is somewhere

between 12 units and 32 units.

In Chapter 9, Grade 4, on Linear Measurement, we saw that

more accuzate estimates of lengths couid.be achieved by using

a smaller unit. The same is true with area. To '1illustrate

this fact, let us re-estimate the area of the same oval region

considered on::tbe previous page, using thi time the uhit of

area determined by a unit of-length ,just half as long as before.'

et /
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As before,` we can. verify'by counting that there are 59 of

the new unit reg4.ons picturpd which are gontained entirely in

the given oval region. This shows that the area of the region

is atileast 59 (neW) units. We can also verify by counting

that there are 37- additional unit'regions pictured which

together cover the rest of the region. Thus, the entire

region is covered by 59 + 37 or 96 of the new units. This

shows that the area of this region is at most 96 (new) units.

That is, we now know that the area of te region is somewhere

between 59 (new) units alnd 96 ('new) units.

Let us comparethese new estimates of the area with the

old ones. Each old unit contains exactly 4 of the new units,

as is clear from the figure below.

a
Thusl"-)the old estimate of 12 units becomes 4 x 12, or 48,

new units;.and the old estimate of ,32 units becomes 4 x 32,
4

or 128, .refa'units.: Thus, in terms of the new unit, the old'

estimates tell Us that the area of the region lies somewhere

between 48 units and 132 units, whereas the new estimates

tell us that this area lies somewhere between 59 units and

96' units. Plainly, the new estimates based on the smaller

unit are the more accurate ones.

In principle it would be possible to estimate the area

of region of quite general shape to arly desired degree of

accuracy by using a grid of sufficiently small units in this

way. In practice, the counting involved would quickly become

very tedious. Furthermore, where approximate drawings are

.
Used to represent the region and grid involved, we would, (4

course, also be limited by.the accuracy of these drawings.

750
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Actually, the emphasis here is not so much on accurate

estimates, as it is on simply leading youngsters to grasp"the

following basic sequence of ideas.

1.- Area is a feature of a region (and not of its

boundary).

2. Regions can by compared in area ,(smaller, same,

greater), and regions of different shapes may have

the..same area.

3. Like a length, an area should be describable or

measurable, exactly, by see appropriate number (not

necessarily A whole number).

4.' For this purpose, we need to have chosen a unit of

area just as'we earlierneeded a unit of length.

5. The number of units which measures exactly the area

of a region can be-estimated approximately, from

below and from, Abpve, by whole numbers of units.

.6. In general, smaller units yield more precise estimates

of an area.

Computing the Area,of a Rectangular Region

First we consider the case of a rectangle whose length

and width are given exactly by whole numbers of units of

length; for example, a rectangle of length 'exactly ,5 its
and width exactly 4 units,. The region bounded by such a-

,

rittangle would naturally be placed on a grid of unit regions

ttwlZillere we are using as unit of'area a square region whose

:side is of unit length.

) 751
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We spe at once by counting that its area is exactl/ 20 units.

In this Unit, we lend pupils to the observation that for

sucha rectangular region "are, = length X width.""(Strictly

speaking, we do not multiply lengths; we multiply numbers

only. So we understand the formula "area = length x width" to

be an-abbreviation for the assertion that the number of units

measuring the area is the product of the numbers of units of

length measuring respectively the length and the Width.) Note

that the given rectangular region has 4 rows of 15 units

each,.whiCh suggests the equation

4 x5 20.

We ask the pupils to thiAk of differently shaped rectangular

regions of this same area and lead them to note the corresponding

equations

r 2 10 = 20

1 x 20 = 20.

752
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Although is not' treated in the pill:I-fits book, bele eacher

niigh4 wish to e1\ tend 'the treatment to include the case of 41

rectangle whos length'end Width are measured only "to the

,nearest unit"; Or example, a,rectangfe of length slightly more

than 5 units a d iLidth nearly 4 units, as shown below.

WP,

By counting unit regions in the superimposed grid (just

as in our earlier example of the egg-shaped region) we see

that an underestimate for the area orthe region bounded by

this rectangle is .15 units, and that an,overestimate for

this area is *24 'units. Now the actual, length of the red"-

tangle lies between 5 and 6 units of length and is 5

units, to the nearest unit. The width of the rectangle lies

between 3 and 4 units of length and is 4 units, to the '

nearest unit. Therefore, if inIthe formula

area length x width

we use length and width as measured to the nearest unit, we

obtain 4 x 5, fir-- 20, units (NareL. This is exactlythe'

753
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t7,
(

-

area of a slightly, different rectangular region, namely the 'one

shown shaded in thelsigure below.

/

It is 'Plain'Trom this figure- that the shaded rectangular
- ,

region contains the same, unit" regions, and is covered bthe

same unit regions; as Ole original rectangular region (whose

rectangular bOunda;7 is shown 'in heaVy outline in the Vigure).

This illustrates the fact that when we apply the formula

area.= leng06 x width,

to a rectangulartregiOn'whoseleri4h and wid are measured only

to the nearest unit, we do no in general ger the exact area of

this, region. Whatwe do get is an estimate Tor this area. This

estimate (20 units of area in the example) is toeasbnalbe-

one in that'it necessarily lies between our underestimate (15

units) and (Dui; overestimate (24 units) for, this area..

ya
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Once we have learned to calculate the area of a rectangular

region, re can easily calculate't42 are of'ga right-triangular par

region. Given,a righttriangle, we fi lvate the foiarth- vex -

tex of the rectangle whose other three vertices are. the vertices.,

Of the triangle. (The pupil learns, to do this approximately.f

using a drawing of the triangle and a compass.) P
4

C.

°

The resulting rectangular region is seen,to consist. off' twocon-

gruent non-overlapping triangular regions. The measure of each

triangular 'region is one -half. the measure of the rectangular

,rfgion,.
. .

. 1.

Now the measure of the rectangular region is theoSroduct

'of the measures of two of its adjacent sides.' It follows that
. right - triangular:measure of the right-trfangula region is 'one -half the fmeasure

pro uct of the measures of the sides forming the right anglp.

V
When. one. of these sides is taken as an altitude of.the2ript 4

triang1,7., the other becomes the basl. In theSel,terms_the-

measure of the right-triangular region is one-half ple product

of- the its base,anq its altitude. ` 0
,.

This'. is extended to the more general case of a triangle
i .

MPQ with altitude 'PR. and base Mme, as pictured w.-.

S

M R
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As a review, the argument'presented in the pupils' book

makes use of associative )and distributive laws from arithmetic.

Alternatively this can't(e argued as outlined below.

1. The measure of rectangular'region MQTS is the

product or the measures of MQ and PR.

2. .The measure of triangul r region MPQ is one -half

the measure of rectan lar region MQTS.

10

S.. Therefore, the measure of triangular region' .MPQ

is one-half the prOduct of the measure of its base

MQ and'the measure of its altitude PP.

An al

triangnlar

ideas. It

approach

-.

ternate figure, which holds only for the isosceles

region, is sometimes useful in clarifying the

can be used-with the,children as a different

after they have worked through the material given.

C E F

A /A

.A D -.41

observe that the measure of rectangle ABCD is the

the measure of ADEG, whereas, m HE =.m AB and

ni ru = 2 m AD .

Mir

same as

, 4.

,charts on the next three pages tabulatelconcepts of

,10 measurement in connection with .length and area. The first
4

g
two pageaof'this tabulation haw already appeared in Chapter 9,

Grade J, on Lin&arMeasurement. A fourth page, concerning

olume, will be Alit&d in_the appropriate ,later unit.

z56
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CONCEPT

. .__ .

The unit !ol, measuring must be of the same nature, as the thing

to be measured: a -line segment as a unit'for measuring this- f
',segments, an ankle as a unit for measuring angles, etc. For. I,'

convenience in communication, standard units (fOot, meter,

degree, square foot, 'square,meter, etc.) are used.

The measure of \a geoMetric object (line segment, angle, plane

region, space region) in terms Of a unit is the number (not .

neceissariiy a whole number) of times the unit willf/t into

the object.

Measurements' yield underestimates and 7verestimates of measure

in terms of whole numbers of units. In the case or lin,

. segments ,VP:d angles, they also yield_approxiMatins to. the

nearest whole number of unit

Segments and region An be thought of as mathematt6a1 models

of physical objects.\ Physical terms are used to describe the

physical objects and're physical 'terms are also used in

discussing mathematical models. This is acceptable provided

the
'co-

nreet mathematical interpretation of the physical terms

is understood.

A curve in spaCe.-may have length.

Some measures of a ciegure may be calculated from other measures

of that figure.

A set consisting of di-sjoint segments

'may: also have the prOperty of length.

several separate pieces)
%

.3

o
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LENGTH'

A line segment is a set of points consi

points -.A and and ,all points- etween

line containing A and Sometimes we

is clear that we can "line segment."
4

We usl_a lime segment as a unit for measuring 11* segments.
0

We use the word "meter" to name the segment which is accepted

as the standaraunit'for'linear''thaasurement. We use "inch,'"

"foot," avd."yard"tOname certain other units which are,

defined with relation to the standardiunit.

ng of two different

A and B on the

say "segment" when

The measure of a line segment in terms of a unit is the number

not necessarily a wholenUmber) of.times the unit will fit

into Mbe line segment'. -The unit segments may have common

endpoints but must not overlap.

n measuring a line segthent, 'as the unit becomes
\ or

interval within which the apprbximate length may
\,
in size. The predision of a measurement depends

:i,..ythis.intervai. The smaller-the 'unit, the szilal

interval. and thekmore precise the'measurement.

smaller, the

vary, decteases

upori the size

ler the

The length of a line segment in terms of a,given.unit consists

of (1) the measure of this segment in terms of this unit to-

gether ath (2) the unit used. 'Example:. in the measure (in -

inches) of4-a line segment is 5, then its length is 5 inches.

Many of the familiar cupves'in a plane or in space also have

length. We can bend a wire Co thr'shape of the curve and then.

'straighten the wire to 'represent a segment.

We calculate the perimeter of a'triangle or ether polygon. If

the measurres of the sides of a triangle (where the unit of 4

measurement is the inch) are 4, 5, and 6, then the perimeter' ''

of the triangle is measured by the number 4 +.514: 6 or 15.

. We say that the perimeter of the triangle is 15 inches.
e

A ,igure consisting of several segments that do not touch may have

length. The measure of the figure interms of a given unit is the

sum of the measures of the separate segments in terms of that unit.

758
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AREA

The union of a simple 'closed curve and its interior is a plane

region. -Examples are a triangle and its interior or'a

and its interior.

' A. ,

A plane region is used as a unit for measuring plane regions.

We use the phrase 'Iqquare meter" to name a plane region which is
accepted's thesztandard unit. The sides of the square boundary
or this region. are standard unit segments (the meter). The
phrases "square inch'," "square foot," "square yArd" are used to
name equare regions.where the sidec of the boundary are the
"inch,' "foot, and "yard," respectively.

The measure of a plane region in'terms of 1 unit is the numbe'r

(not necesparily.a whgle"number) of times.the'unit will fit into

. the plane regionla The unit regions may haveloartS of their

boundaries`in common but must not overlap..

As with linear measurement, the precision of a measurement of,a

plane vegion depends Upon the size of the region used as a unit.

The smaller the unit,'the more precise the measurement.

The area of a plane region in terms of a given unit consists 2f

(l) The, measure of ,this regidn in terms of this unit together

with (2) the unit used., Example:. if the measure (in'square

'inches), of a region is ,6, then its area is 6 square inches.

The surfaces -of Many of the familiar, solid regions have area.

.Fox''many of .these we can take,a plane region and cut it into

pieties so that the pieces will cover the surface.

We can calculate the measure of a rectangular region. the;

measures 0-the adjacent sides of the rectangle(where the.unit

of measurement is 'the inch) a'e 2'? and 3, thepthe measure of

the region is 2 x 3 or 6. Phe area of the plane region, is

6 sq. 'in. ,

The concept of plane region May be extended to some, plane figures
other than a 'simple closed curve and its interior. For example,
the figure eorisistint of two triangular regions that do not
touch is a plane region and its measure is the sum of the
measures of the trian lar regions.

759
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TEACHING THE UNIT

Each section.'of the chapter is divided
into Explorations and Exercises. It is
intended that, unless otherwise indicated in
the teacinerts commentary, the Exploration be
a teacher-directed activity with the fullest
possible pupil participation. Each teacher
will decide whether the Exploration can best
be directed with opened or closed books. IC
the .books are' closed, you may or may not
wish tO go over the Exploration again when
the books are opened. The pupil book contains
the Exploration as a writtenarecord of the
activity in which the class nlas engaged. The
pupils should work independently on the
Exercises.' Since the Exercises serve riot
only for maintenance and drill, but also are
sometimes developmental in character, It is
suggested that c?.ass discussion of the
Exercises f011ow their completion by the
pupils. The'answers which are included in
the Momentary may prove helpful in these
discussions.

It .is,pecommended that throughoUt this
unit, whenever pertinent, the teacher have
the pupils shade or color the plane regions

--they will use. In this-sway, the pupil will,
not always just see a simple closed curve
when he is really orking with a plane
region.
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WHAT IS AREA?

Objective: To develop the following understandings and

skills:

1. Sometimes we compare the sizes of objects

by comparing their lengths.

2. Sometimes we compare the sizes (gf objects

by comparing the sizes of flat surfaces

they cover.

3. The size of a representation of a hotrided.

flat surface does not change when webend

or fold it: `

4.:1 To establjsh a, unit for measuring a

boundeeo, flat surface, we need.the concept

that a'
Is

imple closed curve separates the

`plane into three sets 0 points: -the set__

of Poinits of the 'curve, the s t''Of points:

of the .ante for of the curve, and tthe set

of points o the exterior of the curve.

The union o a simple- closed curve and

its interi r is called a plane region.'

This is just one kind of region.

6. We use a plane.region as a unit for

measuring plane regions.,

4

7. The area of a plane regiori is the measure

of the plane region and the unit used to,

make the measure. We measure a plane

region to tpd its area.

. 76.]:
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Materials:

Teacher: Any objects considered necessary fel-

discussion of gross comparison of

size in the first Exploration.

Its

Pupils: Crayon, any objects necessary for

answers to Exercise Sets 1 and

2.

4

Nocabulary: Surface, bounded, flat surface,

plane region, area, triangular
V A. La

region, polygonal (po lig' o nal)

region, rectangular region.

By' the end of this section, the' pupil, .

sho d,be.able to differentiate between -a,
fi re which has length and a figure which_
has area.

762
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st.

1.

ChApter 8

AREA

WHAT IS AREA?

Comparing Sizes of Regions

Exploration

You have had expeience in comparing
\--

O

the sizes of line segments and the sizes of

angles. Look around your classroom., nd

representations of two line s ents w ich

are not the same lengths Can u el

without making any measurement Why h, is

longer? Find representations of two angles,

which are not the same'size. Can you tell

which is larger without using the:compass,or

''protractor?

1.1
763
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Exercise Set 1

In each of the following, tell which).s larger:

.

A sheet of typing paper or a stamp. (a. 4.e..,,IV,±tr&irorr)-
- ,

. ,:-A pin head or a dinner' plate ..(,a

'A pillow case or a bed sheet. (.4 ,1-.i ,,,,64,i

A television screen or a motion picture screen.

5. A nickel or a dime.

6. A wash cloth or a handkerchief. (44...4

7. A window or its vandow-:shade.(sc......./...,-......-ze 7,4

44.4 4.A4adA
8. Your classroom floor, or your classroom celling÷.441.4AA*-4.)

9. The sole ,of your shoe or the sole of your friendts s oe,:
)

4
10. A she t of yOur notebook paper or this page o your text.

4-6.0.4")

11. Did you know the 'answer to the above exercises immediately?

Were there some cases where you were not certain, at once,

which w s larger'? How did you decide?("4--.)-..-",olt"4:4---4.4
tosA AAP% ,drir

*4 42.1Z.Z.1.41;-2,5
12. tillill the original size of a sheet of your notebook paper

change if you, fold it into four parts?
(

How will you test

to see if it has, remained thexle size?'
(/4.-e-

-254 /441
0-4- )

13. Does the size of your bath towel change when it' is wrapped

around your bodr(g)

1k, What happens to the size of a map WIlerwyou roll it up?

764
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Length of a Curve or Size of the SurfaCg Enoloded by It

Exploration

Sometimes we compare sizes of objectS by comparing lengthi

and sometimes we Compare sizes by comparing the sizes of flit .

surfaces. Suppose we liave ictures of two rectangular fields:

If we ,wish to c pare the amounts of fencing-weineed to

enclose thes fields, t property of the rectangles will we

comparg?(

"'rind ii7we measure a simpler closed curve

emember that a rectangle is.a simple-closed curve,
APk

we are finding itt

length.

-We might, however, be interested in dividing one of the

fields so that half would be planted in corn and half in beans.

Would we need to lmow the length of the rectangle? o d it

be helpful tb lmow the size of tie surace of the fie ?()

765
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Exercise Set 2

1

Tell whether you are interested in the length of a-Simple

closed curve or the size of the surface in its interior, or

both:

1. To trim the edge of a handkerchief with lace.01,7-ty
)"

J',)
2. ' To buy a rug to cover the living room floor. (1.-1X)

3. To buy a desk blotter for your desk. (...4W)

4. To put a book cover on your text.

41 To string enough beads for a necklace. (

A

F'

6. Can you give 3 other examples of situations

in which. you would need to-know the siz, of the

surface enclosed by a simple closed curve rather

than just the length pf the curve? (441-

j4- x pa 2446, I.
e-"^1;* La. LI'24*

ii

766
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-41

Region and Area

a.

Exploration
fr

1. Recall that a simple closed ctirve by our definition ig a

path having the following properties:,
v

a. All of its points lie in a,plane.

b. If one traces the path, he eventually eturns to the

starting point.

c. The path never intersects itself; i.e., in proceeding

once around the path, any point issncounte -d just

once (except for, the starting point).

It also has the property that it separates ihe'plane nto

three sets of points: the set of points of the curire;,the

sdt of points of the interior of the Curve, and the set of

points of the exterior of the curve.

2. Which ones are simple tosed curves? (41; c1

a. b. c.

6
d. f.

767
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The'union of a simple closed curve and its interior is

called a plane region. If the curve is a tring14 the plane

region is called a triangular region.. the uniop of a J1-

polygon and its interior is called a polygonal region. It4s 0

the region that we measure when we. want to know the size of

part of a Flat, surface.

If the curve is a simple closed curve, trace the curve

("44 41-; c, d, e,
and color theplane region: )

a.

d.

g.

b.,

e.

4

c.

C
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Exercise Set 2.

Tell whether you would be interested in area or length, or .

both, in each of the following:

,--1)1. To, buy enough wrapping paper for a Package....-..44,44)-

To decide on the amount of twine needed to wrap

a package. 01-44)

3. To decide on the size of a-belt. ()Lit')

4; To buy a piece of land. (6.4-4....4-

To mow a lawn. 414-.--)

6. To run around a closed track. 6.04.-2#...)

r

,r

7. To sail around an island, (a)
t (-*

8. To tile a basement floor. (04--)
.

4

9 To measure a triangle.

10. To measure a triangular region. (r(44.07)

769
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-COMPARING AREAS

v

Objectivee )1)65 develop the following understandings

Materials:

and skills:

1. We can compare the ,areas of pao plane

regionsby seeing whether one region

can be fitted into the other region.

2. In making a comparison of two plane

regions by inclusion, we may dissect

one region and gee if the smaller

regions can be made to fit .in the

atr region.

Teacher: Scissors, large cardboard models of

'figures to Aedissected, paper clips,

scotch tape.

Pupils: Scissors, tracing paper, paper clips,

scotch tape.

Vocabulary: 'Dissect

770
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It

'1

0

, .

COMPARING AREAS

The areas of two plane regions usually can

be compared by seeing whether one region may be

inc. ded in the other. That is, if one plane

regron can be placed entirely'in.thP interior of
the other,then the area of the-first region is

smaller than the area of the second region.

."

A plane region can be cut up into smaller

plane regicins. When we cut up a plane region,

we say we are dissecting it. To dissect something

means to cut it into partp/orliePes. Suppose

you can dissect one plare region and place all'the

pieces, without overlappiLg, entirely ca a second

plane region. What would this show about the

areas of the two regions? (.14.41,44.4.1c-id.,&-..4,-34.:,%0-

-D

t._

Y.

771
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Exploration

/3/(4410,

'Which, ectangul'ar region has the smallest area? Will

a.traping of one of them fit into the interior of each of the

others?(1,P4') - ''`r-TM 1j.11(14

A B

D C

E F

H

Which rep tangular region has the greatest area?A Will a

tracing of either figuresfit into the interior'Of the other ?(14.)

(1-1. 444-:1;4.714,-
.t4

How can the areas te compared?A cut a tracing of rectangular

region EFGH Into avail pieces. Can all of'ttlese small' pieces

be placed, without overlapping, in the interioir of rectangle

ABCD?(-Y

Is-the area of ,triangular region WXYltless thanothe area

of rectangular region PQRS? (ird4

P .X
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327

P C)

S
a



p464

Exercise Set 4

In Exercises 1-3 tell which region of each pair has the

,greater area45. (You may make a paper model of one of these°
4

legions anddbut it to see if the pieces cap be placed, without
r

overlapping, on the other region.)

1.

(a)

A

(a) (b)

(a)

CE)

( b )

4. Which plane regi'on has the greater area - a region,bounded
A..

-, .
44 .11.

by a.square with a side whose length is 3 inches or a

region bounded by an equilateral triangle. with a side whose*

length_is 4 inches?
(

You will need models of these regi.ops.'
. .

,, ,, -

-\ .

A

773
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BRAINTWISTER.

Trace "Robert Robot."

..s

Can you arrange the parts

of thg "robot in such a

/ way that they forme

rectangular region?

The rectangle will have

sides whose lengths are

1
,2g inches and

inches. (answer below)

(answer below)

Antenna

cr-

t-4
CD

oa

CD

cfq

ROBERT ROBOT.

774.
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UNITS OF AREA

Objective: To develop the following understandings and

skillS:

4

ti

'
/

1. In measuring areas a unit plahe region is used,

as in measuring lengths a unit line segment

is used.

2. We need as unit a plane regison-lsuch that any

given plane region can be covered completely

by placing these units On it"'without overlapping.,

3. Circular pegions (and regions of many other

shapes) do not have the covering property

needed, but square regions do.

4. As a unit of area we can use a-squtre region

whose size is determined by making each side

of length 1 unit.

Materials Needed:

Teacher:

1. Large triangular piece of flannel/ whose aides

have, lengths of about W, 15", and 10".

Alternatives: a triangular piece of paper of

the same size that can be used on a bulletin

board, or*a chalkboard drawing.

2. Nine-or ten pieces of flannel cut in the form

of regions of diameter about four inches. Nine

or ten nieces of flannel cut in the form of

square regions of side about 4 inches.

3. Straightedge, pieces of string or pieces of

wire.

Pupil: For the exploration and for the first part of

the next section, each pupil will)need'about.,

24 square pieces of construction paper,
1 1

17
"

k' l7" in size.
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Choosing'a Unit of Area

This Exploration does dot appear in the
pupilst book. AtThe following questions and
outline of prooedure may be used as ,a basis
for class discussion, The discussion is
summarized in the pupilg.t book. As you
begin the discussion, Place the triangular
piece of flannel on the flannel board.

Exploration

This represents a triangular region. What do the edges of

the region form? What does each side of, the triangle form?

Who can tell how to measure the length of a line segment such

as the side of a triangle? Will you show the class how you

would do this?

Allow time for child to do this part
of demonstration before class. Then-draw
the following summary from the discussion.

It may be well to add the following
for emphasis.

We first choose a line segment as unit. Then we measure

this side of the triangle by placing units) end to end %along-

it so that they touch but do not overlap. Enougli units

placed in this way will completely cover the whole side. By

counting we find that'it takes more than (for example) 4

units but less than 5 units to cover the side exactly. 157

Therefore, we say that the length. of this side is greater than

4 units but less than 5 units.

We can measure the area of a plane region such as this

triangular region in much the same way. First we chooge,a

plane region to serve as unit.

776
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At this time ask.thp children for sug-
gestions how an area of a plane region might
be measured by using a plane region as unit.
Ecouragethe children to-experiMent and
demonstrate their ideas at the flannel board.
You may wish to give guidance by saying, "Let
us think about what sort of plane region would
serve best as a unit. We-need to cover the
whole triangular region by,placing enough units
next to one another so that they touch but do
not.4vetlap."

*

How would a small circular region do as'a unit? Can we

cover the whole triangular region by placing the circular

regions so that they touch but do not overlap?

Why can we not cover the whole triangular region with

circular regions? (-42-''.--=f

Can you think of a plane region that is, better than a

circular one to use as a unit? C
/ \

A-

A rectangular region or a triangular
region are also acceptable answers,. but
pupils should be lead to the'square region
answer in any case.

Why is a square region better than a cfreular region?
tol-(- .-44 r":°4"...4.1 /111151.

Aal*-r& '°A-1*' .4a- 414;4 ASO 714i Wa.a.tosa t D .)

Will someone use'these square regions to covet this

triangular region?
O

Encourage children to illustrate
this at the flannel board by using' the
triangular region and the small square
regions:

Let us agreq to use a square region as unit of area.

Suppose we have already decided on a unit of length. Can we

use this unit of length to determine the size of a square

region to be used as unit 0 area? (7"..-

a ..$2- .*4-t )
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UNITS OF AREA
.,

Choosing,a Unit of Area

This is a picture of a triangular region. Suppose we wish

,to measure its area. When we'measured the length of a line

segment, we needed a unit of length. To measure the area of a

region, like this triangular region, we need a unit of area,

a unit region.

We need to cover the whole region to be measured by placing

unit regions on it so that they touch but do not overlap. Is it
)

possible to cover a whole triangular region with circular

regions in this way? Why not?

cs



- Is it pOssible'to over the triangular region J.th square

/ 1

/
\\

A.

Lgt us chooCe a square region as unit of area? 'We choose

a square region whose side is just one unit of length.

uni' of 'length unit of area

0

,779
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Differently Shaped Regipns of Same Area '

Expiortion

:)

Each of you has somd square pieces of paper all of the

, same tfze. Each piece repre§ents f unit of area. 'Place two

. pieces.side by side on a sheet of paper so that they touch but

do not overlap. Trace around the region formed by these pieces.

Does .your picture look like this?

4

A

(d,44.Z.14

What is the figuraryou have drawn? Color
)

the rectangle and its
AO. (a

interior. ,What is the figure you have colored? What is the

area of this region? (2---Z- )

Draw and cplor'a rectangular region of area 3 units.

Does' your picture look like this?

,780
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Here are some regions of different shapes, each with area

3 units. Can you think of some others?
9

4
ZIO

Here some regions of different Ahapes, each Pith

area of 11 units. Can you think of sOm others?7

781
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Exercise Set 5,

,
.

1. , Use .your square region of paper to trace out

andtolor.a region of area 5 .units.

the region any sh6pe you wish;

Use your squares of paper (you may want to

fold one of them) to trace out and color a

region of area 2 units. Make the region

. any shape you wish.

I

3. ,Take two of your unit square rilgions of

paPer and cut each of them into at least

three polygonal regions. Mow make'a new

region of different shape, using all your

pieces. What is the area of this new -

region? )

4

7

-* .

.1:t*Lta-d-i-ie"r may wish to assign additional
exercises of this sort.
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ESTIMATING AREAS

e

Understanding and Skills:
14

1.4 If a cevt'ain number of units can be fitteeinto a

given region withbut overlapping, then the area of

this region is at least this certain number Of

units.

2. If a certain number of units together covera given

region 'entirely, then the area of this region is at

most this number of units.

0
3. Just as 8 scale is useful for measuring lengths',

a grid is useful for measuring areas.

4

4. Smaller units result in -more reeise estimktes.of.

areas.,
.

Materials:
go

I

,04

Teacher,: Large blac

text. *.

4raw

5,

a

.0 3.

ar fgures from the
2 -

4 " I

,

Pupil: The salve square pieces 1/11' coristrtat.t%

usecr.in the preceding pection,.sheet
I.-

paper ruled with 1 inch squares, .1''"--tS of

paper ruled with half-inch squares hkt'isA

.squares- with sides of length on lf an

per.
k 111

. 783
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ESTIMATING AREAS

Using Unit Regions to Estimate Areas .

Exploration,

.
4-.

.
)

Suppose
.

we wish to estimate the area of a region with a'.

curved boundary alobg the top, like.a church window, in terms

of the unit shown.

unit

Ile can fit units into this region at suggested by the

picture below.

784
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,
' /

t i
What does thi.s-sholli about'thp area of the region?(V4. IA-a'

)A
..C........t .

4/II

r .
1 2'

We can also cover this region with unit regions, as shown

ao

4*.

f"

what-does this show about the area of, the region?(.14.4.

We have not found the exactarea of this region, but

we rii-514 know.L-it 'is a number of unfits (not necessarily a
6 ,

whole 'number) somewhere between 5 and 7.

,

Cart you guess from the picture about /whatthe area is?

64.J 4

46

A

4,

A,

,

3.40
o
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110

EXerctse Set 6

9

On the next. page is a quadrilateral region.

See how many of your square pieces of pager

you can place entirely on this region. Be

sure that no Piece goes outside the, red=

and_that no piece overlaps anAher piebe

How many pieces are you able tot place on

the region? //...At4i..,)

What does this tell you about the area of

the region? (4'4`°- A444467--s.41-4 ;
^1'i,}

341

Next, see how many of your square pieces

of paper you need to cover the. region

completely. No piece .should overlap

anoth&k piece. many pieces do you
r

use to' cover region?

this tell you about the area of

the r.04tan? )
,

Can you estimate about what the area might

341

.5

.11
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.

3. 4 On the next page is a picture of ar oval

region. See how many of your square

pieces you can place entirely on this

region.: Be careful that no piece goes

outside the region and that no piece

overlaps another piece.' How many pieces

are yoti able to place on the region?,

25(

What does this tell you about the area

fa4142±-.---"2 41.0.46.4.0'.. L.4.6.1.4)of the region? .

4. How many of your square pieces of paper
. -

do you need to cover the region

completely?

What does this tell you about the area
1

6

'of this region? (-0,-;"4-7L-b-4--- '4".2.34".4:.,-,--til..)

Can you estimate'about what the area

might be?

4.

-
? .

Your class may nee&more
exercises similar to these to
establish and maintain skill.

788
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Using Grids 16 Estimate Areas,

Exploration

Suppose we wish to measure the area of the oval regions

below_ in terms- of the unit hown.

a

unit

We do not hav,:e,to use square Piece's of paper- Instead we can
, . , ...

.,

draw this oval on a grid of units as shown below.
. ,

r.

'''.

I

, 4 .

790..

34.5

*4.



Count the -units that are contained entirely in the.. oval region.
(n)

How many are there? What does this tell about the area Of the
( /

region?jtCount the units needed to cover the oval region
t f (a!)

completely. How many are there? What does this tell about the
41,«.:41 31 4...4.)

area of the regionM The area of the oval region is somewhere

between. (ii) units and (30

can -ou guess about what the

6
.We can get a better

units.

area

Looking:at the figure,

would be?(41,-P-i'/Y-A-.2;a--4.-f"..."

estimate of this area by using a

smaller unit. Suppose we use a new unit of length just half

as long as the old one. The resulting old and new units of

area 1dOk like thiSi
V.

0-

v,4

bld'unit

,f

old unit

.
...:.-,*

How many new units does each

F

We have already found that
1

somewhere between. 11- old units

terms of the new Unit, 'what

of_the oval region?(/f...........44:4.2,-,--.1

How do you know?
, gtej, 3 /

new unit

. .

contain? 0)

44

of. the oval, region is
,

31 old units. In
.

.
,

tell us about tie; area

..--//.2;t....-,---t,,>*

4,
)

A A
%err

the area

and

..

dOes this

w AA/

146
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Now let us use .a grid of the new smellier unitsrto get
f -1

better estjmate of this area.

es.

Count,the units that are contained entirely in the oval region.

How Many are there? (4 I

Counting by rows and pointing with the
eraser end of his pencil asakteounts will
help keep, the pupil frpm m g errors an
counting, and at the'same- time he'will not

be writing n his book. It mould be an

advanta if the pupil could have his own
dittoed cops of. such figures. Then he
could color all the units contained in .

'the oval region, etc. Coloring would help
emphasize that area is a property of A
region, and not of its boundary.

-- .

)
,

Count the units that are needed to cover the oval region

Oariglt..-4-*-4-*-111-^-144-41)

. completely., How many are there? What does this tell about the

..

area of the region? (-11--; 4'7,1-*.Zi- h54-,---:4-.) A

.
.

:

'

1

1

°0
Thus, now know that the area of the region is"somewhere

between 69 and 108',new units. Is this better

ti te? 2=4 Q 0-4 ''!"-4".'"'d*es ma
141 4-d /2,e "14.41.r. )

I 792.

3 4

than our old
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Exercise"Set 7
fk,

o,

a. Consider the region pictured below on a grid of unite.

1

I t

.

.

e

.......

4. .

0

3

%%S.,

, .
.

:
%

.

................':".........'...r
'
s.

/

,

ss,

. . e

,, ,

. r

.

'..0176

.

.

r

.

.

1

.

,

4 .

,

)
A

A 'ill 1

o\ 'e

'
1

-. - .i.-: .-- :

,

..
s''

" %.5
,

'
.....)

.

a °.
,

'

'\

r

e

,
.

.

.

,
. i

t '
....

Fill in the bla4cs:

Thete are (23) unitibcontained entirely in the region.

r'

There are 45) units needed to,cover the region

completely.

The area of the region is at least (23) units and

at most (439 units.
4-

lakk,

Let us choose a new: unit Of area a square region has as ,its

side,a segment just halY as long as before. For every old unit
.4'

. of area," we will then have 4 new units of area.
*

s

793

. 34S
5

A
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In terms,of the ntw unit, we could bay that the area of

7--N
the region shown on the predIous pag&is at least (92) new

units and at most .(22o) new units. (-1_2 ; x 3 74 9 )
b.' Consider the same region pictured below on a grid of

new units.

for

t

r

I Fill in the blanks:

7-.;0.11A14`1 .

Thre are 6'24s-64Units contained entirely in the region.

There are(mA-DAJ''-ii51ts needed to cover the region

completely.

The area'of the region is at least ( /As') units and

at most (/ 9/) units.

Is this estimate better than the estimate you made using

the larger unit? (2r-4-:t4

io p t. 0
794

3.4

-t1.1
) ***
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2: a. On a sheet of paper ruled With 1

inch squares, draw a representation

of a simple closed curve. 'Estimate

the area of the region formed by the

simple closed curve and its interior.

7

.
b. On a sheet of paper riled with

inch squares, trace the simple closed

curve. ou drew in part (a) of this

exer ise. Estimate the area of the

region formed by, the simple cros'ed

cu 7e and its interior.

c Wiliqh estimate,. the one in part (a)

or the one in part /(13), is the

more precike? .674
1 1

795

350 4.



STANDARD UNITS OF AREA

Objectives: To develop the following understanding's and skills:

1. One standard unit of area -is a square region with

1-inch sides; this unit is called the square inch.

2. Other unittlobtained similarly are the square
111

centimeter, the square fobt, the square yard,

and the square mile. rN.,
An.area-of 1 square yard is the same as an area

of 9 square feet.

4. An area of 1 square foot is the same as any

area of 144 square inches:
.

5. An area ofi 1 square inch'is about the same as

an area of 6 or t square centimeters.

Materials Needed:

Teacher: Yardstick, colored chalk

Pupil: Sheets of paper (say 8" x 10 ") marked with

grid of 1-inch squares

t
Before beginning the Exploration, ask

pupils to summarize .what they learned about
`standard units of linear measurement,
bringing out the .following pointer,
l: Standard units of measurement are needed

for convenience and for ease of com-
munication.

2. A unit for measuring the length of a line
segment is itself a line segment. ,

3. The meter is the, basic standard unit ,of
length in most countiles/and in all.
scientific work.

4. Other standard unfts of length include
the centimeter, the inch, the yarn, and
the mile.
Smaller units permit more accurate
measurements.

76

351
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STANDARD UNITS OF AREA

The Badic British-American Units

Exploration

To measure the area of a region, we first have to'choose4a
,

unit of area. The most convenient unit of area is a region squarAs e
,

in shape. Can you think how hard it would be

if each of us chose his owft different unit of

found it is simpler if everyone agrees to use

We call these standard units. One
41,

square region with sides' 1 inch long like

of area.

We call

'inch be

writing

this unit of

to talk abolitaread

area? ,Leople have

the same few anits

standard unit is a

this.

area the square inch% Would the Square

a convenilent unit for

\
paper? 61#74-) .

measuring the area of a sheet of,

At this, point the teacher might pass out to-each.
pupil a stieet of paper marked with a grid of
square inches (such sheets are commercially
available) and ask the pupil to. determine by .

counting what area of the sheet is in.square
inches. Use sheets whose edges are, themselves
lines of the.grid so that the area ls clehrly
a whole number of grid units.

Would the square inch be a convenient unit for measuring

X° hie 7' #.-...-144
of the classroom floor. Why not?/.1.,

Can /oU suggest a bettersunit for measuring the area of the

the area

classroom floor? 6d*.t.,21.. <.1

Can you explain what a square foot iS?(It44-1,4,4 /,.%1:1 /..t1-7)
797

352
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f

At this point the teacher, outlines and
and colors a square foot region on the
chalkboard. °Next pupils are asked if
they can explain what a square yard i .

After outlining and coloring a square
yard region on the chalkboard, the
teacher asks pupils to guess the area
of a square yard region irrsquare feet.
Pupils are then led to suggest drawing
a grid!of,square foot units on th
square yard region and counting to
determine that a square yard regi n has
an area of, 9 square feet. PupilS
should also be led to note that a

'1square foot region has an area of
square yards.

For the following discussion, the
teacher uses full scale models in the
form of Idtawings on paper or on the
chalkboard. These.should,be easily
visible to the pupils at their seats.

798

, 353
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At the, rigl-q is a small

picture of a- square. Your s -

teacher will use a model whose

-s_ide is actually one foot long.

Let us pretend that the length /

of the side of square EFGH is

1 foot. How many squares of

H G

E F
-' side 1 eh in length could

you place, to uching but not

overlapping, with one side on
f

EF as shown in the figure? (12)

What is the area- of region

E F J K ? . ( /2 '4.t.'°44

How many regions the size of
,

region E ?JK could you place

in region. EFGH? (JAY

Since you can place 12 regions

3e size of EFJK in the region

EFGH, and since the area of,

region- EFJK is 12 square

inches, then, the- measure of

region EFGH. (where the unit is

the region whose area is one

square ,inch) is ..,12 x

or 121-4,

799

''354

r-

H G

E F

J

0

'5,
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. .
ThUs, an area of 1.. square foot is the same as an area

''--- -11-1

of 144 square inches: The area of 2, square feet is the

e as an area of 288 square inches. An area of 72

square inches-iii the same as the
,
area of of a square

foot, (since 72 = - X.144) . .

!4k%...

A 71 1
foot.s/quar 7e (not square foot)

is a square with eachiside of length:02

1"Tbotk.. Its area the same as an area
of 36 square inc es.

Suppose yo6 wished to measure the area of the whole
/IQ

United States, Would-you use'the squire inch: the square

foot?
1.

the square Yard?"--9 Why nOt?(2/4.4
44

Am.._ xl 21-44-ti .1t4Z4-' ---"*"41 ,r-;" 4-- -16404'4.4---k4d-)

Can you a4gest a better unit for measuring,the area

of the United States?

The tea might ask the pupils, to look
the area of the Upited States as aospnl
assignment.

0

800

1.7

6
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Exercise Set 8

1., Make a table showing the number or units required to cover
. ° 1

these regions:0

o C

SqVgre, side 1 inch 1ong.

-1,-
- -,,k- ,

Square, side 1 foot long:

or

e°

Square, side 1 yard long:

or

or

. jr
2. Here are 1i -ted areas of some regions. Write each area

Number Unit

(I) square inch.

square foot,

sz.15re

square yard, 'ft

square feet,

square inche

in at least zone other way, using different units.

a. 6 square feet
. (241,c1.:..)

°
b. 4 square xam fits g. 32, square feet ° ,

, ; (34.4/./...i. .s.57/41-ror- 44op.472. . el- 3/14......isy.")
0s .

....4z,

C. --1.0 sqyare feet h. 1296 square inches

/As.r/; ...hit, k /44,0.4p-4:..) . (97., ,-. s / -4:a4/. ),
e-i

d. 288 square inches 1. 5 square yard,,s

(2'411') (4,5-As. P.: e 4PO Ar. .c....... ).

7 square feet,

,(po )

300 square inches j. 16 square feet

At..a..(44../ 23e$1.1.4.)

801

35 f)
(
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3. BRAINTWISTER

d
Fin4 different measures for the area listed below,

.changing the .units of measure as noted:

a

a. 4 square yards: ''square ftit

b. 5° square feet:- (2/2) square inches,.
it'

r

c. square yards 18 square inches: 09. sqUare

feet square inches

d. 7 square Teet / 24 square inches : (/,03.2) square

inches

e. 20 square feet: (2) squaxeiyards (11._

square feet

f. '324 square inches: (2) ,tquar,e feet (34,.)

.g.

square inches

2000 square inches:

(704) kjuare inches.

h. 36

i. 2

j 18

square inches: square'foot
/4

0). s quare yards

square feet:
> N

square' yard

square inches: g square foot

.802

357
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- Area in square Centimeters

Exploration

All these units -7the kuare inch, the square foot, and the
"C°

square mile- -are units of area in the.British7American System-
* 104'

of measures. Do you know what system of measures is used in

most countries? What unit of length in the Metric System

tcorresponds mos closely to the yard in the British-American
(00,--gte

SilStem?
)

What unit of length in' the Metric System corresponds

most closely to the inch in the British-American System? Do you,
14".11Ar

4 2r71 .51 /00
'know how the meter and the centimeter compare in size? /) What

unit of area in the. Metric, System would you get by taking a

square region with each side ,1 centimeter long?6.2.

Even in Britain and America it is the Metric System that

is used for scientific measurements. Therefore, we sometimes

need to compare units,of area in the Biitish-American System.

with unitslof area in the Metric System. Here is a pictureOf

the square inch and the square centimeter...

otare

e

squareinch. square centimeter

803

358

to.

by



Which is larger, the square inch or the square centimeter?

What would you estimate is thewarea in square centimeters of the

square -inch region pictured? How could you determine th4.s more

caref(? 54..../.1121 4"...1""'"tr
ully ? /1ly?A ere is a square inch shown on a grid of square

centimeterregions.

4

Ayr many of the sqUare regions of the grid are, contained

entirely in the square inch region? (4)

What does'this show about the area of this region?'6Z-J-L-4-li
0

4-3fle, 0-

How marry,of,the square regions of the gri:, are needed to cover

thesquare inch region completely? (',Z).

A 410.

What does this show about the area of the -region? (JiA; 9. ,

Can you now guess this area more accurately? (S.. o.- 7
. .

8ck_1
370
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Exercise Set 9

1. Suppose, we have a rectangular region with adjacent sides

of length 2 inches and 3 inches.

. 4

-1 4 - _

What is the area of the region in square inehei? 4 A: )

Below'is d picture of this same rectangular region on a

grid of square centimeter regions.° Use this picture to estimate

the area of, the rectangular region in square centimeters. If

you need questions to guide you, look on the next page.

11' 4

. 1

1

. .
. \

#

# 4 .

' '
avti

7

,

A

04.
'803

'30 et



The following questions should help you to find'nestimate:

\;

a. How many square regions of the gridare contained
(34

entirely in the rectangular region? What does

this' tell about the area of the region?...64-;

b. How many square regions of the grid are needed

4pc cover the rectangular region completely? (4.0

What does .this tell about the area of tthe

c. Can you'look at the rectangular region and

estimate 'about what the area would be?

Ad.

44.-4 3 9 7 '

Fill in 'the

rectangu ar

its area is

blank: If the area of a /

4
region 6.. square inches,

about 439) square centimeters'."---

8o6

361
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r1 .41

0.

Below-Ts pietured a right triangular region

of- square c6timeter

the right ande have

Find an estimate for the

in square centimeters.

on a grid

regions.. The sides adjacent to

lengths 2 incilesand 3 inches.

area of the triangular region

t.

1'

w9 i

a. The:area of the triangular region is at leart'

(M) square centimeters and at most,(27)

Square centimeters. I

b. What would youl*estimatethe area would be?

,

a

*4,

807

362

\
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3. -Below is pictured.s. circular region of radius

incheS%on a. grid of square centimeter regions. Find

an estimate for the area of the circular region in

squarecentimeters. 1'

.

es
.,,

,

. ,
.

.

.
)

-'7..................'%N.N.

.

...It'

1

. 1, r

r

.

s
'..

- l
<

r

tc

.
'

.
0

./ ,

.
. .

.

.

,

' . .

, .

. 0 a
*It

s . . ,
.

y

.

, P

' 1

L a

---

.
V

i

a. The area of the .''T-rcular region is at least
s

(6't9) squaraNcentimeters and at most (//2)

A

sqre centime1brs.

.14

b. Whaviquid you estimate the area wouldbe? ga
)

8o8.

,363
1



AREA OF RECTANGULAR REGIONS BY CALCULATION

Objective: To develop the .following understandings Fnd

skills

t

1. For each unit of length there is an associated

unit which is the square region each of whose

sides has length 1 unit.

2. Several differently shaped rectangtlar regions
4

of the same area can sometimes be formed

using a given number of unit square regions.
14114

3.- Suppose that in terms of the same unit of

length, the measures 'of the sides of a

rectangulai region are given whole numbers.

Then the product of these numbers is the

measire of the region in terms of the

associated unit of, area. (See note below)

In simpler terms, item 3. above just
says ''!area is length times width." This
simpler formulation is, however, both ,

inexact and incomplete. It is inexact
because we don't 'really multiply. lengths
and paidths; we only multiply numbers. It
is,iincomplete because it does not specify-
that boWlength and width must be .

measured' in the same linear unit and that
area mist be measured in the associated
unit of44aea. 0

Materials Needed:

ti

Teacher: None

Pupil: Twenty 1-inch squar1s of construction

paper'for each pupil, sheets of paper

ruled with 1-inch squares.

10.

809

6

0
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AREA OF RECTANGULAR REGIONS BY CALCULATION

o

Building a ReqangAlar Region

Exploration

111M

You remember that a rectangle has four sides. If we know

the measure of any two sides that form right pgle, thenewki
eZP_

know the measure of all fOur sides. Why? +When w6
d-tAZ

ak of

"the adjacent sides- of a rectangle," we will mean tWO side;

which form part of iTight angle.

Earlier in this Unit you found the area of a plane region

by covering the region with models of a unit regipn., What is

the shape .of'a standard unit regibn? "214L )
r

'A ,
Ybureeacher give you some'models of unit regions,'

each with an area of 1 square inch. Count out twelve of these
0

,unit regions. Fit theg.e" 12 .regions together, without,

cverlappthg, so that their bbunaary is a rectangle. How long'
144.. .24 e-La: 44:-.).

are the sides of the. reetangle?,4 See how many different

.0 -

.rectangular,. re-gfpris _you can form, fraT the 12 square regions
- - vi

and llit the informatiorVin a chart like the one below:
- . -

.

. . .

Lengths, of sidelL
....

Area

.-.,.

:-.v ,A.... . 1 2.....2p....

_...4.L._4'._.... Lec.4L--

..47.:-.....,,.

12 '41 '4:
'3-4.: P-7-4.f_____.1.:-.

.
.11..i., .. I/ 3 . 4 . - . 12 .41.e..----7r-'

"444... :
I X .4". ..I2

: I .4.:

)

1
1 2 ......___Z___

810

- . 3bo
4... / .

I

A, -

rs. . !

z

0.
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Now use sheetsof paper ruled with' '1 -inch squares. craw

two rectangles of such size that the area of each of the

rectangular regions is 20 square inches. (Keep each square inch

unit all in one piece.) List the information in a chartas, before.

Length's of6ides Area

/,... 4 Z9.41...4..

1 ........ ID 4.1.. 20 ,...:...

*...- S-...:. ../0 .....:...

6".....:. ii

i 0 .4.. 2 A. .7.0 Ay. .41,..

2 a w.. 1 ...... . '

What, do you notice about the number which ere the measures

%..
,

.
.

?f the sides of a rectanle and the measure of its region?
,1-4 _444 ............./.-,2e... .Z.4 --.-.............?. 7/24 .4......6.....". -,24I In se al fourth gracieViTi,.rectangularSeal

as hey, were called, were used in'studYing
the arithmetic,operationspn whole numbers. For ,
-*Pupils who 1pve had thisdgfproach, the following
diseutsion would be worthwhile.

r

Where have we already used rectangular arrangements 'of square

(4- .°1-~ta-^1 /24"--X--*"°- 44 -*-4-.4" )

regions, quite a while ago?4 What were th'ese rectangular
(A.p....7....) . .'

arrangements of tquare.,regions called?A What were the squillle regions
' (74 6......1. V.t4 .u.n...0 .,

in an array'callenA w did yo,u.2.earn to caldulate thejurg:of
(I/ -...; .X....-"are "....2...L.,'":1' ...:.

.........6.9

elements in an array./What re we now calling the, number of

., .
(Ve...........4..rn ..i....4...3....2.-..443....., )

t elements in
'

the whole array?A What are,we' ow calliplth numbers
...- . ( ..................- .44,./......

of elements in a -ow and in a column of t eli75.7417EklIenIlber

of elements in an array is the product of the number of elements

in one row and the number of elements in one column, what does

this tell us about the measure of a rectangular region?,(jt--

Is the following statement a fair summary of what we havel

been saying? Two, adjacent sides of the rectangle have measures

whose product is the Measure of the rectangular region.( --

.

.0

811

/7---N;
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Exercise Set 10

1. Suppose a rectangular region has a measure in-square inches

of la. What pair of numberS could be the measures in

(6",

inches of its sides? Ca)n you think of another pair? 6,/0)

2. Draw on 1-inch squared paper two rectangular regions having

a Measure of 10 ih square inches. On each side write its

measure in inches. On the interior of each rectangular

region write its measure in square inches.

1 1 1 1 1101 1 1 1

10

2 I0

5

For each of the next three exercises draw rectangles on

squared paper and write'the measures or the rectangular

regions and their sides as in Exercise 2.

}tiles such that the measure of each

ion is 16.

1 1 1 I . 11

16

3. Draw three rect

krectangular re

2

8

Draw three rectangles such that the measure of each.

4 C

-4

rectangular regiqn is 18.

/r1 1T11111 148111111111
. 18

18

9

812

367

/.18
EMMEN.
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5,

2

6.

Draw

rectangular

1

four rectangles such that the measure of each
A

region is 24.

I I I I I 1 I 1 I .1 1241 I 1 1 1 I I Ill 1

3

24

4
24

24 24

Make

12

and filA in a table

8

like the one below.
6

Get Ule

informAion you.need from your drawings in Exercise 3.

Measures in-inches of
sides of rectangle

Measure iii square inches
of rectangular region

. 1 16 . I6

,

2 8 1
4

'
.

A 16 .

What do you notice about the product of the measures of the

sides in each case? (1....."'-"'-',1/24'.7i'''4-4"" 4

9

7. Make and fill in a table.similar to that_in Exercise 6.
o

Get the )ifOrmation you need from your drawings in

Eercise 4.

Measures in inches of
sides of rectangles

N,
Measures in square inches
of 'rectangular region

.. , ....

1
18 . 18

2 9 18 .

3 6 18 . ,

' .

What do you notice about the product of the measure of the

sides in each case? 4..4; 24#34.e....t.
4

813
.

368 '45' , ' A
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4. Make1 and fill in a table similar 'to tliat ExerAse 6.,

A ,

Get the information you need from your drawings in

Exercise 5. (

.

.
Measures in inches of

) sides of rectangle
It

:Measure in square inches
of rectangular region

. .

,I1 24 ; 24 -

2 12 24

3 8 24

4 6 24

<, r

....
A

Ight* do you notice about the, product of the Measure of

the sides in each case? .11

0

9. Suppose you are given the measures in inches of the sides

of a rectangular region. In terms of these eaeures,

what is the measure in: square inches of the sctangular

111;:i

1

c"Ni

83.4

369
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1.

Exercise Set 11 4

.

Susan made a rectangular. doll blailket whose sides were 12

inches and 10 inches.long. Find the area of the blanket.

'2. Peter made 6 pliwooe-shelf for his model collection. The

shelfAwas 30 inches long and 6 inches wide. What was

its area? (:ti'D

,41111%

3. Suppose the edges of a brick have the lengths as shown in

this picture..

4
V

bi

Find ese areas:

p of the brick. ( 32 -I.')

ide of the brick, (/6

End Of the brick. (

2 in.

Total surface, of the brick. (Ha-

815

370

111
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4. ..Here is a picture of a kitchen floor, with the lengtheof the

. edges shown. Find the, area -off the floor. '(Hint: Can you. °

draw a segment wh.ch divides the region into twatittangular

regions?) (7c .11-7) .

6'
,

8'

5. Here is a picture of a floor °Is house, with lengths of the

edges shown.

30'.

. 40'

30'
a. Find the area of the floor. (2/00 .2,1/7)

b. Can you find the area another way?(Itiow?(2...,-,n)

6. Suppose a high pressure salesman tries:to sell you a

rectangular lot fdr your home. After many questions, he

reluctantly - admits that he has tworectangular lots. One is

o
3 feet wide and 2000 feet long. The other is' 60 feet

wide and 109 feet long.

a. Wtat' is the al4ba Of each 'lot? CC,"

b.
.r..4.;( 44Rit<44;4.)

Which lot would yOu prefer? A Why. 644,..

816

.371
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AREA OF. A TRIANGULAR REGION

ObJectiye: To.develop the following understandings and

skills: ;

1. From every right triangleca rectangle may be

formed IV properly locating a fourth vertex.

The-region bounded by the triangle has 01

area which is one=half that .of the region

bounded by the rectangle.

2. The measure of a region bAnded by a right

triangle istfound by calculating the 'product..

of the measures of the sides of the triangle

which determine the right angle, and

dividing fh product by two.

3. An altitude-of a triangle J.6 a segment dralnl

frOm a vertex to the opposite side so'as to

form right.angles with this side.. , , 41
_

4. Ilrhe "opposite side" to which the altitude is
sr

drawn is called't'llease of the triangle 7it
associated_withNthat altitude..1 . I

We calculate the measure of a triangular '

region by taking one-half the produbt of the

measures of an altitude of the triangle

and,iti-associated . ,

L

VoLabillary: Altitude, base.

This sectibn challenges the pupills ability to do some

deductive thinking. He needs the skills /and understandings of

-many of the sections in this unit to be able to'conclude with a

rule for calculating the measureiof a triangular region.
,

817

372

A



ft

7

F501
4.J

AREA OF A TRIANGULAR REGION( 4
0

-Area ofoa Region Bounded by a Right Triangle

k

Exploration
,)

Let us think about how we' would find the area of a region .

11,punded bya right triangle.-

A

\''
Y

I

Uing a compass draw a rectangle

crWY AB.

!.

A

40

JP.

Ig

by making AD = BC and

818

373

7

\../, °
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The resulting rectangular region is divided into 2
,

triangular regions- in the following way:

How
(

)

o the len&ths of the opi5osite sides oflthe rectangle 4

compare?/1 youfiave enough information to be sure that

LrittO ODA? /9,6 = d eD4

A.75,24.

If two liqo segments, are congruent, then the have the same

length. Similarly, if two triangles are congruent to each other,

then the regions associated with them have the'same-area.

Therefore,' the area of 'triangular. region ABC js'the same as'

the area of triangular region CbA. The measur011of region ABC

is what Fractional part of the measure, of region4Ber

What fractional part of the'meaure of reel= ABCD is the
1,- . ,

/measure of region CDA? &v.-4 '4 , ;

r

t

819

374
4

J
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-

Suppose BC. has length 10 inches'. What is-the illasure

(/0)

S.

A

1.

B

Of ..BC in inches? Suppose\ AB has,length' 3 inches. What.

is the measureof AB in inches?) What is the measure,, ins
(axio.4-,34).

,square inches, of rectangular region A$CD? What is the measure,
(t4-

(jr) AK
in'square inches, of triangular, region ABC? Why? --What i ,,theand-L.is

area of triangular region ABC?A What is the measu're, in square

(6)
inches, of triangular region! ADC? What is the area of

triangular region' 'ADC? A A

t

, . Summary
.

.

From every right triangle a rectangle May beforneby

properly lob-ating a fourthurth Vertex. The regibn bounded by tila
(. t t

, .

triangle has an area which is one=half that of the region' C
it.

i>

boUnded by ther,rectangle.

. . --41 r,

,

--,,,,...,
The,measure, 'in square units, of a region bounded by a'right%

t

tri410g4e is found by calculat ng the 44gduct of the lizutes, in

A)unit` 3 iilf the sides of the t angle ,which determine the right
. , t". \

ahglh, and'diuiding the product by two.
.. . .. .

'

,p

820

375 .

I
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4

1.

2.

Exercise §2112

In each elxercise the triangle is 'a right triangle.

5 rn.

'4

R 8in.

4.

r

. 51

. J3

r

: .: .4p-
./..,- ' .!.. re ..

-1
.". s

..,0,...
i .. . r ' ..

k

.4ea of-region RsaI is

(a0) 'square' inches

..Area of region MPQ, it
x .; t.

(19) square inches

Area of tr iangul;ar riagion

.XYZ (42 Ale-..r.4-4-44)

)

4

Area of triangular region

AtG is ,(z.1,45r...

4

Select,thelmeasures-4ou

neecPand calculate the
I*

area Of the v..egi.on GHI.

ti**

fb



P50
)

6.0

Are._ of aRegion Bounded by a General

41. Exploratiqn

o 4

.
_ .

Not everyAriangular region is bounded by a right triangle.

We made the area of a region bounded by a right, angle depend
)'

,

ton our knowledge of the 'area-of a rectangular region. Now

. wewill make our study of the area of any triangular region

depend upoif what we have learned_abouttleHarea of a:region

boundedby a right triangle. Again we use the concept that

area is unchanged when a region is di;ssected.

If we:start with a general triangle 3uch as ALi MN.
,

4

y
,

e may P from ,a, vertex. 5 such a. rightL ..FRQ ls.ight
. .7.

angle and ,Z PRM. iS--drighJ,';angla. PR. is referred fo as the

height or the 'altitude 'of . MPG.' The side of the , triangle ,

opposite-t11%;vertex' P is called the base of the tilltanle. If:f

the altitude is drawn from vertex M, then PQ the

base of MP' IfHthe altitude is drawn froth ,Q; then AF

is the base. Every triangle has three altitudes and three, './'

corresponding bases.

.0 0

# / 4 e
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0

M
3 . R

Is RP a right triangle?

Suppose the

4f,

length of 1%ai

44.

Is A RQP, a right triangle?

is 3 inche;, the length of' RQ
I

is 7 inches, and the length of PR is 4 incl.Z- as shoran above.
(6,

What is tqr area of the region bOunded by right triangle MPR. A

What is the area of the region bounded by right triangle (Pq,6.T-A.)(

What is the afea of the region, bounded by A vi0,(2D
serve "O. T

Measure of region Mph is x (4-x )

' Measure of, region QPR is x ( 7) ,
e ,1

.

Measure of region %
MPQ is( (4- X x 3)) x (4...x 7

/

Using the associative and distributive property:

x (4 x 3)) x (4 x 7!) 4),x )74- (4 x4)

a, , Ir A .

4:
2 s

x (4 x I

\

th.%
This tells us that we may, calculaktp the measure or the regi7n

= G-* x ) )( (3 7)

x 14-)1 x 10

. .

/1PQ_ if' we take one-half the product .of the measure of Ve
f '

e
, N...;

altitude and the measpre,of the base.

Ito owe get the same measure of the region, MPQ if we add the.
1,,,, ..

-
.

measures of -the regions MPR ,and QPR a's we get if we divide the

product .of the measures of the base and the altitude by 2?; 6 )4141.,

823

1. 37
of f

° .



1-,:e

1

Exercise Set 12

1Jhich line,. . Al: '
segment :is the bap'? p

m":13DN= 12; -re.AIY. 3,

m DC= 3-, in inches. Find

the area of 'triangular-. region
#

ABC by -two ,methods.

»A so77/......,.....4 ../-4-4--;4<r- AB? z. /S

i -7,14...., ?,...r..., 5.15C = a
7-14...... 7/....2...1, - /the . 3 4.,

(2.),

.
-4-#A,- V #-..., , a .

A ,

P P
,...

. .

2. ,AD , an" altitude Which

line:peoneht is the ba:selAig-er-

. Suppose .
,

. - . .

T3D- .= in :,inches :Fin4--thf-;'"

area of the trianguli. f.e10:On

bri ztKo._ , e- ""-

111.4.:L"

:

, r -
,1 J a.

" .7 N,

- ;

-
.0

%*.-.."- .

ae,*;

'1
,

.(- yr" e . , .

',ea ..,,; "a . ' . .
a

- ' r . .
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-3. CD is an_ altitudt. Which

-line segnient,is the iDase?G)13.

Suppose

AB = 12-, in inches.

Find the area of region
A 13 e 3 G. Al....-. ,)

.

4

1

0.

4. WS is--an alltItude.

I.

Which line: segment is
co)

the Suppose

m in RT -= 7,

in inches. Find the

area of regio
- -... -

64-- R4:r 5-

R W T

I
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hapter 9

RATIO
,

c

PURPOSE OF UNIT

/ .

The purpoSe.of thie unit is.to°0

build the understanding tha,t one use

of ratio is to'indintehow certain

physical situations are.alike in some

respects.

Pupils will learn to extract.

certain propetties Fromhysica
situations, and then to express these

propriles usingjpairk of nUterals.

CF iOren can use-fitlINC;encept of

ratio whin cdinparing'two'sets by

4.7.ipoting the correse or tatching
:Of members of one set with the members

of the other set.

6

- ,> 827

38.1 .
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MATIIET4ICA01.;,.'pAcKGouNp

In other units' we have. ayeioped.'mathematics which has ..

i .00. .. , ,. ,:, .. \ .

proired usePul In dego`ribirg,.314.1atIons,,in the physical 'world': -' :77-'

The concept of natural nuntbee enabled us to -indLate:-4ne ,ta,y _.)\',"
--,

.
in which certain sets were;aolike: t Z e o f :'set : -5_ I.

.. ....

- - apples and Nat a second i4t,\. f 5 _et A's of° theM.IfIllatki
,

can be put' in aone-to7one:e r ondenc The sets have
something in common. We denote the fun4 neal ptop.erty-;1-t?

8 ,

hic1-1 we are interested;by the numeral° 5. W have _slab- .

studied congruence anCiirnilarity, copcepts ,12 grew aut'

ox our desire to compare' t'he:si,e,and. shape o. models of
geometric figures . The concept of rati/ ,which will eveloP
in this unit will give us. still one more war-of indicating hoW

t
Ze-rtairr physical, situations ar0 alike.

Consider the41-01 g problem. I can buy 2 candy 49
. . 0

bars for 6 whil ..ri5;:i- c n ` 6 of, the- s,;:stee can\dy .bars

for 205i: We find ou el -wonderingwho Aoett-i4ct 'the'
better "buy." We shall suine there Is 40 SPeci84.:,-.. 4c.

scoun . for 1 ge burc es: Sin e I Imairthat I m
present for wo candy ars, I can 'visual .ze :my

,%.
candy purchasing ability- as plc red, below. Every 2
candy bars that I buy must,corliiiPprid to .6 :, plieS.'

t
- °' ::/,

'CANDY I

I CANDY

CANDY

!CANDY]

'CANDY I

[CANDY

®4 000
coigio) ©9

.

The glastframe clearly indicates that Lem doinE better°,°%,
than ,you axe under the given arrangements, for I am.gettihk
6 candy bars for 18 cents bt.Lt you are paying 205i for

candy bars.
6

VV9
ti
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o a
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" o
,

Ex&dtry, how did ye reach this conclusion? At first we

. ask-ad` oirsslYta.'what..s'oiit of purchase would be like the

Wc hese ot bars for 6 The situatlrierapa,,
Sented par. answer To sharpen, our -Under.,

stahiani ,situations are alike,. let us summarize
the es s entials rOf taeh situation* in a-,:'tabfe '

. : 4
.14 'CANDY -BARS 2' 4 6 8 3

-"P IBS.,.. $., 6 ..12 18

:galli'w,04ke further entries in our table?- If we are able top"

draw a picture of the situation, we can make tht

eb-Pre.b.1541ndiiig' table entry with ease.

notice that an esselial-aspect, of

have des9Aced can be repre ented by using

to), -.for the first frame, (4; 12) for
"; for the third. Thtse pairs can b

all of these situation-a property common to

(2, ,; -6) we intro the .2:6 (read "2 to .6):

each situation. we,
.

a pair of numer_aIs,-

the second:cen4"

e usedito rePrese-:;it-;11';',-

Using the p

At t s pbint ( s suggested by. the above
table) you may wish to. write the symbol
2 k

instead of 2:6. But the first emphasis is
do seeing ratio as a property as another way'
of comparing two sets of objects and not as a
number. hater the correspondence between ,

ratio and rational numbers will be established.

In f'er of the above mOdel this can be interpreted as ,telling

us t t there are 2 candy -bars for every 6 penfies. This

same correspondence could haye been described uet tl-e pair,

( 4, , '12) and the associated symbol 4 :12. For the above

his ''would tell us that there are ,4 candy. bars for

every; set or 12 pennies. Clearly, 4:12 ancc2:'6 are

diffe'rent Synibols 4.'/hick. we can uSe to indicate' the tame' kind'

of correspondence and we write 216 =.4112. Once more, 'as in

the case' of numsrals for frabtio numbers, we *ye. an

unlimited choice ,of pairs of num4rals to represent the same'

r-loroper*. The common property is called a ratio. In: the preceding
f '14

829
I
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example, the ratip (DP candy bars to pennies is said to b

. to 6, --_15r: 4 to 12,' or 8 to 24.
*et.

-Can: e 'tell how much I will have to pay for one 'catidy'

4V
.

bier ?. If e take anotb,er look at :the First frame, as indict.4-d

:treloW, we see that one candy, bar should' cost,me'. 3je.
.

-SW

( [CANDY

NI) 0 it ® 0.(22

I CAN [Xi

Then, 1)3 is another name ror :this,

How rmith candy can I buy for 1:)i?. trying to _answer

this question we find ourselves ..i.apable.of describin the

tuatiOnby 4 .suitable pair df. numet4.1s unless we consider

theNandy bard to -bie diviSibA. In Tact the candy bars ,are

divisible although the store owner is not likely 'to n).1 'us

part of a candy bar., Ir he would, Jae would expect to get
1

of a candy'bail for a -petty. igiice, 7:1 iS another ,Ahame for ,

'the ratio we have been studying. Howeverif the candy store

owner won't cut the candy bhr ir4o 3 .pieces sip that each,

piece is off the bpr, thls particular' pair of numerals
3 ,

'
doesn't describe a situation that win actually occur at the

ti

candy store.

We have been that 1:3, 2 :6,. 4:12, 6:121,
1 can-all

be used to aesdribe thebaSic ,property that each eleMent. of 'the

first set, the set of candybars, always corresponds ,to 3' .

elements of :the seco set,

ask, if we can decide lrhich p

describe this 'ratiowithout.

e set of pennies. We $1,4ght now

s of numeral-6 Oart be used tO6'

°

wing pictures, Cleary,' any

= pair of the form (n, 3n, where -n is a OPuntingnumber will

do, Of course, 'if the storekeep'* subailde the candy

bars and if the penny is the Szialle unit of mosey avhil4ple,---
only pairs of..-the ,fdrm (n, 3n) w ere n is a, ottnting number,

will repres,ent actual transactions at the dandy counter.: TYiat

is, 5:15 and ]5-zi- both represent the same ratio. 5 :15.'

m ,

tells ,us that 5 ; candy bars will cost its' 15ji, whereas ,5.5

$

-8:30 -

384 .-
4
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i.

tells, us that candy bars would cost 4(., Since the dealer
,

1will ''nit sell us bandy bar, 5: does not actually r

describe a possible exchange of money for candy bars as 5:15

doeS. .
.

,

The property described by 2:6' -±sexhibited in a wide

variety of situations and is not restricted to sets of candy,

bars and pennies. CcInsider each ofthe following:

1. : There are 2 texts for every 6 students. .
1 2. g.'ihere'are 2 boyp for every .6 girls

3. The kart goes 2 miles in 6 minutes.

.* investment earns $2 interest for evert $6

invested.

- After a brief bonsidetation you will conclude ghat the

table and the associated pictures Which we developed our

example of candy bars and pennies would serve equally well to'

describe .each of the above.situations. ' For example, in 1,

we have texts instead of candy bars and student's instead of

pennies.
, .

es
."

Consider the statement 1. It describes a situation

involving 2 sets: a set'o!' texts and a set of students,.

The situation 3,n question,exhiWits a property described by

2:6. 'We can Say that the ratio ,of number of_ texts to number

of studgnts is 2 tp 6. In short, there are ,2 texts for

every .6 Students Another name;for this ratio is 23:9. This

indicates that the e are 3 texts for every' 9. Students. 1:3

also describes_the ratio of the number pf texts to the number

;oestudents.. 'However, the ratio Of ,the number of students to

the number of texts is 3 :1, ie., 3 members of the Set of

students correspond to each member of the set of texts. 1
.0

Clearly in malting comparisons between numbers of. texts and I.

numbers of students it,will not-be clear. that the ratio is

1:3 unless we understand that the first-number indi4ated

refers.to' the. set of texts. The order in' which the numbers are

names is important. Any pair of the f9rM (14, 3n) when inter-

.preted as n:3n could be used to describe4he relationship

. 831

. -
.



4

.

4
V

betwten the set of texts and the set of studenPs. That is, -

since there are n texts for every '3n students, we have a

situation exhibiting the Natio property 1:3. Some 1:41x;b of

i,this type are given in the following \.4,ble% Spaces are,

provided for further entries.

\'Texts
,

1 3 5

-

12
t--

,

-' A

,Students 9 15 36

. we can,, of course, never hope to list all possible

entries. The pairs indicated in this" able are sometimes

called rate pairs since they indicate how many texts per

student-: a-distribution rate of texts over the sgtof students. \'

. We can visualize what the'table,Antries tell us about our model
, A ,

sets .as shown below,, ,

' We might,a6k how to determine one of our table entries

without drawing a picture. In the examples we've been .

considering the pairs we'enter,in our table are all of the

types n, 3n)' and we see at once that (9, 27) will

represent a table entry .while (4, 17) Will not.

Consider the ratio described by 2:3. This symbol' tells

us that there arg 2 items of the first set or every 3

items of the .second. Itlfollows. that 4:6, 6;9, -

100:150, and, in general all be other ways of -a1.4

832.
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representing, this same property. If the first set-referred to

is theset.of boys in school and the second set is the set bf

girls, we. say that there are 2 boys for every 3 girle.in.

school. The symbol 2;3 can'also be used to aeseribe a
A

fundamental aspect of what happens when. we have a kart which

travels at the rate of 2 ,*miles every 3 minutes. The kart

travels 2 'miles every 3 minutes. 14 other words,

.correspondipg to every 2 miles stretch covered by the kart,

there 1 sa:timelinerval of 3 minutes. The symbol 2:3

will d scribe the correspohdence exhibited here if we,choose ,

, .

,the elements.of the first set to'be.distances of one mile and

the elements of the decond to be time intervals of one minute.
-

The aspect of 'the-m9vement...of the. kart is' equaYly well

described by any- symbol, of the.fprm Ic!*3k. Sipe such, pairs

tre.indicgted below., The symbol 40:60 repreento."46

miles for each 60. minutes ", or ,.40' mii.es perhour."
,,.

4'

Miles 2 ,k
.

.5 10 30 '

,. 1. ' 1

't'

.2
. 40

Minutes,'

,

-3 06

,
3:5'

.

15 '45
3
.. ,.1 -1,

-g
..0

O

Situations in which the'correspendenceof two sects can

be described- as' above by means of,eairs,of, numerals of the

type .(ka, kb) or ka:kb all possess a Property Galled,

the ratio d:b.oTe'each collection of a" member's of the )

first,set, there corresponds a tolledtion'of b members

of the secones7'If two pairs Of.nume'rals represent the same

ratio,, we use an equals sign ,to show. that they are different
. ,

ames for,the same ratio. Rol, example .

q 5*;10 = 4:8.
. .

.. -,

A'\statement'of this type is called a proportion.
.

. . . .

833

.
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How can we tell if two symbols, for example 6:18 and

Et:32, represent the same ratio? The symbol' 6:18 tells Us,

,that there are 6' members of the, first set .for every 18

'member ,of the second. This is the same as .1 member of

the first set for every 3 members of the second set. That

is, 6:18 and, 1:3 Ore different names for the'sameratio.

Similarly/ 8:32 and 1:4 Tlre,diUerent nemes.for the same

'ratio. These symbqls 1:3 and 1:4 clearly describe

different correspondeaes and we concludethat' 6:181 and

8%02' do not represent the same ratio. ,

In general, 4:b (a 0) and, (b 04) represents -,

while c:d. reRresents the sam-e'ratio

(d it'follows that a:b arid

the .same ratio as 1:-g

as 14 -(c 0) and

d':d can represent the

That is, app =c:d if

we see immediately that

sate ratio if and only

and only ad = bc. U§inthis test

6:18/8:.32 for 6 x 32 / 18 x 8.

Consider q situation in which over...! fixed period of time I

can earn $1.5Q on a $50' investment, From what'I know

about simple interest, I would expect to get $d.75 orva

$25, investment, $0.03 on a $1 inwtment; etc. if,'as

before, we usea,table'to"exhibit,these results, we would have

Dollars of Interest 0.30 1.56 , 0.75 ':,3. 0.03

Dollars invested, 10' 50 '25 100" i

. /'

The property common to g.11 of these pairs is the ratio

0.30:10. In particular note the pair (3, loo):' This can be'

interpreted to tell us that we receive $3 of interest for

everY, $100 inliested, If .., _se this pair to deppribe the

ratio proRerty, we write 3:100 and indicate that We get a'

return of 3 ar 100 or 3 moente Here cent i used to

indicate 100 As it is in 'the words centennial, century,

centipede, etc. We use the symbol 3% .3 per cent).

to describe how our interest compares dollar,for dollar with'

our investment.,

834
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Instudying correspondences between two sets, we were ,

led( to the concept of ratio. Think about the following

statements and y91,1 should begin to spprecidte the wide applica-

bility of this new ides

4. .

1 The population is 2& people per square mile. /.

2: The car traveled -100 yards in 6 econds

3 The recipe calls for 3 .cups of'sugar for every

cup of water-

Thetscale on this floor plan is dentimeters

per 10, feet. N

5. I canbuy 2 `sweaters for $7

6 my investment is earning 4% interest.

It will,be recognized here. that ratio is not presented

as a number. On the second page ofthe.Mathematical'

BsckgroundINI.atflo is called a property belonging to two sets

and the symboi used for ratio describes this property. The

similarity 'of the, words "ratio' snd."rational" may suggest

some. close relation between ratios and rational numbers, .

and such relation does exist. But the f*All significarice of

this relationship is not p9ssi le until after the study of

multiplication and division of rational numbers. .The final
r

sectionOT this chapter is in ended to establish "sn awareness

in the pupil of some similarity between ratios and rational.

,cumbers. e,

. )
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'TE4HfNG THE'UNIT

I
1

The lessons in this unit are divided in two

,

I

. ,

parts. The ,first pa't is cif.ap exploratory tiature

ahndcis to be deireloped4Y.the teacher andthe,"op ,

.:

pupilsworking.together. - ' -
. ,

'The second part is coliiiposed of an siergise ,
.

set for children.to work 'independently.
.

Each ...
---,

exercise in the set shouldbe discusSed with /the
t ,

pupils after the set hap been coppleted.
.

,Many of

the: exercises are der;igned-to_cau a. bit further
* .

the ideas presented in'the teacher explore= .

tory.period. Ailese exerciaes'also DITIV e for' .

. a

more clerification.of the concepts that are being l

developed and for practice an4Cdrill work? 'I .--I
..

- .1 j. ,..,. 11- '.:
40

4.
'. Each teacher should feel free to adapt the. ". .. ... i

r .
I 0 )

suggestions presented to fit her methdd "of.teaching-
'..,.

and 'her group of pupils.. As :phislit,is an ,,'

,
' ).

introduction to ratio; it is h8t.e pecti'd that ..

pupils ,will develop polithedskille, for example,.
..

.

, in finding diTferent nfilmerefOr the same ratio.4 ; .

0 However, many children will-deelopeonsiderable :44
: 4

J skill if given an `opportunity'`opportunity' to do So. T he primary.
.. .

purpose is to "help 'alX ot the'Rklpild-develop an
: .,

.

Understending'of ratio. f .

.

c
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_INTRODUCTION TO RATIO

-r-

-

$

at

4

.4

t 11'

Objective: To introduce the ,meaning ofitatio and to

show ratios can be represented by

using two numerals.

'To peveloi the understanding that two

sets are being compared when' We speak of

ratio anfl that it IS essential tolkndw

what the physical situation iafn order,

to interpret the symbol which describqP

the ratio.

.; 1

.

Materials: Flannel boai'd and cut-buts, a variety of,

objects whichI.an.be placed in-two sets

and then'matched, such as: :red and

black checkers., stfcks,'cubes; pencils,/

scissors, plecea.of-chalk, erasers, books;

in fact, almost any objects obmmonly found
-

"in a classroom'
1 *N

Olglaoard, chalk, _pencil and paper for
4 each pupil

.

Vocabulary: ratio, firstnumber, second number

\
f

3

. . . va

.
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Suggested' Teachin Procedure's ,

v
-,Pupil-books pan be-closed for-this work.'
Present a number of physical situations

,which exhibit the etio of 2:3. -For
example, you.might start by- saying:

,
0

"Here are two seta - a set of chalkboard erasers and a

set of pieces of chalk. What number is associated with the

set of erasers? ,Yes, it is What number is associated

. with the set,of chalk? -Yes, it is 3. How many sets do we

have ?" (2)

1 ' f

Follow this same procedure using other
physical objects,,, always having 2 members
in the first set' and 3 members. in the '.

second. .
.

The flannel bciard could also be used
for this exploration. You could also use
the 'chalkboard, drawing such pictures as

.

.

X X, )or000 n 61 V

Arty others which the ratio. 2:3 describes
could also be used'.

Your goal is to elicit from children.
the response, that these situations are
'alike" in some way. Your principal con-
cernis that the children observe that
there are 2 'sets and-there is a matching
in each instance of 2 'members of the
first set to- 3 members of the stcond
set..

Bas
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Emphasize that the-property Of the
first set having 2 members and the.:
second .set having 3 members is called a
patio. The symbol which representi the
ratio is written 2:3. Note jhat
is a/symbol and not the ratio) just as. 8
is a numeral andriFt the.number. Tht
symbol 2:3 is read as "two for three,
or "tao per three" or "two to three."

,.Show other matchings using the objects,
flannelboard., or pictures you draw on the
board. Sucb ratios as 1:3, 5:2, and
3:2' might be used. Children should first
/identify the two-sets being compared, such
as'"A set of red checkers is the first set
and a' set of black checkers is the second
set"- or "A set of pencils is the first
set and a set of erasers is .the second
set." This is to.help children be aware
of the -fact that there are two' Sets and to-,
be able to ,identify the two sets. This
necessary because when a.ratio 'is expressed
by'thesymboli it. id necessary to knowthe
set to which each numeral refers.

Children could,write the symbols on
the board yhich express the ratio in, each
case where yo,1,1 are using objects, the flannel
board; or pictures on the chalkbdabd. They
shbrild then "read". the symbol, noting es- ,
,Pecially to what each numeral in the symbol
refers. For example, ifithe two sets are
pencils and pieces of chalk and the symbol
showing the matching is 1:3, the pupil
should say, "The ratio is one per three..".°
(or "one to three" -or "one for three")

' In this case, it means 1 pencil to 3
'"pieces of chalk, '

This ratio is the relationship ex-
pressed by "one per three" and it is
interpreted in a physical situation as "one'

,encil per three pieces of chalk" or as
one pencil for each 3 pieces of chalk."

Give children opportunities to read'
the symboIs for ratios such' as 8:1
(ei-eeper one,* 3:5 (three per five),
7:6 (seven per six). Then ask them to
think of-a physical situation to go with
each of theSe ratios. A. child might say
for 8:1,, "This is.read eight for one-and
it could stand for eight boys to one girl."

393
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It would be w 'to go from this symbol
of 8:1. to 1:8. Bo of these ratios
could describe the .ame physical pitudtion
but not-in thesame way. The .first is
Interpreted ,as 8 boys to '1 girl while
the second Is interpreted as ,1 girl to
8 boys, In each case, there is a-set of
8 boys pd a set of 1 'girl. Thus it is
'important that we know the situation from
which we have extraated the ratio of 8:1
and 1:8. Exercise 6 in ,the Working.To-
gether sectionM.s dOigned to develop this

-ideA..
After the above development, the 'Pupils

might open their books. You could-quickly
go over this section with them; asking,
"Does'this tell dpproximdtely what we have
°learned?" In this Working Together or.
Exploratory section, Examples 1 and 2 focus
on the idea of twa sets being compared.

Example 3 of the Exploratory section
develops the'idea of ratio and how the

, symbol is ,read.
. Examples 4 and 5 give pupils oppor-

tunities to study situations that occur,iA
life (physic#1 situation). and to note from
them the ratio. l'ilwen they write a symbol
which exprespes -thirratio.

In Examples 6 and 7 we develop the idea
that,it is necessary to know the physidal
situation. You might now go back to 'Example
5 and connect, for example, that-the ratio,
symbol for W can be either i:12 or
12':1. But we must }Snow to what the 1 and
the 12 refer. This same reasoning.apillies,
to Example 8. Thus, all four of these
situations can be associated with the symbOl
3:5.. All that is necessary is that we know
to what sets the 3 and'the 5 refer.

Exercise Set 1 provides fo further
clarification 3TtEe'poncepts introduced..
For example, Exercise 4 of this set is in-
volved with the idea wetve just discussed.

aig



INTRODUCTION TO RATIO
0,

t

. Chapter' 9

RATIO-

1

Everydayyou hear statements like these:

:'(a) -all said, "I bought two pieces of candy for

four pennies.'!

41?) 61 made two dolls in'four days," remarked Mary.

(e) "Jack' made tWo hits inl!tour times at bat,"

stated Mike.'

(d) "My father drs.ve two miles iri four.minutes," A"
Helen.

>-
These statements are alike in several wayg, .Two sets are

. givenin each of them. In the first statement, One of the sets .

-is a set of pieces of can* The other set is'a set of pen9ie-kA
/01)

t;)i1. What are the two sets instatement (b)? in (c)0, in (d)

In each statement, thetwO sets are matched. In

statement (a), 2 candles'are matched with 4 pennies: A

p1.44ture might shoW'ft this'way:

r
4

PPS
t
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2....Instatement (b), 2,

dolls are matched with

s
4. days.

In-stiement (c), are matched with It

In statement .(d), 2 ...alf) are matched with 4

. * 0
In each of the statements 2 members of the first set, are

o matched with 4 members of the second set. This is the

.

idea of, 2 to 4 or 2 per 4. Statement (a) matches.
.

2 candies to 4_ pennies. Statement (b) matches 2,, d011s

to It days.

In all, the statements two thirigs,are matched With-.

fdur things. .In statement ('c),we say the ratio Ofthe

number of hits to the number of times atbat is 2 tb 4.

Ratio is a new, word to us.. It-is a symbol which

contains two numerals. It is a way of comparing the
. 7

.

numbers of, two sets of objecIts.

The 14.y that we express t he ratio, 2
!
10, It

is 2:4. ,This symbol is-readJutwo for four" .or "two

per four Vi. Two numeral's are' needed to express: a'

ratio.

o.
4 l

Read these ratiosk
1

.

. .

#

3:10 '4:15. 2:5

1

1:3 5 :2k 1:.2

842 .
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4. Tom can worjc,two problems in four minutes., 0

0.

What sets are being compared? (
e

What humeralsi Auld you' write to express this ratio? (.2:4)
.

Jean can work five problems in four minutes.
""*;

How would you Vkkpress' this ratio?.

4

41-

5. In each of the following, name the two sets that are

being compared. Write the ,,symbol for the ratio that

compares the two sets.

N
(a) "I can travel one mile in twelve minute's by using,

the Boy Scout pace," said Lee. a., 14.2..... /a)

(b ) The speed limit on the,highway is ..sixty miles per

hour. 4#1 L.:J-0, 4 4 A)

(c )'. John ate thipe peaches to Perryts two peacheS.
3 :

(d) , -Helen wOn 'three out of four games

Charles rode his bike to school eighteen times

in twenty g 'co)

Dick*ate 'lunch at scAool'four of the.1,ast five
.

days. ( :

: 843.
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6. The cook at the Boy Scout camp

/

said: bake four

doughnuts for each two boys."

What would you write to
*(414),-)

express this ratio. If the .

@ @ O- O'

cook said, "I will, bEike some' doughnuts so that there are,,

two bbys fore very four doughnuts," the ratio would be

When -the cook said "four doughnuts for each two,

boys" the-.ratio wa4, 4":?. Wien he saiIl "two boys for

every four doughnUts6the ratio was 2:4.

' .

.

To Understand the symbol 4:2, we need to know
.

.

thi the .firbt number- (4) represents the doughnuts 'and.

that thwecond number (2) represents the boys.: To
- ,

interpret:2 'then, we think "four doughputs ;t6 two
y

4,

boys.'i This Means-there will be, ',4 members of the . 4
4 1..

first set (doughnuts) to 2 members of the second spt ,

6 1

(boks). The symbol 2:4 means to boYs to four

doughnuts.:ItMeans that there Will be 2 members of

the first set (boyl) for 4 'members of the second set''.

(doughnuts).

In order to know what a symbol ,such as., -2 :4

could mean, it helps us to knoW
a
the situation which

gives us 2:4. It might be 2 boyo 4 girls, 2

snlices to k frogs, 2 ideas to 4 plans. Name some'

other" situations which are 2:4.

844'
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.6: The picture.bhown below shows 4 dos and 6 cats:

We oan say, "There 'are four'dogs to six cats." . .

/
-

.
,

p

(a) What ratio expresses how the set of dogs compares

to the set of cats? (4;4)

could also say, "There are six Oats to

fourtdogs."

(4;4)
(b) What ratio. describes the matching ofoata -to dogs?

'We can use.a pair of numerals in-two clifferent

ways to describe- the Same matchiAg.' When these are

interpreted correctly, they still tell us the same

' thing t- "Themare six cats to .four dogs." or

"There are four dogs.to six cats."-

8. Which .of the .following are "3--to 5" matchings?'(c;C)

Which of-the following are "5 to 3" matchinga? (4-1)
.

(.a): There alb three bicycles for five children.

(b) For every Five boys in Susaniw class there are

three girls.

-(c) Tomhas three marbles for every five that Did? has.'

(d). The train.tralIed five mileS'in three minutes.

845,
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Exercise Set 1

.

1. In what way are alese situations alike? (E..,2.41,a-1.

4.

'(a) Henry walks 3 miles an hour.

(b), In our fifth trade room,

books for each pupil.

(c) /That big truck can get o-nly

we have

gallon of gasoline.

social studies

3 miles for each

2. In Exercise .1 name the two sets `that are being,

compared in (a), in '(b),,

(e

Write, in

(a).- 11;1

'(b)

(c), 1:6

and in - (c ).

;,,, AS,

words, how you read each of these symbols:

(

8461
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4. StUdy these pleturds: Write a. symbol which describes,

the comparis4n. 'Then write a-sentence to tell what tills.

symbol means.

1 Candy I

. -

(a)

'Candy I 'Candy'

, 0 0 0'011
'17.1

'

(c

2

(13)

(I:2

-r

(d )

1

1111111.

t.

'Gee, we've gone &miles
in'(0 minutes.

dAMINIkt,

(g: rn 7.))

847
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For each of these situations`,

the ratio.

°

,L

write a symbol. which expresses

(a) Nedhad 2, bee` stings for one that Dick had. (20)

(b) For our Hallowe&n party') we had 5 sheetsocif iirarigt

paper fort 3. sheets of black paper.(-5-:5)

,p(9) The speedometer on Steven's

bike showed this (.4);

- , , v
Two bags of potato chips cost twenty-five cents.(:"2,$)

\

Jean can work four problems in five minutes. (4:6") -'

Draw pictures,, which could represent comparisons

described by these 'symbols: .(.240024..... ')

(a) 05d (b) 5:2 (c) 2 :3

0

Sandra and Mark read this sentence:

On John's farm there are 5 lambs ,E.eff 3 mother sheep.

Sandra wrote 5:5 to show this cOmparison.. Shersaid,

Imcw there are 5. lambs for 3 motheri."

Mark wrote 315 to show this matching. .He aaidy,

"1 know there are 3 mother sheep tor, 5. lambs." ?

Who was correct -, Sandra or MArks? 4W e..4-4.4,;16
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DIFFERENT NAMES FOR THE SAME RATIO

Objective: To develop the concept that a ratio has many
,1 names and to give practice,in finding, in an

intuitive way, some of theseviames.

Materials: Flannel board and cut outs, a variety

objects as used in the first section of tills

unit, chalkboard and chalk, paper and pencil .

for each pupil.

/ Suggested teaching Procedure: .

S

Pupil's books can-be clOsed for this
Introduction. It might be.wellto
with the example given in .the pupil text:
The buying of suckers for pennies has been
an experience most chilaren have had.

Explain thattar two sets arakpuckers
and pennies. Use ogj%ts to'show,tAis or
illustrate on, he flann board.

Arrange he objec like this:

4

0 ® ®

Have a pupil write on 'the board' the
symbol that describes this ratio' (2:4).
Have another pupil read this symbol
("two per four") d still another
describe what the symbol means in this
problem ("two candies forfour pennies")
Ask if another way of matching the
stickers to,the pennies can be found.
Pupils might arrange the sets as four
pennies to twO_candies (which yOu are
really not searching rot!) 'or as 01111e
candy t76TWo pennies .(which you are,
searching for!)

849
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Show 'thes.Matching as.

Lead pupils to see that the matching of two
candies to'our pennies could be done also as
1 *candy to .2 pennip. Have a pupil write
pn the board the symbol for this ratio. Have
another child read it and interpret it'in
this situation.

Explain that 2:4 and 1:2 are dif-
f rent names for the same ratio.

FITE TEF TIF.nriThoThador witjl objects
this matching:

Ask chilqren to write symbols which express
the ratio of the number of candies to the
number of.pennies: They should suggest the
symbols .

3.6 and perhaps 1:2

Bring out that 2:4 and 1:2 and 3:6
are all names for the same matching. That
is, there is always one candy to tie(
pennies.

AL,
Use other matchings with different .

.Objects to illustrate the idea that a ratio
has many names.
,;tRup,i1 books might then be opened.
cher and pupils can work together on the

xporatory section to be sure the concepts
\arebeing developed. Exercise 1 of this
\seetiOn ohpws several names for the same
ratio. itiiiilsshould be able kesuOply the
second number okthe.symbol on the last part

Hof` this exercise. The latter .part leads
naturally to the ided that there are more'

-'different namesifor a ratio than can be
counted.

4 850.
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Exercise, 2 of the exploratory section A
.

designed' to emphasize the idea of.having.many,
names td deacgibe the same ratio. ,In part
(a) there are, of-course, many ways of de- '

scribillg the ratio. of the number of boys to
the number of.girls. The name sought here
is 10:20. In (b) the name .sought;ls 2:I;
in.(c).it is -5:10. :Part Xd) aski for still
more. names for this"-same'ratio.

".EXerise, 3. of the explordtpry section
gives prattice in wgiting sYmbols,for ratios.1
The symtol4Por-the first ratio might be 8:6
or 6:8, but wemust knovi to which.set each
numeral refers.', There wOulciFbe many suitable.
names for this ratio, such `as 8:6,. 4:3,

16:12, 40:30, and, 12:9-.4'

\ It may. be necessary 'tp work with a
number of sets ,o.f.ojects or with a number
f illustrations With-the flannel board Qr
on tAe*ChalkbOard.to, develop the idea that
there are many names for the same ratio. .

Exercise Set 2 gives further opportunity
to develop this concept. In each of these
exercises, the symbol describing the ratio
scan be either of two, depending on how the
Matching of sets is done. For Exercise 1
(a) for example, the symbol can be '1:3 or
3t1"! but each of thesf Arf-oe to 'the same two

In ExeAise 2 of this Exercise -Set
different names for the sane ratio are de-
sired. ...

Exercises 3'and 4 lead to putting dif-
feren.t.nsmes for the same ratio in'tabular
feria.

Exercise 7 giges the children, an
Opportunity to be original and creative in
their thinking. The basic Concept ofratio
wilt be

ft
needed here - 2 -setsj.,-- anda

matching of tl of pa- set wits the,
membei.s (4 the other.' The children's
drawings can be three different pictures,
each showing the ratio' 4:1 or they can
1.4 the same se ,ts to show 'different names
for the ratio -4:1. .4"

- 2
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"DIFFERENT NAMES FOR THE SAME RATIO

-

When BiN. bought 2 cand for .4 pennies, mededbribed

this matching by writing 2:4: le 'read this, "twCop fou

or "two per four, "' We know it means ."two candies for4YOur

pennies." We drew a picture to rePresentIlhIs-4-
Q

.

can we show this in anothei- way? Look-at thN picture.

}This' same matching could bedescribed.byv the.symbol 1:2.

This means 1 candy for pennies. Study is picture.

1

® ® s CI c0

We could alsb use the symbol 3:6:\ This means canaies.

for 6 pennies. :SP

852
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Look at this picture.

S

o4

.1

4

We can describe this ilia another way by writing 4:8.

What does this symbol mean?

he symbol 2:4 and 1:2 and 3:6. and

are all correct ways of, expressing the same comparison.

. There are many symbols which describe matching. We can ,.
$

-.,

refer to ittas two ,per four, or one, per two, :ox three
n

per six, or four pdaa eight. Give-other names-Tor this

.111

(V.

same matching. ,'

Write the second numeral to show other names for the

railio or number of candles to the number of. pennies,
114

5: /0 6: I 2

(

8: IC

12:424. . 50:,/.00 0

' How many differept names will there be?1;14.m7.4..)...-4440.4.79

853
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0, ,

2,i Look at this picture of-a.fifth grade- alaAs.
.

.

- 04,---.. i.:,.

---)

. -

O

WOOlUin.444lliii

(a) What is one vay of writing the `symbol which

represipts.the ratio of boys tib girls? A/4:20)

4

. ,

(b) This picture shows the class lined upiri a

different way.

H
4044 4444 4i44 'RN

Trite a symb(51 to express this ratio of boys

to girls. (slyk)

I

854',/
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1 ,

. 4-

(09 This p e shows §till,another way of lining up.
-

this same claSs. What symbol expresses this ratio

of ,boys' to 'girls? (6:10)

A

1114441414 4444,H1Ms

(4) AllOf these are names

Cbmplee these symbols

d1 'for the same ratio :,0

for the same ratio.

to shme they,are names

°

10: %.2ct 2 ::
U

5: /0 2

50: /oo : o,

there

214:44.7,2

. .

When we are matchiTo one boy to two gitls,-

are morq,.names to Show thSs matching than

we can count. Whenever-we are. matching one of

a set .to two of another set, we Usually write,
,,

1:2 to express this ratio.

"s
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For each of these pictures, tell four names, for-the ratio./
41

(a) 8 saddles to' 6 horses. (b) 4 flowerd to .10

C,!c

A $716 j. ,V4:12

bones d)
or,

9 sweaters to 6 skirts

bees

6 6 6 If) 6 6. 64 6
(4:10 2 :67, 4 : id; 2: 2.49,4%.)

:SEVPIIIMEZZ
(3:11 I: 4 ,-2: 9 , 4.;?4,4%) .

(e)

'ZZe a
\.

.8n88nO.
(9: 1.2; P.,

beavers to 6 beaver hottseS

5;1;:;k10 Vao tip gle

4fik gabb efik
(a:t. 9:3, 3: /, 6:2, -41.)

squares to it circles

,ER30,nat,V
Q. 0 0'0'

(4:4,

. 856 ,

`410
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Exercise Set 2
, .

1. Yoli know that a ratig has more name's than we can count.

Each picture has two sets. Compare the first set to the

second set. Write four names for the ratio suggested by

the picture.

(a)

, -1:"4 3:9,

R

(3:4 , G : 9: /2., 12: 14, 4t.) .

, : 3, 24:4e -#X-.)

.4 4,- /2:g

857

4.11

IP
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2. For each sentence write two names for the ratio suggested

by the sentence. Tell what the names mean. .)

(a) ZGeorge Was k ing 5 miles per hour on his bicycle.
( 5:1 /a:2 )

) In the baseball game, Neil was getting 2 hits for
(2:s-,

every 5 times at bat. 51 j

5fe : /0 ,110.1
(c ) The cookiep cost 3 for

rd) In Franklin School there are 5 °girls fo't every

4 boys . 6-54-1

_are

4

V441%,:s? 1/4-234../,

(e ) The ttain was going 4 miles in 3 minutes.

(f ) The airplane *was. going "10 miles in 1 minute.
(/6 ,di .4+444.)
.2 2,G1 2 ,1-4...41 .

3. This table shows several names for the same ratio. Copy

it and fill each .blank space

,

with the proper

2:3

4

6,:-2

- -:15 ,

1:2:--

- - :21

--:24

20: - -

2n:

if f2.

(4:9)

(2:/2)

/.5.")'

(/.2 : /Pi

(i4 :20

2A)

4(jg: 2.7)

(20-. c))

(fin: 301

numeral.

BRAINTWISTER



524

. This table'shows sev ral names for the same ratio. 'Copy

it and complete it.

'5:4 10:8
02)

15:-7
(/40

20:--
Ca)
--:20 (v)

--:24 35:28
(.3.2)

40:......

(acs)
--:36

j. trite the letter of each s7lbol which is another name

Tor the ratio 8:16. (4-.)1`,,4)°
4

(a) 4:8 (c) 1:4 (e) 16:

. (b) (d) 3:6 (f) 9:18

6. Draw two Pictures of cowboys and Indians like this to

illustrate the ratio 3 per 9. (

Use any picturesyou like., Illustra6-with 3 drawings

the ratio shown 'by the symbol 4:1. (et-e.k.pa..-",..-...324..,..4,0

I
8. What symbol could you write to show the matching of one

member from the first set to one member from the second

set? (./0 )

--------
Express each of these matchings as a number pair.usin

the word .!!for" or "per.,"'

(a) Jean can work 5 problemS in 4, minutes. (Spar

(b) . John ate 3 grapes for eveiy. 2 that Perry ate.
(3 b a)

1(c) The speed limit is 6o miles per hour. (dc /1

op

859, .
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MORE ABOUT NAMES FOR THE SAME RATIa ,

Objective: To further deVelop,the childts concept of ratio.

To ddvelop some arithmbtic way Of finding.

different names f.r the same ratio'

Materials: Flannel board and cut-outs, a variety of

objects such as those previbusly used; 30

slips of blue paper and JW slips of red

paper for each pupi' (or any othermaterial*i

such ap colored sticks, so that each pupil

might have 2 sets with about 30 \members

in each)

Suggested Teaching Procedure:

The procedure as Drbsented,in the pupil
1.;text is insufficient detail td follow. 'This-

:
can be done with the texts open, teacher,and.

,pupils working together., y

Comments regarding Examples 1-9, Ex-
ploratory section, Pupil Text..

Example is of a review nature.

'Example 2 Js designed to develop the -A

idea of finding new names for the same.
ratio. In Exercise 2 (a), (b), '(c), because.
6:18 and 1:3 are names.for the same
ratio, we can write

6:18 = 1:3.

I '

Wedo not call this a "proportion," ,,,

b ercay in ate that the equal sign "tells
us.-the ymbol 6:18 and 1:3 are name's
fo .the.same ratio. Exercise 3 carries a
bit further the idea of differentnames for
the same ratio. Exercise 5 gives, the first
hint of a way of mathematically, determining
names for the same ratio: It,i$ here that We
will probab19 need to move slowly so that a
good foundation is laid upon which to build
in the laat part of this unit.

860

414
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Example 6 has the children working
with slips of paper (or other objects) to
set up a variety df matching of the two sets.
Past experiOnce indicates that children can
grasp the concept of ratio quipe readily
from this type of activity. It would be well
to have many exercises based on the matching
of these slips of paper. Develop these
exercises, as is done in the text for Ex raise.

, 6.

Example 7 of this-exploratory section
provides practice in grouping in matching.
All children are not expected to be able'to
solve these without the use of manipulative
_material. These 10 problems, can be solved
by using sticks as a "helper."

Examples 8 and 9 give the child an
opportunity to demonstrate his understanding
of different names for the same ratio;

-41111#` .

4 ,

*D:ercise'Set demands even more abstract
thinking from TRW c ild. Exercise of Set 310.
contains some symbols which cannot asily be
determined with sticks Or slips o other
object.

Exercises 4 and 6 of Set 3 give practice
in working with mathematical sentences
concerned with ratio.

s4

861.
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MORE ABOUT NAMES FOR THE SAME RATIO
.

When we speak of ratio, we immediately think of sets. We

know-that members of the first set are matched with members of

the second set.

1. Name the two sets in each of these situations:

(a) A fifth grade girl had 8 envelopqs for every 12

shees of paper.,(2-r -6turRr)

(b) . The soldiers had 36 bullets for every 2 guns

(c) The boys rode their bicycles 4 miles in ?II mi

(d) At the fifth grade party there were 12 cookies for

every 4 *children.

(e) What symbol names the.ratin(a)Pl.n (b)434:)

in (c)?141\: i4)n (d)?(,2'74.)

s 4

2. Some boys went a camping trip: There were 6 tents

for 1 Aoy. The same number of boys slept in each

teht. dy these pictures.

14y, IkIN

(a) What are the two sets? (.7---t

One name_for thisratiois- 6:1a. 4111

It tells Us there are 6 tents per 18 boys.

et

862
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(b) This picture shqws us another name for this same

ratio is 113. What does this symbol tell u6?:
A-0.4-1 3

0

p
Because 6:18 and 1:3 are both names for the

Same ratio, we can write:

6:1'8 = 1:3

We can read this mathematical sentence, "Six to

eighteen equals one to' three" or )'Six to eighteen

is the same ratio as one to three." In this problem

that means "6 tents to 18 'boys."

(c), Is 'this' a true mathematical sentence?

6:18 = 3:9

(1-?1-.)

Because 6:18 and 1:3 and 3:9 are all names
0

for the same ratio, we/can write

6:18 1L- 1:3 = 3:9

This tells us that 6 to 18 and i to 3 and

3 to 9., are names for the same ratio. What is

another name 'for this ratio? (.2; 4 1 4t : /21

863
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These pictures also illustrate this same ratio between

numbers'Of tents and numbers of..boys....

fr

4

(ar What iimbol can we use to.express this ratio?

kr. 9a:6),

4, AL

flif

(b), Using the picture to help us, what new name can

we writefor this same ratio? (,, )At:ia

111

864

418
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,

(c) ,If there were-s-7 tents, this picture shows how.

many boSv could go camping. What new name/

expresses this ratio? 0 77-2-1),

fit tiff fit tlittft
4

2

A

You see that in every case the ratio is the same.

1e stil>match 1 tent to every 3 boys.

ca

. Draw a picture toishow hoW many boys could,go camping

if there were .8 tents of this size.:

: )

z

o

fir

o
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5. Draw a picture to show how many tents would be needed for
,

1

27 boys. 624 /4_ 27 f:27)

Here is a table which shows this .i.nformation: A

Tents
02 5 6

12 (11' Po)

Boys
3

Ili 9 12
Q',.)

izipi. 27 3 0
,

(a) For this same
,

in 2 tents?

,

ratio, how many boys would slePP

J

(b) Tell what numbers should be used to fill the spaces'
°

'in the table. We can use these pairs from ,the table

to write other names fon this ratio: r examPle,: ,

1:3 = 2:6 = 3:9,= 4:12 = 5:15 = 6:18 7:21 . 8:24

and so on.

It is not necessary to draw pictures
o-

table to find how many boys ,cou1a go
4

there were 8 tents. We know that

house '3 boys. The mem- bers of our sets are tents.

or ta.make.a.

camping if°

.1 tent will *,

and boys. We 'write 1:3.

The symbol 1 :3 . tells us how the .number of

tents compares with the number o boys .'

866

420-
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r

We want to find another nape for this ratio which

has 8 as-its first numeral. We write.g

1:3.= 8:N. .

..,..,/

In this problem we interpret this as "1 tent for 3
- .....-

boys is the same ratio as 8 itenta
..

for,how many boys."
---\

Instead of 1 tent, we now have 8 tents. Therefore,

instead of being able to house only _1' group of 3

boys, we can house 8 groups of 3 boys pr 24

boys. (8 x 3 = 24)

The symbol 1:3 and 8:24 *are different ways

of naming the samNratio. We can write

1:3

(d) The symbol 2;6 4s another way of describing the

ratio of number of tents to the number of boys.

2:6 = 8:N.

This says that 2 per 6 is the dame as 8 per how

many. If 2 tents will house .6 'boys, then 8 tents,

or groups of 2 tents.each, should sleep 24 boys.

4.
We write

O

2:6 = 6:24.

(e) Find the number represented by the letters in the

following sentences.:

(,$) (54) 1 (4$-)

1:3 = 5 :x, 3:9'= 12:y, 1:3 = 15:z

867
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.6. Place in two separate piles the 24 slips oS paper (red)

and the 12 slips of paper' (blue) ttlat your teacher has

.00
given you. The blue slips are membeis of one set and the

red slips are members of the other 'Set. We will match

blue slips to red slips.

c (a)' Arrange the slips'like this:

BlijE

RED ORMOthiggaitiOrillgfillOg00

Write a symbol which describes the ratio of iblue

'slips to red slips. ( /-21 .74

(b) Now arrange the slips like this:

0

BLUE ban g
RED mo

man)

nag000
oodua a ['a

no bopin
Write the symbol which you think best describes the

!hatching of blue <slips tored slips. (3:.4).

. *

(c) Arrange the slips

BLUE ODOM 0I01300 /-

RED' HOONI000000 crd[10000000

Now what symbol would you use to show the matching

of blue slips 'to red slips?, (4 ;12)

(d) Arrange the blue slips so that they are in sets ors 4.

HOw many red slips'would be matched with eaCh,set of

4 blue slips? 'mot ite the symbol which would best'

describe this-matc4hing. (I):g)

44"

868
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(e) Arrange the blue slips so that they are in sets of 2.

How many red slips would be matched with each set of

(N.) ,
bl slips? What symbol best describes this matching?

(-2:4)

(f) Arrange the blue slips so there is just 1 blue slip

to a set. How man red slips would be matched with
a)

each 1 blue slip? What symbol expresses the ratio

q.blue slips to red slips? (/:2)
do

(g) Complete this table:

Blue slips 12 9
(6).

3 9
00

2 1

Red sips 9
.,

12 9
0

8 9 Zak,

(1 Replace each queistion mark so this mathematical

sentence is true.

(0 cLO (1i) (2)
'12:24 = ?:12 = 3:? = ?:8 = 2:? ='1:?" 4.

. (i) How many red slips would be- matched with 15 blue

(go)

`slips? We know that the !Itching is 1 blue slip

itt-
i

---:

Zor 2 redtslips. So we can write 1:2 = 15:N. '

fr

We have.expressed the idea that 1 .blueslip per

2 red slips.is the same ratio as 15 blue slips
4

. per how many red slips? instead of-one set of 1

blue slip we have 15 sets of 1slip. 4Instead of

one set of 2 red slips,'we have 15 sets of 2

-slips or 30 slips. So

4.4

1:2 = 15:30.

.869:
O
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7. Find the numlrepresented by4 n in each of the

4 .

following sentences. Then write the 'sentence on your

Paper.

4;

Example:

(a).

(b)

n = 27,

=,9:n

8:n ( )1=

1:3 =

/4.

9:27

( . 21, = 5:n / :4

= 4:n (.1./o = : io

(e) 3:6= 9:n ( / 3:4 9.:/f)

(f) 3:4 = 15:n (*ix. 2e; 3:4 = /6"; f..0)

1:4 = 2:n (vi=S?, Psi = 2:2))

(h) 2:9 = 10:n 04= 4.s, : = 46-)

(1) 4:5 = 24:n (n=30 , 54:s- 2,1;30)

2:1 = 24 :n- (*)=I1 247 = 241/2)

8. Draw a piJur,e to _show, that this mathematical sentence

is t
1:5 = 3:15

.9. Draw a pictire to .illustrate- his:

A -

,For every 8 picces of candy, there were 16 pennies.

41.

870
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Exercise Set 3 is.

. -

(a): Write two symbols

xvhich express the

__ratio of the number

of fish to the
4

munbdr of boys.

/'O: 4)

(b) Write two symbols

which,express the

ratio of the._
\ number of boys to

the 'number of-
.

c f 1,4 ° / .5-').
.

(c) Write two symbol's

which describe the-

ratiy of the

4. numberoof'boys to'

. the number of

fishpoles. (;9 -/ 1")

(d) Write two sYmbols

which describe-the

ratio of fishpoles'

to'boYs. (g;4, 2:0
4

1.11h
.

A
.

r .

-2. Copy and complete this fable.-

4:1
69

16:-
co

8:--
- (

20:--
-

oo
36:--

v)
--25

cs.)

12:--
449
--:6

(3.2)

--:8
6ko
--:10

8714
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3. ' Copy and complete each of these three tables. The last

2 names in each: table are braintwisters.

(a).

4:8.

1: (2)
04)

U4.4..132

(2? .k-:4

12 (-2"

(19-:48

4°

-:72

3 :-N

(b)

30..24.

(20_ :a

-:20

(61)-f24.

loo:-(f49

(e
--:32

1, 000:-Y")

15:---

(vq-:10

(c)

6:10

20

(5-0)
30: - -

24f--

km
:80

(60)--:100.
,51.1:2949

36:2P)

:15

4. Write a mathemgtical sentence for each of these situations.

Then find the answer.

(a) A car will go 20 miles on one gallon of gas. How

far witit go on 5 gallOns'of gas2 ("2:

(b) Elmer threw a basketball through the hoop 3 out

of 4 times. If he kept this sane record, how

many times would he need to throw to make 24 baskets?

872

426
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5. (4) -Write 4 syanbols which

express the ratio of the

number of rabbits to the
"8-

number of carrots
. 6: P, 9:12, ar/i,...)

(b)' Write ) 4 symbo3)s which

exhibit the matching of

carrots to rabbits.,(4--6-,*---#1

4; 3 Q: 4, /2: k /6 :1

6.. Write a mathematical sentence for each of these,

(a) 6 per 9 is the same ratio as 2 per 3. (6:9= .2:4)

(b) 6' dinosaurs for 4 c,avemen is the same ratio as

(c)

3 dinosaurs for 2 cavemen. (t:4 = 3%4

p per 3 and 16 per 6 and .24 per 9 are all

names for the same ratio.( k3 7:- /4.: G c 24:9)

(d) :4 flashlights for 9 boys is the same ratio as

20 flashlights !or how many boys? (/;'--, = "'PI)

7. Write symbols

(a)

et--;

(b)

for ratios suggested by the pictures ;'

® ® 65-:e)

pomp o oo oo nn
pa] 0 0 0 0 0

(e /a)

57° '
(s2

873

27



Objective: To develop an, arithmetic method of determining

different names fOrthe same ratio

To give pupils an opportunity to use ratio in

the solution of problems 1

Materials: Flannel board and eUt-outs, a variety of objects

such as those previously used in this unit

Suggested Teaching Procedure:

The presentation in the-pupil text-is in
sufricient detail to be followed. 1

Examples 1, 2, 3, and 4: of the Working
'Together or Exploratory- section ar,e concerned
With the groupillrof members of the two sets.
If pupils understand this, they will progress
father easily over the latter part, so be
certain they comprehend the idea .of grouping.
The drawing of pictures, encircling the sets,
regrouping so the new sets are seen as a
separate set, are all helpful devices.

Example 2 presents a method a deter-
mining different names for the same ratio
without using any manipulative materials. By
recalling what they know aboilt.factors and
primes, children will find this idea a little
more understandable. This Example 2 is really;
the key, to the mathematicall:solution of pro-
portions. It may take many examples to help
children understand the idea. Extensive use
may need to be made of materials.

Exercise Set 4 is long and contains, several
Braintwisters. After children have worked inde-.
pendently on the exerciset, plan to spend con-
siderable time in working with'them in checking
their answers. Many of the problems are'quite,
difficult but shOUld perve ae'a good learning
situation. NOV may.want to devise problems of
your own to check childrenis-understanding if
you Work with the pupils on this exercise set as
a class actiyity.

84120
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USING RATIOS

1. Alice-bought' 2'

Write the esymbol

ratio of pencils

had 10 pennies

pencils for 5 cents.

which expresses the

to cents. If Alice
©i 0

instead of 5 pennies, how many pencils

could she buy? This problem can be solved by 'diawing a

picture such as this:

4

® ® 4 co ogoo6
It can be solved by finding another name, fox' the same

ratio, like this:

2:5 = n:10

This tells us that 2 pencils

per 5 pennies is the imme

matching as n' pencils for
*

10 pennies.

The symbol, n:10 suggests"we have 10 pennies and

that we want to_kpc5w the number of pencils to match these.

We know that a set of 2 pencils .matches a'set of 5

pennies and that ten pennies are 2 sets of 5 pennies.
1/4 ,

So we mhst_ have two sets of 2 *pencils each to match the

10 pennies. Weknow, then, that ,Alice could buy 4

pencils for 10 pennies. You could have solved this

problem quite easily "in yotr head", couldn't you?

a

r

.

429
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2. Could you solve this one "in your head?

Tom was shooting at a target. He made '5 hits out

of 7 shots. If, the ratio of the Dumber of hits

to the number of shots stays the same, how many hits

willherget in 63` shots?

This is a little more difficult to.answer. 'It can be

'written as:

5%7 = ni63

A

This means that five hits

per. seven shots is the same

matching4as n hits per

63 shots.

We know we had one set of 7 _shots the first time and

9 sets of 7 shots the second time because there were

93
shoth the second time. So we have 9 sets of 5

hitslor' 45 hits pei. 63 shots.
0

No;5; let's think about Alice and her pencils. How maul

could she buy for 25 pennies? You could figure-this out

"in your head." Youalso can writea mathematical sentence.

The members of the two sets are pencils and pennies. The

matching is '2 pencils for '5 pennies. The ratio 2:5

shows how the number of pencils compare with the number of

the pennies, We want to know how many.penclls Alice can

buy for 25 pennies. So we must find another name for the

same ratio. We write .2:5 = n:25. This means 2 pencils

-per 5 pennies,is the same, matching 'as n pencils per-

perihies. 'In our second case, instead of 5- pennies

876
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.

we have 25 pennies or 5 sets of -5 pennies. Therefore,

instead of 2. pencils, we will, have 5 sets of 2 _Pencils

or 10 pencils. Two different ways of describing the same

ratio are 2 -per 5 and' 10 )er 25. 'The mathematical

sentence that says this is 2:5 *10:25. Since 10:25

tells us how the number of pencils compare with the number

of pennies; we see that we can buy 10 pencils for, 25

pennies. To,find how many pencils we can buy for 15
".

pennies, we use the mathematical sentence 2:5 = n :15.e

We are asking, "2 per 5 is how !harry per 15?"

fa) flow many sets of 5 are there in 15? (I)

CIL
(b) ThoW many sets of 2 pencils should we have? Wfiat

shOuld n be) ',4) If the first numeral refers to pencils

and the second to pennies,/ we see that we should,gt
o

6 pencils for 15 -cents.

4. Jake bought 6 4arhles for 10 cents. How much would

9 marbles cost? Here we have two sets.. The members of

the first set is marbles and the members of the'second 'set

is cents. The ratio of th number of marbles to the, number

of pennies is :6:10. Our mathematical sentence is

t:10 = 9:n. In this problem ttis is interpreted, "Six

marbles per 10 pennies is tY same ratio as 9 marbles

, per n pennies." We know'that -9prnot a multiplesof 6.

That is -a set of 9 members cannot be.separated into sets

. of 6 members each.

877
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1

)So let's find km other name for the ratio 46:10.

A name which uses smaller numbers il)ignt be found. Think
v

of 6. per 10 as shown in this Picture.

4

We'seeithat '6 per 10 is also -2 sets of 3 marbles

fOr 2 sets of 5 pennieii.. Therefore, 1 set of 3

marbles can be matched with 1 set of 5 pennies.
\

Tal

0

r

878
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Exercise Set 4
44.

Complete these symbolsio that each is a°name for.the
.

ratio 2:36 .

(a) 4 :? (6) *.

1

(b ) i:12 CS.)
a

(o) 6 : b (?). t>

(d) 12:? (/2)

(e) 100:? (/s.°)

(f )f ?:15 (i0)

2.- his picture is. of wagonsvand-pioneers.

' 'ftOriii0iy-14alitiris would be needed for

'- - '

:.9.- ;1 ass- ., n r. /i

(
.2: /

'a-- ....a. ....-44.4,:.401

...

.,, 879

433

N

55 pioneqrs? -46

.6
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3. Write a matheiatical,sentence for each iof these situations._

Let n name the unknown number. Then find the value of n.

0 9(a) David can run 5O yards in .0 seconds. If he

could keep going at this same speed, how long

would it take him to run 4300 yards?

BRAINTWISTER: How long would' it take tb run 175 gardS.?
(So: 57 14 I 44r : n :=4. _j 7.A4 p

4,4#

- (b) 18 birds live in 10 birdhouses., If the ratio of. -

birds to birdhouses stays the same, how many birds : (

could live in 30 birdhouses? '047:/0 = n = 10' n=d4

V01.4 a-mlid .1;) )

(c) , Study this picture. How many boats would be needed

for, 50 people? ( 6 = 4 ! 3'a m = AP

/Pirm..t.wwid; 36)4t0-04..)

-101010- Valig- OW: -ilia. .021111,- :MOW

e

i

-41
tin

oats

(4:/e= no ; 2. 7 Ct57111,401.4 ?,:i 44..t ,-,../../. )

4 40., . 4 ,i' 4 ' , !, 020

(d) Glen had 7 idea's in::2flminutes-the food:,for a
, 4 A 44 I ) ., )- 7.

'. .' a ".
fifth grade 1.5artti If he seeps irOas'at

this same ratio/ how many ide rlill'he hake iii

8 minutes? (7: 2 ' )1: 57 ,

,z 4V-, .,..;...s.,

2..4 29
,

wcpild lie needed. for 45:, 'people?

le

880
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'TRYING SOMETHING NEW

. Do you think you Could'solve some ratio problems like till's-
o

without using pictures? Using the idea, we know that 6 = 2 x 3

and 10 = 2 x 5. We see that 6 and 10 have a common,factor.

2. We can divide both 6 and 10 by 2. When we divide by

2 wed 3 and 5., We can write 6:10 = 3:5., We know theSd

are names for the same ratio. Letts use this second name for

the ratio and write: 3:5 = 9:N. We are asking, "3 per 5

is the same ratio.as 9 per how ma4P" Now we csn'see that

we have 3 s of 3 marbles sowe need 3 groups Qf 5

pennies or 15 ennies. Thus,' 9 marbles would cost 15'

pennies.

Look at he mathibmatical sen tence which descrcibes this

situation.

Mr.. Smith can drive

drives at t e same

take to drive 250

50 miles int 1 hour. .If he

speed, how many hours will it

miles? (6-a : ) 4-

. ,

2. Try this ,one on your own''
r

( .

Set A is a, set of names for the same ratio. Find'
.

more names for tiis sang ratio. -

. .

: /1 ; 3 :4
Set .1% = 118:24, --:--,

3. ,If Chuck eats 3 peanuts for every 2 that Perr eats,

how many peanuts will Chuck eat if Perry eats 1

,.n; /0 n = i$ )

881
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If, a.car travels 10 miles in 25 minutes, how far will'

the car travel,in, 75 minutes? (l0:24-= h r 76- J
n

7"
34

411. al. eA, s...2117fra..1 2A )

5. Tell which of thve sets are names for the same ratio:

Set A ="120.:16, 5:4,. 10:8)

Set *B--: 1(12:18, 6:9, 2:3)

set C = (18:24, 3:4, 2)

Set D = (32:16, 4:2, 2:1, 8:41
,

Set E = (48:32, 6:4, 24:16, 12:8, 3:2)

)

1' r
6. If a,bank charges k dollars for the use of 100 dollars,

.

how much wothd it charge for the use of 50 dollars?

(4: 1" = n ; n Z 4-4

s. --
7. How :mob would the bank in exercise 6' charge for the

use' of 259 dollars? (4/e0 : 2s-e, = /6 .1140141-4.

ejLra, )

8. If an airplane fli,,ps 570 miles in 1 hour, how Tar

would -it flyy in 2 holirs? (.2 S.70: 2 = .2 PC: I 24"C: r-
//6" .24 L /0t7J5-A%,Zet..4.

,1

882
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PATIOS AND 4RATIONa NUMBERS

You have seen that a ratio such as 2:3 is

used to describe a property of two "sets. It

means that the're are 2 objects in one set for

3 objects in another set.
4

Some 'other names for the ratio 2:3 are

et
1' ;6, 10;15, . 20:30, ,40: 60, and 8006:3000.

. You could write many more.

In finding other names for the ratio 2:3

you can multiply the rilimbers 2,,,and 3 by ,the

same number, if the number is not zero.

The pairs of numerals in 2:3, IL:6,

20:30 represent the same ratio. We can write

a
2:3 = 4:6 and 243 =-20:30 and 4 :6 = 20:30.

If we know that 4:5 = n:15, we can find

the number represented by n. It is 12.

Now let, us see- how some of these things

we have just said about ratios are. Similar to

things we can say about rational number's.

The symbol for the raV00°- 2 to 3 is

2:3, The symbol for' tile number two-thirds

2is 5.,

883
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"1"...

Both symbols use' the 'numerals -2 and 3.

Othey names for the rational number' are

l 10 20 40 2000
Er 15, TT. ET 50,5*

4 20
If we' know that 3- and, and . are'

jiames Tor the"` same rational number, we can

0 write

2 4 2 20 4 20
and

35.
and

37.

In finding other.namep for the rational.

2
number 5 you can multiply 2 and 3 by the

same number, if the number is not zero.

4 .11

If we know that 5 15, we can_find the

number represented by n. It is 12.

You can see that ratios and rational
01,

numbers are alike, in sow ways. Aft6ri.you

have studied more about rational numbers, you

can see other ways.in.whlch they are alike.

04

le

884
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.

3

6ceroise Set 5

r
.

Write the symbols for two ratios using the numerals

and 5. b'sz, 6--; 3)

0

2. Write the symbo-ls for two rational, numbers using the

numerals 3 and 5. f

the name for a number or a, ratio?, ( a .4104)

1.T the name for a number or
°

a ratio? (4

6. Write some other names for 7IT:

If "n:25 'is another nine for

preserit? (3 a)

8. If 3:10 = 18in,. then

.41

6:5, what number does

n represents what number? (G 0)

9.
6,

If n .is another name for' n

7
.

1
-131'

,Y -, rewesent? 65-4)
A

. I

then'

what number does n

n represents

)

885

what .number? (4 o)

4 .43



e

PURPOSE oiAJNIT

Chapter 10

s'"'"REVIEW

4,
C'

The purpose of.this unit. it to pro'ide

a review tf some of the concepts and ---

technitAeS,whidh the pupijibave,learned in

'Mathematics inGrades'Z'our and Five. It is

t necessa?Py tOpeostpAe-6e reviXew

vided by tilts unit until the completion oft
, -

Chaptegw,5'. Parts 'of i`t 'may-lbe used at

appropriate places during ty,e iear. 'For

example; the-review sections tl*.partain'z .............

1 to tfie first five chapters (4 the Fourth- 4,

Grade might be used after com pletion of

4Chapter 5. The optimum method of use can .,
)-

be determined.best by the teacher. It is
,

suggested, however,
/that

this entire unit
sr^.

be used as review at end of Grade 5
f

although lit m y have'been used ('piecemeal"
prior to that time.

887
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TEACHING PROCEDURES

t

The teaching procedure will defend upon

'the amount of review that is, needed. Some

pupils may be able to answer all the questions
A

and work all the problems with, very little or

no assistance troM the teacher. '-Other pupils 1

may:have some difficulty. Ip general, it is

suggested, that the pupils.be giveh the review

on asarticular unit withott any other prepa-
,

ratlJon than that they had while attidying the

s nit. After the pupils have respOnde4 to .the

review question* in'tccord_with ,the given

directions, the teacher can determine, whether

thgre needs, to -be some' instruction to the

entire class and.to_individuai pupils. Pupils

who have difficulty witfi itemsjn the review

''' should be encouraged,, to turn,to their copy of '

. ,

the unit which was reviewed in order to correct

- their own errors. If the pupils have done well

enough to Indicate no 'review of a particular

unit is needed, they well undertake the

next one.

a

888
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CONCEPT OF SETS

Chapter 10

REVIEW

Number the exercises as they are numbered here and write,

.the ans'zers on yoUr paper. If you do not' know the answer to-

an exercise, write the number of tne exerdise and leave the

space beside it blank. Later you may. be able to fill in the

aps4ers that you did not know.

Set A is the set' of whole numbers deatier than 10

,and lea than 20'. 'Write t} Members of A.

(id-A= 11,12, 13 14, /6-, 14, /7, it 19

Write a;sentence that describes this set:

P

If 'A = (3, 6; 12, 151 ana''B = EO, b, 12, 181

F .-
4.- Using the sets A and B in the preceding exercise,

what is_ A l..1 E? °4.1/3 =, It9., 344.. 9., i2, 14- I g 1 j
?

,
5. If R is the sat.5. the states of the U.S.A. that

7

-

are east of-the Mississippi River and Si is the'

set of states that tou0,1,1 the7'Facyie Ocean,

what n .7)

a'
c

889
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-

NUMERATION.,

1. Write:the letter of each part of

;

this-exercise on your

paper. Then to, they right of the letter write the words,,

or word, that you4ould use t6fill the blank.spaces, or

space.

a) l ,,Ze244) fives and ) onqs.

b) 27 = ( fives and 64.)- ones.

c )
nines and (ka7) ones = 4o.

. .

d) eights an ones =*b0.

e)

f) '(2-,:)'sixAsand

sevens and

g) 546 is 5

1 546
,

)? 546
1.-w;

:1

for

ones =440. '

ones 44+0.

hundreds, tens, ,and 6, ones.

4 hundreds, (i3) tens, and 16 ones.--

5, hundreds, 3 tens, and

2. Express t471 'in 3 different

. h), i) . Letter the ;three ways

890

443

ones.

ways as in 1 .g),

a)), b), ,:and a).

O

.
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3'. Write the lette r for each part On'your paper. If the
.

s tatement is right, then write yes ,after,the letter. If

it is wrong,, write no.

a) 3729 is 37 tens plus 29 ones. (720) ;

b) 734 = 00 + 120 + 24. (740)
,

c) ten hundreds plus forty tens plus nine ones is the

same as 'one thousand forty-nine, ( /i1499)

d) 10,129 = 10 thousands plus .ten h undreds plus nine

ones. (,74)

°
t

41.

'\
4. Write the letter for each.part on your paper. Then

beside it write, 4, >,

a tile, sentence,.

or = , whichever makes each(

a) 8 4. 4

b) (1 + 3) '(9 + 11):

0) (5 + 4) + 4 > a +.(5 +

d) (15 + 14) (7 + (5) + 17.

e) (7. +4) +2 < (7 +5) +2..

f) (6 + 5) - 2- < (13 - 7) + 6.

.1
0 4' (3 X 7.) 4- 9 < 31.

h) (60 + 3) 4: (10 ' 3) =- '(1A - 2)

891
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PROPERTIES AND TECINIQUES OF SUBTRACTION, I.

1, )Trite the letter of each part on.your paper. Then beside

it write the number represented by in that part.

a) 8 4- 3 = (n //)

b) 14 - n = 29. ( n = //,5")

c) n = 1001 - 2. (n= 999)

d) 3 - 3 = n. (i-)

e) + 0 = n. (n.-0)

:f% ,99 + 2.= n.

2. Write on yoUr paper the setter for each mathematical

sent ence that is , true . d)

al 9 4.= .13..

Ir b) 17 -!9-. 9.

c) 88 - 64 = 34.,

d) 45 + 5 = 50.

e) =:83..

3. Are some of the mathematical sentences in Exercise 2

(r)
false? If a sel4irce is false, rewrite it and change one

number in it so that it will be true. Letter them. the -

same as Ln Exercise 2. // 9= ? /7 - 9 err 117-17=

(e) 49--641=.2V 01-.19.54,34 se 90-44Lz.3y1

(e) 36437,- 73 d- 344.47=p3 44431=93

4915
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1

r!4% , Write the letter of, each Part on your paper. Then beside

,7

.it write the number tllat you would use to fill 'the blank.

(23) .

a) If 19 - 4.0 = 9, then 19 - 9 = 0.0
.

1)), ,If 23 - 11 = 12, .then 11 + 12 =

13',, 9 = (4)

o\-_

.# ,

5. Write the letter fOr -each part on your ijaper, Then beside

it write the one of these, > or < , that you wohld

use to make a); b), and c ) true sentences.

a) (65 + 42) < (65 + 43).

*
b) (300 + 700) < (koo + 700).

c) (1300 + 2000) (13(50 + 3000).

x
, ..

';''
. - :

_
S.. , .,, _

.;

6. Write the lettep for each part on your paper. Then .

4 .
abeside it write the answer to the 4Uestion.

0

.;

How many. units must be marked on 'a number line to find

z, s, m, p, or n in each.of these matheMatica1 sentences?

0 + 17 =.z. (z =31)

b) 139 - s = 4o. (.s fg)

c) m = -I-, 4o. 611 = 60)

d) 17 = 30. ,(r. /3)
.

e) n - 28 -= 13. ( n = i)
.av

893
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7. -Write the letter,i'or each part on your paper. Then beside

it write the number you would use for the p, q, or r in

the

a)

b)

c)

7d)

e)

mathematical sentence.

p - 8 =24 (3.2),

q =13 - 4 4 (9)

7 = r

20 -.p = 12 (SO

(2)

14 -.q = 14 (4t5.)

f) r = 18 - 18" (6) -,

g) p - 40 = 30 (70) )14

h) p f r = 0 (p:-.D./A-1"=-

i) p r,= 001.44.b,;-o

p = (0)

0n yourpaper write a mathematical sentence for each

---pAblem. Then solve to find n. Write an answer

;
,

. sentence.

a)

s

There were 37. cows in a pasture. Eight of them

were black. How many cows m e not black?

Jim has 92 coins in a coin folder. It will hOld

150 eoins.

( 9.2+ r /so

How many more coins will the folder

P44-----a14/A--2.1i,...,4

c). Margy practiced her'flute letsson for 35 minutes

-oon aonday, 30 minutes on Tuesdays and 45 Minutes

on Wednesday. How many minutes did she practice .on

, all 'these days? (.54 30 +46 n 70f.w-n.

O

d) AschoOl library had 4'"Eki boos. The next year 205

books were added. How many books were then inthe

.4.4 x4

-.894

- 447
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9. Write a different mathematical sentence for each of the.-
.

following which illustrates how the numbep In each

sentence are related.

a) 7 + 2 = 9 (9-2=7 er /7-- 2)

b) 16 - 4 = 6 ('o -6 =4 = C;i4' = /0 )

c) 30 + 30 .= 6o ( 40- 30=3e)
d) x= s= z .() 45= X e-r- Z 2 =5)

e) n = 5 = 2 ' err H -2 =s)

10. Write on your paper .the letter for each sentence that is

true. (a.", e)

a) 20 + 11.= 11 + 20.,

b) , 103 + '301 = 100 + 304.

c)) ((.6 + 5) + 4 = 4,+ (6 + 5).

d) 1,207 + 2,011 = 1,102,+ 7,021:
4

e) n 1- p = Tl.

11.

11. Some of the statements are true because of the associative

propertyd some because of the commutative property.

Write the letter tor each part on your paper. Then beside

it write 'associative or commuthtive. to show that,you 'know
.--

which property is used.

'a) f 2 + (3 + 4)'= -(2'4-3) + 4.

14 (18 + 19) + (39 4- 12) = (39 + 12) 4-. (18 +719).'6!.....-t-44.)

c) t 9) 6= +8) + 6. (c,........t.wt4)

d) + 9) + 6 = 8 + (9 + 6).

A

895
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PROPERTIES OF MULTIPLICATION AND DIVISION

1. Copy the letter for each part on your paper. ,Then beside

it write the one of > , < , = that you would use to

fill the blank space so that a) through n) will be

. true sentences.

a) 5,x 5 < 4 x 8. h) 8 x n x 7.

b) 6 x 8 = 8 x 6. 14 0 60 < 9":4. 9.

,c) 9 x 5 < 6 x 8. j) 9 x 4 =-- 6 x 6. 1

d) "II. )10 =. 6 x 9. k) x7 > 9 x 6.

e) 7x9 '8 x 8. 1) x4 4 >'( p,

x 7 < 6 x 10. p) 7 x 7 7 6 x 8 > 7 x 6.
g) 5 x, 9 > 7 X 6 . n) x 8 7x 5 < 6 x 6.

2.. Copy the letter for each, part on your paper. Then beside

each letter write the number that you would put in the

:blank to make a) through h) true sentencet.

72 = 9 = (2)
.b) 32'4- .(1?) = 4.

) 4. 8 = 7.

63 + (7) . 9.

, e) 28 + 7 = (4) .

f) (8 x 3) 4- (.3) e = 8.

g) ( 1 2+ 3 ) x 3 = (/2)
)

h) (9 x (q) ) 4 = 9.*

896

443

ha



P557, J

,
We want you to use the. Distributive roperty" of

Multipli.cation. Study this example o see how we rename,

17, -then how we use the DiStributive prop-4y of

Multiplication. 1.
loc

x t7 = 4 x (10.+ 7) (4 x 10) + (it x 7) =,40 -1,28=18.
/

Now write each. part on your paper and use the method shown

in tbe example. Part d) is begun for you but'it is not

finished.

a) 7'x 12 = 4 4.9.4-.2):-. (4Lxio)./(4,o,) 40 4y.-.612

b) 6 x 1 G 'X (/o49) r- Ulu° +(41,,7t) = 4604-.5'4= /Pi

c) 7 x 26 = 426.44) z--(7x2," (73c0 /4o 42y: /92

-d) .11. x 153 =.4 x (100 + 50 + 3) = (4,x /pc) 4- (.1. sb) x3.)
40o11-AoolLe 2 = /2.

e) 5 x 34 = Sx (30(4) (6- )3o) +fro. ;0- /so
,

f) 9 x 22 = YA(a.o,12)._:(9x2,94(/x2).. vto 4/9 = /99

Eename each product and divide as shown:in the example:

Copygestch exercise on'your paper.as you did in 3.

Example: 0

28 2- = (20 + 8) + 2 . (2b 4- 2) +,,(8 44',2):-.; 10 + = 1.

Part

a)

b)

a) is is begun for you but it is not finished.

84 +.4 = (801-

96 + 3 = (90

4)4+ ( 0,041) 4(*6.4= 26-1./= 2/

4.3 (po 4,3) 4 43) = 3 3 2

c) X369 + 3 d (300 4:46+9) 4. 3 = (30. +3) -} 43)4443):. /6642s.+3 .123.

, ?

d) 999.+ 9 = 43)0b4.3) 4.(t 4 v= 3oo 4-3814.3 333

a
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,Wr t t h e letter for each part on your paper: Then beside

.t write the n,tnber that you would put in the blank space,

- or use foi, the letter in the sentence, so that each of\ the

e.

following will be a true sentence.

K @

6 x19) ,= 54 . g) 8 x q . 48. (6)

b ) 8 x 8 7 (4,0 . .. 'h) 7 x n = 0. (0),
,..

c) 7,x 9*-= ((3) . i..) n-x n = 9.(3 x 3 --?)
.... ..... fk ..
d) 8 x (9) = 72. j) (n x n) x 4 ,-,.. 6.((r>.1,.)Aq.

÷e) to) x 7 = b. k) 21 .6 = q. (V)

f)- 9. X 9 = (2.0 .

4

6. *Write the letter for each part,on your paper. Then

beside it write the one of > , < ,° = that

would_put in the blank space so that- each of the

following will be a true sentence.

h
a). 7 x ,9

b) 9 x 5 < 6'x 8.

c) 94 -

d) n x 4

e) 6

xrn. .> 7 x n.

6 x 9.
f

,-, -4

rf st, < .

. n
`4

=o
3./ h ). , h-1.4.

5 x 7. -7 8 x

OS,

898
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4.

Find the missing number." Write your answer on your paper

beside the letter for ea8-11"part.

a) 36 + 4 = (9)

b), 81 +4) = .

or 28 + (4)

d) (71) ÷ 9

e) (/4) 4

f) 36 + 6 =

.
. lit_

-.t .
---,.

8i Are the folloying .statements true? Write ye's or 'go 'on
....

',-

your paper beside the, letter for each part. 101.
Nit

a) 7 x 4 4- 4. x.,,,7k

b) 12w=5 =5-12 ()

0- 5 =5 3- 1 0 . ( - )o.) ,

d) 64 9 = 9 '4./6.; tc.4-),

---er .5 x.34 = 5 x ,(2 x 17)®. (y-4-)

f) (2 x,5) x 3 = 2 x (5,,x 3)
1r

'254'x 8 = (a° ± io + 5) x 8. 1-3a:-.)

h)- 51 x°49- (50 x 1. (y,*
i) 80.3. 5 = (8o 10) 2; (911T.):,

tt. 899

452
4
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SETS OR POINTS

;'
&t.

Urite the-letter for each part on your paper. Then beide
ow .

.
.

. the lettei write true if the statement is title If the
,

- A .-0 nect,ta
statement is not true, write false:

A- .
-c-

a) Space is a set ,of points:
)/

b)/ A curve is a set of points.(r0L&)

c) This is a modgl of.a simple closed'ourve:

d) A ray .1-14.s One endpoint.(2.t.t).

e) A line' portent has one emdpqint. (

f) A line hasnIt'any ehdpoints.,

g) There is only one plane in spac!e

h) A plane M4 coptain many lines.( .7)

,

1) Two, points in 'space May be contained in more planes

than can be counted. (_t.)

j) Three points not on a straight line are in one and

only, one plane.( AZA)

j

°

k) All the radii of a circle have the same length.. )

1:*

1) The union of two rays -with a Ammon endpoint i

, called an angle.(..t:0 .) .

4,
f

rm) A triangle does 'not contain its angles.

900
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"PROPERTIES AND TECHNIQUES OF ADDTTICT AND SUBTRACTION, II

1. Copy. each of thqse on your paper,. Then find the sup in
,

each.

a) b) c) , d) e)

79 , 327 '3287 ' 17289 46060 .

42 648 , 4925 42716 25349

36

88

905

36

6776

402

83475 61171

(143,u0) (,3100)
_IL_ (/9/ 6) (/5,-3,0)

2. Copy each of these on your. paper. Then subtract. After

the subtractiork undo each one to show that your answer

,

1 the subtradtion was correct.

163§

724

. ,

}undo"

72

9 /2
1636.

c)

1417-

4

b)

4321

1231

"undo"

/ 2 31
30 7,0

Y12
3 0 90

440t

"undo" .

67
-241.

519 141.7
219.

901

-4'54
k"..

r
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- On your paper write a mathematical sentence for each part.'
t

Then solve .to find the/answer to the pr lem. Write an =

answer. sentence.

a) Don has 600 stamps. He pa,sted't 342 in his alb

How'many are left to 8a put in the album? 440-34

J.u.. 2 s ,AAL )
°A schools stadium has .12320 seats. The, schOol has

sold 648o tickets for a game. Howmanytickets are

left ?62,320 - 4,40o=

John wanted to collect 500 shells. He had 188..

His unc le, gave him 123. How many more'did'he need

to complete his collectiOn? (/92:4-/zs W.=

/19 ,2414; e-yaLt L -)

d) Suppose you are going on an automobile trip of 1260

miles.' Yod travel 418 the first day and 390

miles the second day. How many miles must you travel .

on the third day to complete the trip?0442t4390 4-)7=-12k0

'Cr''t-'4-# 46 -2 er-rAt .)
e). The earth is 92,900,000 miles from the sun.

..

.

Mars,is ,141,0o0,000 'mile'S from the sun. How
i

much closer to the sun is the_earth than Mar is?
(14,:e.0,040 -9 .1,900,000 ='h' C.,:t1.,0 4v,,,00 --..A4,000

Ow:
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TECHNIQUES OF MULTI

1. Study the e

11;111,

LICATION AND DIVISION

le in part a). Then copy on yaur' paper 'the

exercises in b), c ),

a)

'38

24

32,=

120 =

160 =

600

Sum 91 =

x 8

x 30 360 =

20 x 8 I",
itioe

20. x 30
42 9O

24-x 38-
Vs.

and multiply as we do in,a)%

b) c) d)

95 76 85

24 32 79
AD t 12 =2)(4 414;./$5-

/510, 7- .2x7o
/PO =3ox L

2/ 00 = 3o 70

,?f43 Z =3x76
.

2. Copy each of these problems in multiplication on

paper and then find the product in each.

a) 432

26'
C//,23.Z)_

3. The parts

, b) 516

47

c) 237

69

{/6,353)

S.

72' fxVo
j50 ..:7451.51-

.5-1 0 o

4,7/6_ 7fAss'

your

d) '489:

"56

(27,30).

.

of this exercise are, division problems. In each

one. there will be, ,a remainder. Perform each one df the

divisions, on yocur,paper.' Then, write a mathematical

to sho;."7 the remainder. Letter eachsentence as in a)

part -as Adwn here .

a). 621 + 15;

4.-24 '

(9,3,r7- (2* x4 44.-% 3)

c): 671 + 61

sentence :' 621

ci). 1934 + 21

+ 9
7.1=0xY//)+0)

903

,456

".= (15 x 43,) + 6

0934 = (avr 5'2)11:2

(2/0949 x.7361) ?-3) tts

A



r

A school ,building has 40 rooms. .The school ,ordered 28

new chairs for each room. When the-chair,s were-delivered

4
there were 1128 chairs, Were theretoo many or ,not

,

"enough? .On your paper show how yourwould4find the answer

',to the question. ( 44° x".--: "2°
//20 < //as"

ai,.. .._ .*... di......... -4.4...1,.............

, . e

5. Show on your paper how, you,find the answers to the question's

in this problemr The Parent :Teacher Association of,a school'

had 324 members., These were divided into teams of 8
4

members each.

How many teams could there be with 8 members?
9. 3.24E = &X eto) -141 .24.4 4,3

Were any member's of he Association "left over"?
a

What is the largest number of teamsothatuld have just 8

members and how many, teams would there be' that have less

than 8 members so that all 324 persons would be in a

team? ..# 0,,113_, 4 ) /

.1

Show on your paper how.4you findothe answers to the

queeton in this Problem.

There are 16 pile of blocks. In each pile,Aere.are

144 blocks. How many blocks are there in piles?

(/4,x /44 1444,...._ )

HOltq many more blocks would be needed_ to ve 2400 blocks?

) n= 2 Sze) . 9

-LA" 41 o )

904 '

4 5 7
,

I



. RECOGNITION OF GovainN GEM:1E11111C FIGURES

1% Write the le0ttdr for each part of thit.exercise.on your

paper. Then beside it'write the words or woad that you

would use .to fillthe blank spacet or space.

a). A' pOlygon which7is the union of three line segments

.)

b) A polygon which it the of line

segmtnts is called a quadrilateral.

The endpoints of the line segments in tOe polygons in

'a) and b) are called =(--t,-t;-4.44

Here'are some Line segments. '.The segment AB is congruent

to some of them. Write the names of the segments to which

41,

X< >Y

905

458

A .S

V.
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A triangle which has at least two sides congruent to each

other is called an isosceles triangle. A triangle which

has all three sides congrUent to each other is called an

equilateral triangle.' Answer these questions on your

paper.
I

a) is an equil eral triangle an isosceles

b) Are all of thq tr any esdrawn below' isosceles

triangles? (

,

c) Write the names of the ones that iire eqUilateral

triangles. ("5-2-)

Write thepname6 of 'the-ones that are not equilateral

triangles. e9r3'
A RsP ALtsfd

.

0 906

,459,
4

0
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4
. nake.emodgl Of a right angle, by folding a sheet of paper.

ti

Now use your model to find. which of the angles below are

right' angles.

2 Which angles are less than right angle $?
A

Which angles are gi'eater than right 'ang

List the angles op your.paper. Put the nine of each angle

under the proper heading:

Rift Angles
PqA

/

Less than a
right angle

fire.

L XY
1,ic&

I-

'LRo8
13oc.
rc,

'L DTI
LDrG
L .=rc,

G

Greater than a
right angle

(z. col° \,

L.GTE
L FrE
LC:77-c

Q

907
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a.

LINEAR IvASUREMENT

L

In exerc4ses 1. 2, 3,, 4 write the letter for each part

on yoytr paper. Then beside it .write what you would write to

filr the blanks. A

1. A family drinks 5 quarts of milk each day.

a) the uni t of measure i- s

b) The measure is CC),

c) The amount of' milk is,

2. automobile weighs 2860 pounds.,

`. a ) The Unit Of measure ifs ) .

) Thp m easure is (25,40)
--'

c) The automobile s weight is (.2T40.

e.

The "leacher desk is 42 inches, long.
.

length-Is- (44,24.-1,-Lj..

13)::. Its medeire is (41)
-

," c) .: The unit of- measurTs (4.4)
s-'

4 distal:10 from the earth was 450 miles.

;.--

a) The .di§tance from the earth is. )
,

b) .The-ilre '-'ofTmrsure- )
, -

of the distance is, (1)44-0)

.

;.The

i. 908 +

46 1 "

..
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5. The unit to be'used in this exercise is shown. loints,

are named On the ray. Use your compass to find the

measure of the segments. On your paper write the measure
ri

of the segment beside the letter 'for'each Part, ,

Unit
-1

A

a)

b)

m TR (L)

m (2)

c) m (L)

4

D F

6. Using theunit and the segments in 5 write on-your

paper what you would write to fill the blank in each

part below. -May you choose more than one answer or

the blank? (1/e4-:

-On m . 6.(3)=

) m 'SE = 2. 41< ,cr)

c) m ,CF = 3. QC, ED

d) m = 1. ECI, e7c), R13pF

eie

09 fl

4 6
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.

.

7. , On yo ur paper make the table like -the one bel1w these

C

4

line segments. Then use your ruler to help you fill in

the number which_belongs in each blank.

E ,

,

D

F

To the nearest inch

C3)

vtg (4)

63 (s)

TO the nearest
-half-inch

0

To the nearest
fourth-inch

8. Oh your paper, write the letter,,,for each part of this

exercise.° Then beside it'wite what you would write ,to

,

fill in the blanks for each part.

If segment

How rWuch onger?

have theSe lengths, which one

a) 23 inches or '9.

b) 2 feet or .1

c) 1 ft. 2-4n.

d) 1 yd. '2 -ft.

e)' 1 mile or 5300 ft.?

60t?

yard? (t.rmb

or 2 ft . ? -40

or 6 ft.? (

ft. 2 in.? 1,::Ze.:))

ft. 2 in.? (//#72-4:..)

longer?

Which is How much
Longer Longer

.f) /16 in. or 2

g) 130 in., or 11

910

463-
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9 Add these measures. Write the answers on your paper beside

'the letter, which names each part. Write each answer 2 ways.

.a) 6 ycl: 2 ft.: b) 12 ft: 11 in.

5 yd 1 ft. 16 ft. 5 in. .

2 yd. 2 ft.

1 3 Arl `57-t)
/46.1 /c) 2 yd. 2 ft. .3 in.

(61 /ft- 24 ert'54.0)

24 ft. 8 in;
,

6 yd. ..1 ft. 10 in.

5 yd. 1 ft..al in.
( 13 .--et 4 24 )

10. Subtract these measures. Write Vle answers on your paper.

beside the-letter which names each part.
0

,a) , 5 yd. 2 ,ft. b) 6 yd. 2 ft. 11 'in.'

'3- yd. 1 ft. , 4 d. 2 ft. 5 in.
( 49 -14. 3 1-1- -?1`) /04 4"..

c) 7 ft. 8 in.

1

4 ft. 10 in..

11.` Find the perimeter of each polygon. Cn your paper write

beside the letter which names each polygon.
a) /7P.

11) 7-4
e)

.,1 ,Apt 6 l b) t.
Co"

'the

C

answer

4 ft,c9in.

5ft 4ft. 8in.

4 ft.

The segments are congruent

911

464

)

2ft 6in.
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A . 4-
.

..,

EXTENDING SYSTEMS OF NUMERATION '

, -

1
1.. On your paper write the word'names forthe'following _

,_>

numbers.., Letter the parts ()kr this exercise as they are
A O O-

lettered here. e,..

.
a) 2,536 (2..,-,Z-m,,i14..;4 9.....4.4.r(

.

b) 45,265 ,9 474.;., .144.--,....t ,2t7-,. de.-,...1,-&,./ ....44--.-4-4,)

c) 4.0,204 ( ..-.44i-o( t 2-04.,../4/0-._,-)

-d4 60, 066 ( .1.--.......;2_ ...2;;,.; .4-,:4 )

4):e) 66, o66 ( -.44 ,1.--......1'

f) 66,000 ( --4-4 51e------(, )

.ttt4--4- 41)
g) 66, 6o6 ( .t 4,-1 -4-;,4

,.

h) 124,3oi (*.,;)----641--i-Y4-------ex4* 4.4.,4.4 )

2.* On your paper write the.numerals for the.following

.A

numbers. Letter the parts of this exercise as they are

lettered here,.

;.. a) Two'thousand five' hundred twenty. (2,57./0 )
o

b) Three thousand three hundred thirty. (3,2330).

c) Fifty-five thousand five hundred fifty-fiv.

d) Nine thousand seventy -six. '(9,474,T

e) One thousand sevan hundred sevent

f) Twenty thousand two'hundred

One thoiceand)two. e,o92lY

h) Eleven thoutand one hundked eleven.

912

4 6 5

,
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FACTORS AND PRIMES

aVf

1. On, youraper write the letter for each part of this

exercise/ Then beside it complete each statement, Complete
",%

the statement so that. each number is a product of '3

factors. Part a) is done for you.

a) 24 = 2 x 3 x 4

c-b) 18 ( 2 x3x3J#
c ) 36 (qx 3 x 3 04- 6 xtx3 x2'),

d)

er

,12 (2-. a .3)
a)

.4/ C3,

For each set of 3 numbers Write on your, pa,Rer e
rs

smallest number which has each of 3 ninkber as a

factor. Letter each part as iette d here.

a) 2, 5, .7 (7o) d) 4, -6, 8 .(.241)

b) 2, 3, k (/2) e) 2, 14, 80 (8)

c) 5, 7, 1 (36) f) 3, 6, 9 089

°
'a :

3. Some bf the following numbers are prime nubers.
'

Write
.

the prime numbers on your paper. ,

.

a.) 27

b) 31

c) 55

d)" 53

)

e) 310

f) 143

.-,g) 37 (ft``"A.

h) 101 (rr,-...,Z)

. 913

4 6 6'

.16 Gs
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4. Find two diffeTent prime factors of each of these numbers.

Write the prime factors gn your paper. Letter the parts

as they are-7.areettered..here.

a) 785 fe.r.7)

1

b) 3,02 3) . .

3)

d) 6,o6e (2,3,6)

e) 4,314 (1,3)

5. your paper Write the of all factors of each n1.143er.'

Letter the pasts as th y are lettered here.

.

96 (l, p /2, )4, a 4, 3 2', Q,.94

b) , 3.3-, 9, )5; as, 4.5", '7.57). a as),

c) 363/ (1, 3, 13, 122r, 3G3) 1

a) 189 ( t, 3 ; 7, Y, .21, 7, C 3, /89)

6. Find the greatest common factor of the following -pairs

numbers. Use .8.&e. letters for youi' answers that are

used here.

I

6

a)

b)

of-)

a)

Or

90,

.90,

72

48;

12,

84

50

60

30,
'**

9

(4)

toy

'(/)

(4)

(3)

4

4,
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-

4

°J.

7. Find the lowest coninon multiple of the 'numbers in each
4

4 ,
set. Write the lowest common multiple on your paper.

,

Letter the parts as'l.ettered here.

a) 6, 8, 12 (.2y)

b). 6, 1301.

c) 3, 5, 9, 15 (ffs)

d) 14, 8, 12 (.24) ,),

e) 3, 6, 9' (4) ',5,

t
f) 3, 4, 5, 10, 12 ((,)

I

F

8, We say that a n ber is "factored completely" if it is

the product of numbers which are all prime nUmbers.4)

Factolicompleteli each of the following numbers and

write them on your paper at in ,a) which is done for

you.
4

a) 63, ='x 3 x.7

b) 126= x 3 3 g 7)

c) 49= (7 X 7)

d) 98.; ( 7 g 7)

e) 35 = (,5- x 7)

f) 405(.1-
)

g) 45 = 3 7- 3,4.51)

h) 135 = (3 'x 3 )4 3 = /

i) 1001 = (7. //x /3),

9415

68)

40

V
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EXTENDING MULTIPLICATION AND DIVISION,

1. ?(;ad the product
.4>

a) 3 x '116 = n f/3

b) 7 x 83 = n C-5-1:/)

c) 5 x 125 = n 2 -5-1)

6 x 321 = n (/924)

:e). 4 x 1269 = n, (SD 70°

for each product

;i

4.

4

expression..

.,12 x34 =n 141°21

gr 23 x 67.= n (/..s.g/)

1)4 '52 `X 48 n (2494):

.1) 76 ,x 94 = n (7/44f)

x 83 /40

Find tide number repre4ented by ,h ' to make. each sentence- true.

a)\ , 7 x yo2 (919,4) ) 5e x 131 Jn, (75-94)

-b)* 'R x 21 = :966

c) n <18 = 486

d) x nd= 1556 4,44)

e) "3 x 267 = n (,/1,4SH)

g) n, x 81 `= 8667 (167)

h) 14 x '463 = a (6`{8 ?)-

1) 37 x 1249 = n (46,2/3)

,j,) n i X 125. = (7)

3. Find the numbers represented ..by and r fsir, each

following so that they are true mathematical sentences.

a) 487 = (n .x -43 ) r [(// X X3).4

ic) 396 = (n x 61) r [(6,;(46

( 3-4 x3./T)' 4-0.1

1.(6-3x 4,0 4.23j
c) 1292 x n). r

a) 31115 = (53 x n)

e) 8645 = (n x 65) + r U133 4..s-9 4 0.]

f)-

S)

h)

97'72 (n x :73) 4- r L(733 x73)÷43_1

12,443 = (n x120) r ) +93

g1,81.1= (151. x' .4- r kis/.

n ,ref)resenT a factor of,bheIn whioth of these does

numbei. given? (C
.W*7;

916

4.6 9
6
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For each sentence, find the number' that

to make the slitence tinag.

a) 1541.= (n

3255 = (n

A

n must represent

(// 4//,

(n:t.iss)

(11=*0
( =

X 37) + 24'

x 24). + 15

c) 6189 = (73 x n) +,57

d) 9888 -.,.(ka x 441+ 32

7. , Find n in each Of these.

b

Express

is 23r.

(5 x .7) -+ (6 x'.7) = n (11 = 77)

(10 x 15) ± (10..x 2) = n

(14 x 6) +,'(3x 6)' = n (fri = /.02j

d) (8 ,± 2) x 5 = n

e) x (100 ± =

f)

so)
y_

(2 -I: x 5 = n

207 as the product of

(,Zo7.t. 23 'i< 9)

'7. 'What le the

8._ What_i,s the

product

product

two factors, oie of which

,)

of _21 and the. next. odd number?
(p7/ X = 483)

of _21 and the axt even
x

9 Is 360- a multiple of '115? 1(-1?1°
4

'10. Is 13 a factor of
t

101? (7.0)

917-

. 470'

number?

3 o = 6- X- 9)
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Using Multiplication and Division
4L.

.
, /0 a

11 . 7-The width Ot a playground_ is 55 yards. Its length is

\ 120 yards. Find the area of the Playground.(a,,e.... -.= ,6-sx iAo -.

07,4/1.,a2; ./*/nto----di ..< C Goo -41..),,,....9 .........L4J
1
)

r

12. Tim sold_ 45 papers each- day. ,h;6w many "Papers did he
. " -,1 ;

sell in the month of May? (515- "1 -7: .Y1. ."-'. 'a4-41* /39'3-

, --i-;" tI %--e-zvi 1 ,1-.d,,.) '

\ft

.

.k-

f

13. Three girls divided 47 piCture,s equally among them.' 'How

many pictures did each girl get? (. '4.2...........-7-4 .4,4/
'-'4`-`45.:* t''''''''a '/57 a-LP' " t''''' i'L`-`44---- -414--.P.
How many more pictures do they need so each girl will -

have 25 pictures? (14 'ilt- 11 = 73- ---d0,....a.z.d -9-V......:..-. Ic......,...)..)

, .i ---...,

A

411.

14. 'There were, 79 . cookies on' a tray. How °Many Ctic.z'en

cookies were there on the tray? (7?÷1.2'=41 L..........-z., 4 ;;;4.s.0......
.. i ..

ez.-.1 '7 e....-/z., -').
. .

1 .
Op another tray there were 5, time8 as many cookie-s..as on it,

t

the tray in Problem 14 . }low many cookies,- are on that'tray?

How ..many dozen cookies are on that tray?

r,a z 4 144 .014

)4144'

ow many dozen dookiejare on' both trays?
41 711

4 Ai' :"'/.1 .14: ....; 3 9 .430..,

93.8'

471
.,J

P.

,
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CONGRUEN CE OF COMMON GEOMETRIC FIGURES

0

Find. the congruent segments in each figure. Trp.ce the

segments on a sheet of thin paper or use your compass to
54 G ",, F1

p you decide. --EA A8, Gf= ki

ED = 8c LV vr
173 syn.= MR

2. 'Use your compass and straightedge to copy each of the

triangles whose interigr is shaded.

.
,..

-
?; .

-;

..
c,

. , ;,.
.:*1.

a,

.4 '4

4r

-93,9

TZ2"

11,
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3 Use your compasS encl. straighte to drawa
trianI

gle

using the given segments.

r

' B

2 , r
c', . ,Can ypu'vonStruct a,triangle, using these three line

segmentS`Ahy? ( ,,t4 4..-..._-1*.G ..,..........-- v ::4 _...,. ..4-1-

. .

.

a

4,

What' would be true about' the triangles constructed from

these three' line segme;n4? 41.',

.9.

. .

7 .97,4 H

that dOes this' statemerit mean?

triaforgle.":

4' 920

"
.

. 4

4t

I IThree ,sides determine

3
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ett,
6. Use your compass and straightedge to copy the check mark

o made by Bill's teacher.

7 '.

1

Bill's 85,

Problem x 39'

775

255

,225 i

..._.

Does the check mark mean that ;110131s pr6blem h'as the right
.

answer or the wrong ariswer?(J-44A,-,,,,..A.,..........4.. /114',24.4.e

, 11

N

t

V

ii*.'Write, iti words,.., these matisentences'.l sentences

1

'a) ,2 L AB9)(4 YDEF ,..\rt AB >-BC.-4jm.444gL,;
*'',# '4 -&;-2-4 PEA4--,-1--/98-;"4:41,-'41--,--z-49e.)-

b) ... A,ABc'/ . A DEF 4nc14 ., ErT,157P. .

h8c. .3...:;i....)- e......r,.........t..4..c....24 b EF ,....../ /..."..........v......1EG

_256, .f......; ...:"........i- .DP. . '
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or

ApDyTf9y AND...§USTRACTION 0F RATIONAL NUMBERS .
1........

1, . 0 yojir paper Write the letter for; each part of this exercifr--.:--

:.";.T beside it write ..the one of >, =, < that
; $.

use to f1,11 the blank so-_iich ofr the folic:Ilan& Kcit111z1-1;le ,-
.

trup niathepiati.e.al sentence .

;-.> ;-

,b)"

,.
1'

6. ):

. \

--
f) i:): F". 01:'

) 5
.,

1 12 2

tO 5

1
Tr

11.

3

,
- .

On your paper, write.-the'-

* Then beside, it'w:ite,the lowest,
ragonal' numbers' in the set-.

Yetter for

. ,
1 5 (4:6,)

Co

dq11--7Part. of t s",exercige.

mirra for the-

.;

1. 1

F?'

c k out the.tatison4.,numberc [n eat --_sef-,
. largest'. ,-write it --On .7911r_--P1:15

_

fa. that .se,t?"..
, '

1,01.01".



41.

1., .r

411 I

b ... I

4. On your paper write the letter Tor each part of this exercise.
to.

;It

Then beside it write the number you would use for \n to
-

make the mathematical qenfence .true...true..
1.

. . ,

a) n -=.- i ÷ IA (11 = -IT-2) d) +
3

..-.-

5 = -1

0

+ n
2 .11

+ 72-7 n ,2*0?)

e) TN -.3 U. 5

f) = n

5. On your paper "write the letter for each part of this

exercise. Then beside it,aPite the number yoir would use

f6r x to make the mathematical. sentence t

--

a) x = 8 )

br- 11 5

7+ 5 =

6. -iC)rl your papit write the letter for eact--part of this

exercise. Then beside'it wrilq the number yoi.1 would use

for p.

`b)

-

3 + +

3- 3 1

5 + + P

,

2

+ +

1
p

(r: :) a), 8+ It. P &""171

923
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)

7.- topy each part of this exercise on your paper. .Then fill

each blank with + or , - so that .a), b), Pc), and

...

d) will be true mathematical sentences:
i

4 C.L.1 2 /..,...1 5 .%;_.
9 (-F)- 7 (- -87 = 312 4

a) -F./ J 5 c)5
. , 3 g

,, , 3

b )° -1. (+) ,3r (-0 !4' . 4 a) # 91.0 (_)- 5 (4.)
,

: 2 .

1 .,

Ni-

8. On your paper write thelettr Par each pa t of this
, .

exercise. Then ,beside write the number for n so that
..-.. ,

the sentence will be trUe.
)

t '

dV'

-.0'

2
;56 P (/2 f")

(Y.

+. 2;.) + (p7 g. '04-

2

)

1-ur+ fly

9. , On your paper write the letter for each

Then beside it write the number Or 'n
.

Ari

will be true.

P

4

4. 404,

(8.97 A
b). 3.24 '+ 3.56

c) 7.88 + 5.31+ 6.54 A

d) '6 + + L,

e) 8.34'- 4.83 = n (3

n 9.34 - 5.89 ,(n

I,

part of this Orercise.

so that the'sentence

r



O

MEASUREMENT OF ANGLES

4 , ,

4c.

C.$

ot:

N
,s.

1./.On ybur paper write the:ketter,qoreaoh:Parttoithia7-

, exercise . Beside the lettep,Yiri *4-11Ard- true '''-if: the

4: °.: .',. -= .. .. i- -' 1 ' ...lc. '...- ..`"

bstatement\is true. If:7-t-lit, tate t s falqe,:writ&---41"er., ...

. ,

word false. .

a) A-measure of all'angle iS:A TRIMber.'
-

The unit used for4fleasurink angles i
.

c) .A measure is notapU?Itber.

d) The measures accurate, but is only approxiMaply
. 7 -

. o . e.

e) The instrument for angle easu t3r,
A

it f) The sirs of an ,e,are ays.(i4.1)

g) The common endpoint of ; e two rayg\fOr4nkcahe
.

i the 'vertex.' l .44.A)

Al) The measure

of "the rays

i) Every angle

of the angZe clependspon,thelenkthe

. (

4

has one ray dra

,J) The standard unit&iangle TeaquratAineiree,,

k), The measure in degrees of bath angle of 4 'eqx:24.146:11*iI

triangle is 160.

1) Ankles Quay be of `the same measure but be` different
f

in positions.()

.9?5

1478



6 °°-- .

*.c::, . ,

In eaCh figUre below the measure in degrees of certain
ang5s' 4reefhown. On your paper wr te the -litter that

7 ° - - .

rib"m"es::eack.angle whose measure in 1.s -not show.

411ien..be.s1de. the letter write the me sure of the angle in
,Ve`gree'S. I-

C

. °

it

4'

.4.
=

0,;"

ti
Y,

e)
r)

0
mZPOQ =

d.

h.

LAIRS = 3/0
ort L HIS = /3s.

L A' LAI = is-0°
Paq = "ee

gb°
.11°.

141 DC = Y4.

1

926

479

.4)



1 On -yo

,

i
, . ,4.r papdr writ4the letter fore each part4 this

'4

se. Then beside it write the. word, or words-, stiltat
. - .

I

..4

'-,you would use to fill ''`wr!e' blanks.

.
1

.
"42.)' A Ls used as a unf.t for measurinc;

it ,

plane regions .

b)
7, °

d)

-e)

f)

h)

'3)

IA simple closed curve se"parateS pa plane into Y44.

sets of po=its
- .

The union of a simpieOlosed curve and Its interior.
4

_..c ailed a ( -7

To measure"tinea of a region we need a Unit of
. ,

One standard unit of area is a square region with
1-inch aides; this 5unit is call,.ed the (-4-1-,...im_ 4.....,..0f,
An area of 1 square yard is the same as an `area of .. ,.

square feet. -.

..
.,

/t s774uare. yards =

'2 square fees

,square feet and

square inches.

2000 square inches

square ,inches..

( 3 4) square,' fet.

)square itches

square inches =,

0
' :81. ' 4

( t '''' '
sguare yar

.
.1

and , 174241)
-.- .,

di;

927

480.

Af

AN.
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a)

ar

The'polygons shown below are.either rectangles or triangles.'
7

The numbers'are the measures. Find the measure in square

,upiteiof the area Of each rectangular and triangular regiOn

and write'it on your paper beside the name of the'rectangle

or triangle,

D

7

8

./A 61.44*..A6CD=/34,TAAz1

A,/

B .

C

Atee. of A ABD = .0 /9,144ti

-
%% Area of A CBD = 4-4.7.......t)

Area of AAelX= (till---tY
e

928

481

a

D C

40

9

A

Area of LABD=WO.*zo,,..:../0'

Area of 432CD =

. Area ABCD

fl

ti



tit

411

4

The preliminary edition of this volume vas p repared at a writing session
held at Stanford University during the summer of 1960, based impart, on an
outline prepared in Chicago in Mirch of 19601 The first revision of the
preliminary edition was prepared at Yale University in the summer of 1962.
This revision was prepared at. Stanford University in'Aheo.summer of 1962,
taking into account the classroom experienCe with the first two editions
during the academic years 1960-1962:
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